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PREFACE 


The  main  object  of  this  work  is  to  provide  a  book  on 

'  modem  linetf  that  is  suitable  for  the  beginner  and  can 

be  continued   in  use  for  higher  forms.     In  the  order 

adopted  and  in  general  treatment  the  suggestions  of  the 

Mathematical  Association  have  been  largely  followed. 

.^       The  early  chapters  are  very  full  in  explanation,  and 

^  are  written  in  simple,  even  colloquial,  language.     Aa  far 

•  as  possible,  mathematical  terms  ai*e  not  introduced  until 

^-  the  processes  to  which  they  refer  have  been  rendered 

-«  familiar  by  use  or  are  actually  going  to  be  used.    The 

f  usual  preliminary  list    of   technical   words  and  their 

^  definitions  is  avoided  by  placing  a  general  index  at  the 

end  of  the  bdOk. 

By  means  of  examples,  some  worked  in  the  text, 
others  set  as  exercises,  the  student  is  led  to  discover  or 
verify  the  fundamental  laws  of  Algebra.  This  experi- 
mental method  is  continued  throughout  the  book.  Many 
examples  are  set  with  the  intention  of  leading  the 
student  up  to  a  difficulty :  thus  in  some  of  the  early 
examples  such  expressions  as  3  ->  5  occur  before  negative 
quantities  have  been  mentioned.  These  examples  show 
the  necessity  for  the  next  step  in  the  subject,  and  by 
giving  the  student  the  chance  of  discovering  that  step 
for  himself  tend  to  develop  the  faculty  of  research. 

The  necessity  of  rigorous  mathematical  treatment  is 
kept  in  view,  and  the  usual  formal  proofs  are  given 
after  the  rules  have  been  treated  experimentally. 
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In  the  middle  of  Part  I  there  is  a  Revision  Chapter 
which  goes  over  the  early  portions  again,  laying  stress 
on  the  important  points,  and  inti*oducing  new  matter 
which  was  considered  too  difficult  for  the  early 
chapters.  There  are  also  several  cases  of  intentional 
repetition.  For  example^  the  importance  of  the  formula 
a^^b^  sz{a  +  b){a'-'b)  is  insisted  upon  two  or  three 
times.  The  author  thinks  that  repetition  is  more 
effective  than  mere  reference  to  a  preceding  page. 

In  many  places  suggestions  are  made  as  to  how  the 
solutions  to  questions  should  be  thought  out,  and  how 
the  work  should  be  arranged.  On  such  points  of  detail 
each  teacher  probably  has  his  own  views.  But  it  is 
hoped  that  the  insertion  of  such  matter  in  a  textbook 
will  not  only  be  of  help  to  the  inexperienced  teacher^ 
but  will  save  the  time  of  the  experienced  teacher  in 
cases  where  the  pupil  has  forgotten  some  previous  rule 
or  method  of  work. 

Graphs  are  treated  as  illustrations  of  Algebraic  prin- 
ciples or  scientific  observations,  rather  than  as  objects  of 
importance  in  themselves.  But  to  use  them  with  skill 
and  confidence  considerable  practice  is  necessary,  and 
ample  provision  is  made  for  this. 

The  practical  use  of  Logarithms  is  so  important  that 
a  short  treatment  of  Fractional  and  Negative  Indices  is 
given  in  Part  I,  thus  enabling  this  Part  to  conclude 
with  a  chapter  on  the  use  of  Logarithms. 

Homer's  Synthetic  Method. of  Division  is  introduced 
as  an  alternative  to  the  usual  method.  It  is  surprising 
that  this  simple  and  compact  process  has  not  been 
brought  into  common  use  sooner. 
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The  problem  is  regarded  as  the  important  type  of 
example,  and  most  of  the  various  Algebraic  operations 
and  processes  are  introduced  as  being  necessary  for  the 
solution  of  some  practical  problem.  But  the  more 
mechanical  type  of  example  is  not  neglected :  such 
examples  afford  practice  in  accuracy  and  neatness,  and 
no  student  can  do  good  work  in  Higher  Mathematics 
who  has  not  had  experience  in  dealing  with  long 
mechanical  Algebraic  operations. 

Many  of  the  examples  are  original,  but  the  gi*eater 
number  are  taken  from  recent  Examination  Papers  by 
permission  of  the  following  authorities  : — 

The  Controller  of  His  Majesty's  Stationery  Office. 

The  University  of  Oxford. 

The  University  of  Cambridge. 

The  University  of  London. 

The  Joint  Matriculation  Board  of  the  Scottish  Univer- 
sities. 

The  Joint  Matriculation  Board  of  the  Universities  of 
Leeds,  Liverpool,  Manchester  and  Sheffield. 

The  Intermediate  Education  Board  for  Ireland. 

The  Central  Welsh  Board. 

The  Delegacy  for  Oxford  Local  Examinations. 

The  Syndicate  for  Cambridge  Local  Examinations. 

The  College  of  Preceptors. 

The  author's  thanks  are  due  to  his  colleagues,  Mr. 
F.  W.  Crampton,  M.A.,  Mr.  L.  Green,  M.A.,  and  Mr. 
C.  B.  Wheeler,  MJL.,  for  suggestions  and  help  in  reading 
the  proofs. 

W.  E.  P. 
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CHAPTER   I 

THE  USE  OP  LETTERS  AND  SIGNS 

1.  Consider  the  following  question : — 

If  a  farmer  has  13  cows  in  one  field,  16  cows  in  a  second 
fiddf  and  5  cows  in  a  third  j  how  many  cows  has  he  altogether  ? 
The  answer  is  obtained  by  adding  the  three  numbers  18, 
16,  by  and  the  work  might  be  arranged  thus  : — 

13 

16 

5 

Answer    34  cows. 

If  we  wish  to  make  quite  clear  what  we  have  done  we 
use  the  sign  +  to  show  that  the  number  following  is  to  be 
added  to  the  number  before,  and  the  sign  =  instead  of  the 
word  '  equals '.     The  work  is  then  like  this : — 
Total  number  of  cows  =  13  +  16  +  6 

=  34    Answer. 

The  sign  +  is  called  plus,  and  is  read  as  plu&  '  Six  plus 
five '  is  written  6  +  5 ;  7  +  2  is  read  'seven  plus  two '. 

2.  The  sign  —  is  called  minoB,  and  means  that  the 
number  following  is  to  be  subtracted  from  the  number 
before,  '  Seven  minus  three '  is  written  7—3;  and  means 
that  three  is  to  be  subtracted  from  seven. 

Examples  la. 

The  method  of  working  the  following  examples  is  to  be  made 
clear  by  using  the  signs  +  and  — . 

1.  A  baker  leaves  the  shop  with  150  loaves.  He  sells  25  loaves 
in  one  street,  48  in  another,  and  75  in  another.  Uow  many  loaves 
did  he  sell  and  bow  many  did  he  bring  back  ? 
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2.  There  are  35  boys  in  a  form ;  at  the  end  of  the  term  15  boyB 
are  moved  into  a  higher  form  and  5  boys  leave,  while  12  boys  are 
moved  up  from  the  form  below.  How  many  boys  are  there  in  the 
form  in  the  next  term,  8  new  boys  having  come  at  the  beginning 
of  the  term  ? 

3.  A  man  has  at  the  beginning  of  the  year  115  books.  Daring 
the  year  he  buys  27  new  books,  lends  15,  and  gives  away  17  ;  he 
himself  borrows  4  books.  How  many  books  are  there  in  his  library 
at  the  end  of  the  year  ? 

4.  On  a  journey  a  man  travels  95  miles  by  train,  12  miles  by 
coach,  and  walks  5  miles.  What  was  the  whole  length  of  the 
journey  ? 

5.  A  man's  age  is  5  years  more  than  his  two  sons'  ages  together. 
He  is  55  years  old,  and  one  of  the  sons  is  30  years  old.  How 
old  is  the  other  son  ? 

6.  On  Sunday  at  midnight  the  thermometer  stands  at  35*"; 
daring  Monday  it  rises  15",  it  falls  12''  on  Tuesday,  and  rises  6*"  on 
Wednesday.  What  is  the  reading  of  the  thermometer  at  midnight 
on  Wednesday  ? 

7.  A  man  starts  out  with  £6  in  his  pocket ;  he  pays  bills  to  the 
amount  of  £b,  cashes  a  cheque  for  j£lO,  and  loses  a  sovereign. 
How  much  has  he  when  he  returns  home  ? 

8.  There  are  four  gallons  of  beer  in  a  cask  ;  if  three  gallons  of 
water  are  poured  in  and  two  gallons  of  the  mixture  drawn  out, 
how  much  is  there  then  in  the  caak  ? 

9.  In  a  fomily  of  5  brothers,  the  youngest  is  3  years  old,  the 
next  5  years  old,  the  third  is  as  old  as  the  other  two  together,  the 
fourth  is  10  years  old,  and  the  eldest  is  15  years  old.  What  is  the 
sum  of  ail  the  ages  ? 

10.  After  214  people  had  left  a  meeting  there  were  356  people 
left.    How  many  were  there  at  first  ? 

11.  At  the  end  of  a  year  a  merchant  finds  that  his  property  is 
worth  £12055  ;  during  the  year  he  had  gained  £517.  What  was 
the  value  of  his  property  at  the  beginning  of  the  year  ? 

3.  The  question  in  §  1  would  be  done  the  same  way 
whatever  the  actual  number  of  cows  might  be  in  the 
different  fields.  In  all  cases  we  should  find  the  total 
number  by  adding  the  several  numbers.  To  show  this  we 
use  letters  instead  of  numbers.     Instead  of  saying  ^A  farmfir 
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?M8  a  certain  nuniber  of  caws  in  one  field,  a  certain  mmber  in 
a  second  field,  and  another  mmber  in  a  third  field  \  we  may 
say  *A  farmer  has  x  cows  in  one  field,  y  cows  in  a  second,  and 
z  cows  in  a  third  \ 

If  we  are  then  asked  how  many  cows  are  there  altogether, 
the  answer  is  ^+^+«.  This  means  that  when  we  know 
what  numbers  x,  y,  g  stand  for,  we  are  to  add  those 
numbers. 

In  many  questions  some  of  the  numbers  may  have  to  be 
added  and  some  to  be  subtracted,  and  in  such  cases  care 
must  be  taken  that  the  proper  sign  +  or  —  is  placed  before 
each  quantity.  Quantities  connected  by  the  signs  +  or  — 
are  called  terms. 

4.  In  working  examples  it  is  not  only  necessary  to  get 
the  right  answer  but  also  to  show  quite  clearly  how  the 
answer  is  obtained. 

All  work  must  be  shown  ;  no  work  should  be  done  on  any 
other  piece  of  paper. 

Make  it  quite  clear  what  the  answer  is. 

Example  I.  A  dealer  has  1000  sa^iks  of  potatoes  for  sale ; 
he  takes  orders  for  215,  882,  120,  and  426  sacks.  How  many 
more  sacks  must  he  buy  in  order  to  carry  out  his  orders  ? 

The  dealer  takes  orders  for  215  +  832  + 120  +  426  sacks. 

215 

Total  number  of  sacks  required  »  1093.  832 

120 

He  has  1000  sacks.  426 


1098 


Number  of  sacks  he  must  buv  =  1093  — 1000. 

■s  93  Answer, 


Example  II.  A  dealer  has  a  stock  of  x  sacks  of  potatoes : 
he  takes  orders  for  a,  b,  and  c  sacks.  How  many  sacks  tvUl 
he  have  left? 

Number  of  sacks  left  ss  x—a-b-c. 
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Examples  lb. 

1.  A  boy  has  6d.  in  one  pocket  and  dd.  in  his  money-box ;  he 
buys  a  book  for  lOd,    How  much  has  he  left  ? 

2.  Write  out  the  previous  question,  using  x^  y,  sf  instead  of 
6,  9, 10.    What  is  the  answer  now  ? 

3.  A  man  walks  x  miles  due  east,  then  y  miles  west ;  how  far  is 
he  now  from  his  starting-point?  What  distance  has  he  walked 
altogether  ? 

4.  What  are  the  answers  to  example  3  when  a;  =  7,  y  ^  4  ? 

5.  Make  up  a  question  to  which  the  answer  shall  he  x—y  +  e, 
6«  Find  the  value  of  jp — g  +  r  when 

(i)l>«3,  g=:2,  r=5;  (iii)  i>  =  28,  g  =  14,  r«0; 

(ii)  1?  =  18,  g  =  21,  r  =  25 ;       (iv)  p  «  114,  g  «  57,  r  =  178. 

7.  When  :r  »  12,  y  =  3,  z=b,  find  the  value  of 

(i)  x+y-hz;  (iii)  x  +  y-z; 

(ii)  a?-y+af;  (iv)  «-y-& 

8.  There  are  three  forms  in  a  school ;  in  the  first  form  there  are 
jc  boys,  in  the  second  y  boys,  and  there  are  p  boys  in  the  school 
altogether ;  how  many  boys  are  there  in  the  third  form  ?  What 
does  the  answer  become  when  p  =  57,  a?  =  15,  y  =  21  ? 

9.  Two  men  form  a  partnership ;  one  put  £x  into  the  business, 
the  other  £y.  During  the  first  year  they  spend  £x  and  receive  £700. 
How  much  have  they  at  the  end  of  the  year  ? 

10.  An  article  weighs  a;  lb. ;  when  it  is  being  weighed  it  is  found 
that  a  10  lb.  weight  will  not  counterbalance  it.  What  additional 
weight  must  be  placed  with  the  10  lb.  weight  so  that  there  may 
be  an  exact  balance  ? 

11.  If  in  question  10  it  were  found  that  the  10  lb.  weight  was 
too  much,  what  weight  would  have  to  be  added  to  the  other  side 
to  get  the  exact  balance  ? 

12.  An  article,  weighing  x  lb.,  together  with  a  weight  of  4  lb. 
exactly  counterbalances  two  weights  of  10  and  2  lb.  What  is 
the  value  ofx? 

13.  A  fish  weighed  12  lb. ;  the  head  weighed  x  lb.,  the  body 
6  lb. ;  what  did  the  tail  weigh  ? 

14.  A  field  is  x  yards  long  and  y  yards  wide ;  what  length  of 
fence  is  required  to  surround  it  ? 

15.  What  length  of  tiling  must  be  used  to  surround  a  bed  of 
flowers  which  is  x  yards  wide  and  twice  as  long  P 
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5.  Signs  of  Multiplication. 

Example  I.  If  each  man  in  a  cricket  eleven  makes  8  nms 
and  there  are  8  extras,  what  is  the  total  for  the  innings  ? 

Here  there  are  twelve  8's  to  be  added  ;  in  other  words  the 
total  is  twelve  times  8,  which  equals  96. 

The  process  of  finding  the  sum  of  a  number  of  equal 
quantities  is  called  multiplication,  and  is  usually  denoted 
in  Arithmetic  by  the  symbol  x ,  and  sometimes  by  a  full  stop, 
e.g.  7x8,  7.8.  These  both  mean  7  multiplied  by  8  or 
7  times  8.  The  full  stop  must  not  be  confused  with  a 
decimal  point,  which  is  placed  higher  up.  The  result  of 
multiplication  is  called  the  product 

Example  II.  If  each  man  in  a  cricket  eleven  makes  x  nms 
and  there  are  x  extras,  what  is  the  total  for  the  innings  ? 

The  total  is  twelve  times  x,  and  is  written  12a;. 

Thus  in  Algebra  we  need  use  no  sign  for  multiplication, 
but  may  simply  write  the  quantities  one  after  the  other. 
If  one  of  the  quantities  is  a  number  and  the  other  a  letter, 
then  the  number  is  called  the  coefficient  of  the  letter  ,*  thus 
in  7  2;,  7  is  the  coefficient  of  x. 

If  both  the  quantities  are  letters,  either  of  them  may  be 
called  the  coefficient  of  the  other. 

Notice  that  the  letter  x^  or  a,  or  y,  or  any  single  letter, 
may  be  regarded  as  having  coefficient  1,  Le,  xis  the  same 
as  1  a;.  But  the  coefficient  1  is  never  actually  written ;  it  is 
always  left  out  or  understood. 

Quantities  which  are  multiplied  together  are  called  flEM^ors 
of  the  result.  Thus  in  9abc  the  factors  are  9,  a,  &,  c ;  but 
in  a  +  6  +  c,  a,  6,  and  c  are  terms  (§  8). 

Multiplication  by  0. 

Example  III.  If  no  pennies  are  given  to  each  of  100  hoys, 
how  much  money  is  given  away  ? 

Method  I.    Each  boy  receives  0  pence. 

.'.  100  boys  receive  100  x  0  pence. 
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Method  n.  Each  boy  receives  no  pennies. 
/.  no  money  is  given  away, 
i.  e.  100  boys  receive  no  pennies. 
Comparing  the  two  answers  it  is  seen  that  100  x  0  =  0. 
Similarly  it  is  seen  in  all  cases  that  when  any  number  is  multi- 
plied by  nothing  the  product  is  nothing.    If  a;  »  0,  then  1x^0, 
8a;  =  0,  (M?  =  0, 10000  a:  «  0,  &c. 

6.  Signs  for  Division. 

Example  1.  If  a  sum  of  16  shillings  is  divided  among 
4  people  so  that  they  have  equal  shares,  how  much  will  each 
receive  ? 

To  find  the  value  of  one  share  the  whole  amount  must  be 
divided  by  4.  The  sign  -r  means  *  divided  by ',  so  that  the 
work  of  this  example  can  be  put  down  thus : — 

Amount  each  person  wiU  receive  =  16s.  -r*  4* 

=  4«.    Answer. 

Very  often  we  show  that  one  quantity  is  to  be  divided  by 
another  by  placing  the  first  over  the  second  with  a  line  in 

between  ;  thus  ^  means  16  divided  by  4. 

a  X 

Both  signs  can  be  used  with  letters,  so  that  x,  &  -r  8,  ~~ 

mean  respectively  a  divided  by  8,  h  divided  by  3,  x  divided 
by  a.    Sometimes  instead  of  a;  -r  a,  x/a  is  used. 

Example  II.  A  man  mi  home  wUh  £x  in  his  pocket ;  he 
spent  £y,  and  (hen  divided  tlie  rest  equally  among  15  boys. 
How  much  did  each  receive? 

After  shopping  he  had  x~y  pounds  left. 
Hence  he  divided  x~y  pounds  among  15  boys. 

.'.  each  boy  received  -^  pounds. 

Example  III.  A  man  Iiad  £x  ;  lie  gave  £5  to  each  of  his 
servants  and  then  had  £y  left,    IIow  many  servants  had  he  ? 

He  gave  away  x-y  pounds. 

He  gave  5  pounds  to  each  servant. 

X  "^  n 

.•.  he  had  —~  servants. 
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Examples  lo. 

1.  What  is  the  value  of  x  hones  at  £a  each  ? 

2.  If  y  lb.  of  sugar  cost  JBo?,  how  many  pence  will  1  lb.  cost  ? 

8.  If  3  cheeses  cost  Sp  shillings,  what  will  x  cheeses  cost  ? 

4.  Two  places,  A  and  B,  are  x  miles  apart ;  how  long  will  it  take 
to  walk  from  ^  to  B  at  the  rate  of  4  miles  per  hour  ? 

5.  In  a  certain  library  there  are  two  rooms ;  one  room  contains 
six  shelves  with  fifty  books  on  each  shelf,  whilst  the  other  contains 
eight  shelves  with  forty-two  books  on  each  shelf.  How  many 
books  are  there  in  the  libraiy? 

6.  In  a  certain  library  there  are  two  rooms ;  one  room  cont-ains 
X  shelves  with  20  books  on  each  shelf,  whilst  the  other  contains 
eight  shelves  with  y  books  on  each  shelf.  How  many  books  are 
there  in  the  library  ? 

7.  What  does  the  answer  to  No.  6  become  in  each  of  the 
following  cases  ? 

(i)  ar  «  5,  y  -=  18;  (ii)  x  »  20,  y  »  0 ;  (iii)  a; »  30,  y  «  25. 
a  If  a  »  1,  6  s  2,  c  a  3,  d  »  0,  find  the  value  of 

8ai  +  36c+(rf>c-7  6crf. 

9.  A  man  had  x  horses,  he  kept  y  and  sold  the  remainder.  He 
received  z  pounds ;  how  much  did  he  get  for  each  horse  ? 

10.  What  does  the  answer  to  No.  9  become  when 

z  =  400,  a?  =  25,  y  -  5  ? 

11.  If  0?  B  3,  y  »  4,  2r  »  0,  find  the  value  of 

5a?y+ vxyz, 

y 

12.  If  1  lb.  of  butter  costs  x  pence,  how  many  shillings  will 
a  hundredweight  cost  ? 

13.  From  a  stick  x  inches  long,  p  pieces,  each  of  length 
y  inches,  are  cut ;  how  long  is  the  piece  that  is  left  ? 

14.  In  a  race  A  runs  x  yards  a  second,  and  B  y  yards  a  second  ; 
if  B  has  a  yards  start,  in  how  many  seconds  will  A  overtake  B  ? 

15.  During  the  cricket  season  a  boy  scores  a?,  y,  2  ar,  3  y,  8ar,  2y 
runs  in  successive  innings.    What  is  his  average  ? 

16.  Ifa?  =  l,  y«2,  2r  =  3,  find  the  value  of  2ay  +  3y2r-4ay. 

17.  When  a?  =»  1,  y  =  2,  it  is  found  that  2a?4  3 y-4 ar  equals  8  ; 
what  is  the  value  of  2r  ? 

18.  A  man  with  x  nephews  gave  them  5  shillings  each  and  then 
had  7  shillings  left  in  his  pocket.  How  many  shillings  had  he  at 
first? 
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19.  What  is  the  meaning  of  3  a;  ?    Find  the  value  of 

Sx+4tx—2x, 

20.  A  man  walked  from  a  place  P  to  a  place  Q  and  then  to 
a  place  JR.  The  distance  from  Pto  Q  was  x  miles  and  it  was  three 
times  as  far  from  Q  to  R,  He  walked  altogether  12  miles ;  how 
far  was  it  from  P  to  Q  ? 

7.  Example.  There  are  x  hoys  in  the  Ist  Jbrm^  twice  as 
many  in  tlie  2nd  form,  and  four  times  as  many  in  the  Srd 
form.    How  many  are  there  in  the  three  forms  togetlicr  ? 

Number  of  boys  =  a;  +  2a"  +  4a? 

=  Tar. 

For  just  as  1  penny  +  2  pennies  +  4  pennies  =  7  pennies 

so     la:  +2x  +4a7  =7  a?. 

Terms  which  contain  the  same  letter  are  called  like 
terms. 

Rule  for  adding  like  terms.  Add  up  the  coefficients  of 
the  several  terms.  The  result  is  the  coefficient  in  the 
answer,  e.g.  8y  +  4y  +  6y  =  18y,  since  8  +  4  +  6  =  13. 

Rule  for  adding  any  number  of  algebraical  ex- 
pressions. For  convenience  arrange  the  expressions  one 
under  the  other,  so  that  like  terms  come  in  the  same 
column  (just  aa  £  s.  d,  are  arranged  in  compound  addition), 
then  add  up  the  several  columns  of  like  terms,  and  insert 
+  signs  between  the  several  results. 

The  result  of  adding  quantities  is  called  their  sum. 

Example.  Add  together 

2a  +  8&  +  4c,  3a  +  6  +  2c,  «  +  2[>  +  4c. 

2a  +  36  +  4c 

3a+  h  +  2c 

a  +  26  +  4c 

6a +  66  + 8c    Sum. 


Remember  that  the  coefficient  1  is  understood  in  such  terms  as 
a,  +  b,  and  must  be  added  in  with  the  other  coefficients. 
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8.  Example  I.  A  tradesman  begins  the  day  with  £18  ;  he 
seUs  goods  to  the  value  of  XIO  and  is  paid  £12  omng  to  him ; 
he  loses  £5,  pays  £S,  and  lends  £4.  How  much  has  he  at 
(he  end  of  fhe  day  ? 

Amonnt  at  the  end  of  the  day  ^=18  + 10 +  12 -5-8-4  pounds 

a=  40  — 17  pounds 
s  £23    Answer. 
In  this  example  the  actual  order  of  the  various  receipts  and 
payments  does  not  affect  the  result ;  we  take  no  account  of  the 
order  but  add  up  all  the  receipts,  add  up  all  the  payments  and 
losses,  and  then  subtract. 

Example  II.  A  tradesman  begins  the  day  with  My;  he 
seUs  goods  to  the  value  of  £Sy  and  is  paid  £y  owing  to  him ; 
he  loses  £2y,  pays  £^i  and  lends  £By.  How  much  has  he 
at  the  end  of  Ihe  day? 

Exactly  as  in  the  arithmetical  example  we  add  up  the  quanti- 
ties increasing  his  money,  add  up  the  quantities  decreasing  his 
money,  and  then  subtract. 
Amount  at  end  of  day  =  4y +  8  y  +  y-2y-y-3y  pounds 

ss  8y— 6y  pounds 
s  2  y  pounds. 
Hence  we  deduce  an  extension  of  the  addition  rule. 

Bnle.  If  in  a  number  of  like  terms  some  are  to  be  added 
and  some  subtracted,  first  add  all  those  that  are  to  be  added, 
then  those  that  are  to  be  subtracted,  and  subtract  the  second 
sum  from  the  first* 

The  result  is  called  the  algebraio  sum  of  the  quantitiea 

Examples  IcL 
Add  together : 

1.  3a?  +  4y-2?,  2a;-y  +  22r,  6ar-2y  +  4z. 

2.  +2a-36-4c,  3a-26  +  5c,  4a  +  76-c. 

3.  3a  +  26-c,  2a-6,  -2c  +  36  +  2a,  a'¥h''c. 

4.  2|)  +  g,  5p  +43-r,  4r-25r+3jp,  3g. 

5.  8a?-4y  +  52r,  -ic+5y-22?,  2a?+2y-f 4;?. 

Simplify: 

6.  4a?-2y  +  82r+43r-2a?  +  8y-8a?+y-42f+9ar. 

7.  8a+46-2a  +  96  +  8a-c+2a-46+6c  +  4a. 

PATBItOV  B 


^* 
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9.  3p-4a?+2a-4|>-3a  +  5a?-2a?  +  2|)  +  3a  +  6a;. 

10.  26  +  2c-3a+4a  +  5fe-c-a-46  +  3c 
If  a  s=  3,  6  =  2,  c  =  1,  find  the  value  of 

11.  2a6  +  36c-4(w. 

12.  3ax26-fc+4fex3a-5-2c. 

13.  3a  +  4fe-2a+2c-26  +  3a-c. 

14.  c-2a  +  86-4c  +  86-3a. 

15.  4afcc-2a6-36c-a6. 

If  a;  =  3,  y  =  0,  2;  B  4,  find  the  value  of 

16.  3a? +  --2*. 

z 

17.  a?y  +  4y«+8«a;-4a:  +  5y  +  6«— 2a?y«. 

18.  3a?-4af+2y-a?+2«-3y  +  17a?-4«  +  3. 

8.  Use  of  Brackets. 

Example  I.  A  purse  contains  8  compartments ;  each  com- 
partment contains  one  sovereign,  one  shiUingf  and  one  penny. 
What  is  the  total  value  of  the  money  in  the  purse  9 

Method  I.  Value  of  money  in  each  compartment «»  one  sove- 
reign +  one  shilling  +  one  penny. 
.*.  value   of   money  in   purse  ^  3   times  the    result 
obtained  by  adding  one  sovereign,  one  shilliagy 
and  one  penny. 
Which  we  express  thus : 

value  of  money  in  purse  s  3  (1  sovereign  4- 1  shil- 
ling + 1  penny). 
This  means  that  the  quantities  in  the  brackets  (    )  are  first  to 
be  added  and  the  result  is  to  be  multiplied  by  3. 

Method  IL  There  are  altogether  3  sovereigns,  3  shillings,  and 

3  pennies, 
i.  e.  value  of  money  in  purse  »  3  sovereigns  +  3  shillings 
+  3  pennies. 
Comparing  the  two  methods  we  see  that 

8  (1  sovereign  + 1  shilling  + 1  penny)  ^  3  sovereigns  +  3  shillings 
+  3  pennies. 

Example  II.  On  each  day  of  the  week,  except  Sunday,  a 
man  receives  7  shillings  and  pays  away  6&  2d  How  nmch 
does  he  save  per  week  ? 
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Method  L  Amoant  saved  per  dfty    s=7s.— 6«.  2d. 

.*.  amount  saved  per  week  ^  6  (7s.— 68.  2d,). 

Method  n.  Total  amount  received    »  6  x  7«. 

Total  amount  spent         »  6  x  68.  2d, 
.*.  amount  saved  per  week  =  6  x  78. — 6  x  68.  2d. 

Comparing  the  two  methods  we  see  that 

6  (78.-68.  2d.)  -6x78.-6x68.  2d. 

Example  III.  A  traveOer  is  at  a  height  of  10000  Jeet; 
(he  next  day  he  descmds  2(m  feet  a$ui  ascends  600  feet.  What 
is  (he  heiglU  now  ? 

Method  I.  Since  he  first  descends  2000  feet  and  then  ascends 

500  feet,  he  descends  (2000-500)  feet  in  the 
course  of  the  day. 
But  he  started  the  day  at  a  height  of  10000  feet. 
.*.  at  the  end  of  the  day  the  height  is  10000 -(2000- 
500)  feet. 

Method  IL  When  he  has  descended  2000  feet  the  height  is 

10000-2000  feet. 
He  now  ascends  500  feet. 
.'.  final  height «  10000-2000+500  feet. 
Hence  we  see  that  10000 -(2000 -500)  »  10000-2000  +  500. 

Example  IV.  A  traveller  is  at  a  height  of  10000 /ea^ ;  on 
each  qf  three  successive  days  he  descends  2000  feet  and  ascends 
600  feet.     What  is  the  height  at  the  end  of  (hose  three  dags  ? 

Method  I.  During  each  day  he  descends  (2000-500)  feet. 
.-.  in  three  days  he  descends  8  (2000-500)  feet. 
.*.  at  the  end  of  the  three  days  the  height  is  10000 
-3  (2000-500)  feet. 

Method  II.  During  the  three  days  he  descends  6000  feet,  and 

ascends  1500  feet. 
•*.  at  the  end  of  the  three  days  the  height  is   10000 

-6000+1500  feet. 
Hence  we  see  that  10000-8  (2000-500)  «  10000-6000  +  1500. 

There  would  be  no  dififerenoe  in  the  working  of  the 
previous  examples  if  we  had  used  letters  instead  of  numbers. 
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Examples  I  e. 

Each  of  the  following  examples  should  be  worked  by  the  two 
methods  :  (i)  using  brackets,  (ii)  not  using  brackets. 

1.  A  man  earns  x  shillings  a  week  and  spends  y  shillings  a 
week.    How  much  has  he  saved  at  the  end  of  a  year  ? 

2.  A  man  begins  the  year  ¥dth  £100.  He  earns  XlO  a  month 
and  spends  £a  a  month.  How  much  has  he  at  the  end  of  the 
year? 

3.  If,  in  question  2,  a  is  greater  than  10,  how  much  has  he  at  the 
end  of  the  year  ? 

4.  In  a  farmyard  there  are  three  sheds ;  in  each  shed  there  are 
X  fowls  and  y  ducks.    What  is  the  total  number  of  birds  ? 

5.  On  each  of  four  days  of  a  week  a  merchant  gained  £x  and 
lost  £yy.  On  each  of  the  remaining  week-days  he  lost  £^  and 
gained  £^y.  If  x  is  greater  than  y,  what  were  his  gains  for  the 
whole  week  ? 

6.  A  gardener  earns  p  shillings  a  week  and  his  son  q  shillings 
a  week ;  how  many  shillings  will  they  together  earn  in  5  weeks  ? 

7.  There  are  4  bookshelves  in  a  room  ;  each  of  them  contains  10 
English  books,  8  German  books,  and  7  French  books.  How  many 
books  are  there  in  the  room  ? 

8.  A  man  has  5  children  ;  each  child  has  x  sons  and  y  daughters. 
How  many  grandchildren  has  the  man  ? 

10.  We  see  from  the  preceding  examples  *  that  we  may 
omit  brackets  if  we  are  careful  to  obserye  the  following 
rules: 

(i)  If  there  is  a  +  sign  only  before  the  bracket,  the 
quantities  inside  the  bracket  are  written  down  unchanged. 

e.g.  +(a— 26  +  8c)=  +a-26+8c 

If  no  sign  is  written  before  the  first  term  inside  a  bracket 
the  sign  +  is  imderstood. 

(ii)  If  there  is  a  factor  preceding  or  following  the  bracket, 
that  factor  multiplies  each  of  the  terms  inside  the  bracket ; 

*  The  student  must  be  warned  that  a  rule  cannot  be  proved  by 
considering  a  particular  case ;  we  are,  however,  led  to  see  what  the 
rules  are  by  considering  several  special  cases ;  in  later  chapters  proofs 
of  these  rules  will  be  given. 
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if  the  factor  or  bracket  is  preceded  by  the  sign  +,  the  signs 
of  the  products  axe  the  same  as  the  signs  of  the  corresponding 
terms  inside  the  bracket. 

+  7(«— 2y)=  +7a?— 14yand  +(a?--3y)a  =  oa;— Say. 

(iii)  If  there  is  a  —  sign  only  before  the  bracket,  the  sign 
of  each  quantity  inside  the  bracket  must  be  changed  when 
the  brackets  are  omitted ;  all  the  +  signs  become  — ,  all 
the  —  signs  +  ;  e.  g.  —  (2a?+3y  — 4jef)  =  —2xSy  +  4g, 

(iy)  If  a  factor  precedes  the  bracket,  and  a  —  sign  precedes 
that  &ctor,  then  each  term  inside  the  bracket  must  be 
multiplied  by  the  factor,  but  the  sign  of  each  product  is 
opposite  to  the  sign  of  the  corresponding  term  in  the 
brackets;  e.g.— 3(4 o— 26  +  6 c)  =  — 12a-h6&— 15c. 

The  process  of  omitting  brackets  is  usually  called 
'removing  brackets'. 

Examples  If. 

Examples  fob  Practice  in  removino  Brackets. 

Remove  the  brackets  from    the   following  ezpressionR,  and 
.simplify  the  results  as  far  as  possible: 

I.  2{2x  +  y-z).  2.  3a(2a:-y+«). 
3.  3a?-2(a;-y).                         4.  6-3  (5-4). 

5.  7+2a(6-c).  6.  7ap-3(a:-y)+2(y  +  ir). 

7.  (a?-fy)  +  (a?-y).  8.  (a:  +  i/)-(a?-y). 

9.  (8a-6)  +  5(6-a.)  10.  3a-4(ar-2y). 

II.  In  an  examination  A  gets  m  marks,  B  gets  n  marks,  and 
C  gets  twice  the  difference  between  ^'s  and  B^n  marks.  How 
many  marks  has  A  more  than  C? 

12.  A  and  B  have  each  30  shillings  and  C  has  15  shillings. 
A  gives  X  shillings  to  B  and  three  times  as  many  to  C,  while  C 
g^ves  y  shillings  to  B,  How  many  shillings  has  each  then  ?  How 
many  have  they  altogether  ? 

18.  Addtogether  (8a-26);r  +  (a-86)  and  (8a  +  26)ar-(a  +  36). 

14.  Add  x  +  2(tf-z),  y-2(2?-a?),  af-2  (a?  +  y). 

15.  Simplify  8(4  +  5-l)-2  (2  +  3-4)  +  4(3  +  4-5). 

16.  Find  the  sum  of  2a-  (5c-i-3&)  and  4&-(a-3r);  and  sub- 
tract  (a  — 8  c)  from  the  result. 
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17.  If  a  =  8,  6  s  5,  e  s  0,  and  d»l,  find  the  yalae  of 

(4g-3c)d  5gfec      _  (2a-4<l) 

(36-5d)       9(6c+ad)        36+c    ' 

18.  Add  2(a-3  6-2c),  3(6-4c+2a),  and  4(2c-o  +  5H 

Examples  L 

MiSCBLIiANEOUS. 

1.  An  article  costs  £a;  what  is  its  value  in  shillings?  How 
many  could  be  bought  for  x  shillings  ? 

2.  From  7a  +  25+  8e  take  3a  +  &  +  24;. 

3.  Add  together  2a+46-2c,  3a-56+6c,  26-4a  +  c 

4.  SimpUfy  3(2a-6)+2  (a+2  6)-4(a-2  6). 

5.  An  army  consists  of  x  regiments,  each  regiment  contains  y 
companies  of  z  men  each.  How  many  men  are  there  in  the 
army? 

6.  Three  boys  spend  their  money  on  cakes.  The  first  has  a 
pounds,  the  second  h  shillings,  and  the  third  c  pence.  If  each 
cake  costs  x  pence,  how  many  cakes  can  they  buy  ? 

7.  What  is  the  difference  between  a  term  and  a  &ctor  ?  Write 
down  two  expressions,  one  containing  three  terms  the  other  con- 
taining  three  factors. 

8.  A  boy  is  x  years  old  in  the  year  1906 ;  how  old  will  he  be  in 
1917  ?    When  will  he  be  21  years  old  ? 

9.  What  must  be  added  to  2a  +  5+4e  to  make  8a  +  4&  +  5c? 
Verify  the  answer  by  putting  a  «  1,  6  »  2,  c  «  5. 

10.  A  farmer  sold  a  fowls  at  h  pence  each,  h  lambs  at  a  pounds 
each,  and  with  the  money  so  obtained  bought  (a +  6)  geese  at 
c  shillings  each.    How  much  money  had  he  left  ? 

11.  If  i>  B  0,  g  s  1,  r  >=  3,  find  the  yalue  of 

jp(g-r)+ff(r-2p)  +  3r(p  +  4ff), 

12.  To  each  of  10  old  women  there  was  given  a  present  con- 
sisting of  a  lb.  of  tea  and  b  lb.  of  sugar ;  what  was  the  total 
weight  given  away  ? 

13.  SimpUfy  2(-a?+y)-3(a?-y)+4(8a:+2y). 

14.  There  are  three  consecutive  numbers  of  which  the  middle 
one  is  :c ;  what  are  the  others  ? 

15.  A  boy  returned  to  school  with  15«.  in  his  pocket ;  an  uncle 
gave  him  x  shillings,  his  father  five  shillings,  and  his  mother 
a  florin.    What  is  the  value  of  x  ? 
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16.  Multiply  3a  +  46  +  5e  by  2x. 

17.  A  boy  walks  a  miles  b  furlongs  on  each  of  three  days  in  the 
week,  2  b  miles  a  furlongs  on  each  of  three  other  days,  and  b  miles 
2  a  furlongs  on  the  remaining  day.  How  many  furlongs  did  he 
walk  that  week  ? 

18.  Find  the  sum  of  2ar  +  8y-2f,  3a?-4y  +  62r,  -a?-y  +  5af,  and 
-2a?  +  6y-72r. 

19.  If  a  »  2,  6  »  3,  c  =  0,  find  the  value  of 

3a+46-2a(36-4c)  +  3c(Ua-2&). 

20.  A  boy  is  x  years  old  in  1908 ;  in  what  year  was  he  bom  ? 
When  will  he  be  2  a;  years  old  ? 

21.  Think  of  a  number,  double  it,  add  5,  subti*act  3,  divide  by  2, 
take  away  the  number  thought  of  and  the  remainder  is  always  1. 
Prove  this  to  be  true  by  taking  x  as  the  number. 

22.  When  a  «  3,  &  »  5,  c  =  7,  prove  that 

a(6  +  2c)  +  36(<j+2a)  +  3c(a  +  2  6)«7a6  +  5ac+9ftc. 
28.  What  number  is  it  (call  it  x)  which  when  5  is  added  to  it 
is  7  less  than  double  the  number  ? 

24.  What  is  the  remainder  when  4a  +  56  +  8cis  diminished  by 
a+6+c? 

25.  How  many  times  will  a  bicycle  wheel  turn  round  in  going 
X  miles  if  it  turns  round  once  in  every  y  yards  ? 

26.  When  two  numbers  are  added  their  sum  is  96 ;  one  of 
them  is  x^  what  is  the  other  ? 

27.  If  X  is  an  even  number,  what  is  the  next  odd  number  ? 

28.  Find  the  value  of 

8  +  5(6-^)-3(2  +  2.4)  +  12(0  +  8). 

29.  Find  the  value  of  (2a  +  36-4c)-(a+2&-5 c). 

30.  Subtract  a  +  26-5c  from  2a+3fe-4c. 

31.  Remove  the  brackets  and  simplify 

-5(a-6-c)  +  30(6-<;-a)  +  6c-4(c  +  6-a). 

32.  A  regiment  originally  contained  x  men ;  after  y  men  had 
been  killed,  the  regiment  was  divided  into  p  companies.  How 
many  were  there  in  each  company  ? 

38.  If  19  cricket  balls  at  x  shillings  each  cost  £4. 15$.  what  is 
the  value  of  a?? 

84.  If  I  have  in  my  purse  a  pounds  b  shillings,  and  I  spend 
c  shillings  and  c  pence,  how  many  pence  have  I  left  ? 

35.  Write  down  five  consecutive  numbers  so  that  x  shall  be  the 
middle  number  of  the  five.    What  is  their  sum  ? 
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36.  Distingaish  clearly  between  the  meanings  of  the  algebraical 

expressions i  « +  - ,   — ;  and  give  the  value  of  each  expres- 

c  c      c 

sion  when  a  =:  1,  &  s  2,  c  »  3. 

37.  If  a  train  travels  a  yards  in  b  seconds,  how  long  will  it  take 
to  travel  1  mile  ? 

38.  If  a  train  travels  at  the  rate  of  a  miles  an  hour,  how  many 
hours  will  it  take  to  travel  b  miles  and  how  many  seconds  will  it 
take  to  travel  b  yards  ? 

39.  Add  together  a+ (26  +  3c),  2a-(5  +  2c),  6- (c  +  a),  and 
c-ia-^b). 

40.  What  must  be  subtracted  from  5y+2a;  +  8  so  as  to  leave 
3y+2a?+7? 

Find  the  value  of  ^  (a  + 1)  in  the  following  cases : 

41.  n=  17,a  =  5,  Z=17. 

42.  n  =  5,  a  =  7,  Z  =  109. 

43.  n  =  16,  a  «  17,  Z  «  95. 

44.  n  «  20,  a  »  1, ;  «  6. 

Prf 
Find  the  value  of  ^^  when 

45.  Ps=115,r  =  4,^  =  5. 

46.  P«725,  r«6,  f  =  2. 

47.  i>=  136,  r«  5,^  =  5. 

48.  Explain  the  words  term,  ftictor,  coefficient,  quotient;  and 
g^ve  examples. 

49.  How  many  shillings  change  will  there  be  out  of  a  sovereign 
after  paying  a  bill  for  a  pints  of  milk  at  b  pence  per  quart  and 
c  doEen  eggs  at  the  rate  of  d  shillings  a  dozen  ? 

50.  A  man  starts  with  a  sovereigns  5  shillings  and  c  pence  in 
his  purse.  How  much  money  has  he  in  all,  expressed  in  pounds? 
Supposing  him  to  pay  away  d  sovereigns  and  /  pence  and  to 
receive  e  sixpences,  how  much  money  has  he  left,  expressed  in 
pence  ?    How  many  coins  had  he  at  first  ? 

51.  A  man's  salary  is  JBa:  a  day  and  he  spends  J£y  a  day.  How 
much  does  he  save  in  s  days  ?  How  long  will  he  take  to  save 
£100? 

52.  Simplify  (2a-f  6  +  }c)  +  (-Ja  +  26-*r)-(5ri-6  +  2  r). 

53.  From  26-  (e-a)  take  2r-(a-6). 
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54.  X  and  y  BJre  two  nnmben;  eipreu  algebnucall;  the  two 
facU  that  their  ram  is  620  uid  their  product  3084. 

55.  If  I  boy  a  apples  at  p  pence  a  dosen  and  b  apples  at  q 
pence  a  dozen  and  aell  them  all  at  one  penny  each,  how  mach 
profit  do  I  make  ? 

56.  K  brick  >•  a  inches  long,  h  inches  brood,  e  inches  thick ; 
whkt  is  the  length  of  all  the  edges  added  together  ? 

57.  A  has  6  more  marbles  than  B\  fi  has  x  marbles.  If  A  were 
to  give  one-third  of  hia  marbles  to  B,  how  many  would  B  then 
have? 

58.  Find  the  nomber  of  pence  in  a  sum  of  money  mode  np  of 
a  gnineas,  b  half-sovereigns,  and  c  half-crowns. 

59.  Ifa!=o  +  6andy  =  o-6,  findthevaineof8a;+4y-2a  +  8  6. 
Verify  by  putting  a  ■»  2,  6  =  1. 

60.  The  prices  of  seats  in  the  stalls,  pit,  and  gallery  of  a  theatre 
are  respectively  seven  shillings  and  sixpence,  half  a  crown,  and 
one  shilling.  Find  in  sixpences  the  total  value  of  x  stall,  y  pit, 
and  z  gallery  tickets.     What  is  the  value  in  pounds  when  «  =  40, 


CHAPTER  II 

THE  USE  OP  SQUARED  PAPER 

IL  It  ia  often  possible  to  illustrate  sn  arithmetical  or 

Blgebraical  argument  by  means  of  squared  paper.     This 

)3  done  by  taking  &  side  of  a  square  to  represent  the  unit 


Flo.  1.    Scale :  side  of  urnaU  square  representn  1  unit. 
number ;  or  it  may  be  convenient  to  take  some  multiple  or 
fraction  of  the  side  of  a  square  to   represent  the  unit. 
Every  diagram  should  show  clearly  what  scale  is  used. 
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BxAmplel.  To  show  that  6  +  5  =  6  +  & 

Take  a  line  AB  to  represent  6. 

Prodooe  it  to  (7  ho  that  BC  represents  5. 

Then  ^(?  represents  6 -t- 5. 

Again,  take  DE  to  represent  5 ;  piodnce  it  to  F  so  that  EF 
represents  6. 

Then  DF  represente  5  -I-  6. 

It  is  seen  that  AC  and  DF  are  eiactlj  the  same  length. 

Hence  the  figure  shows  that  6  +  5  =  5  -f  6, 

In  a  similar  waj  the  process  of  adding  may  always  be  repre- 
sented, however  many  numbers  have  to  be  added. 

Example  II.  To  shoto  that  17—9  =  8. 

Take  AB  to  represent  17  units. 

Measure  BC  from  B  towards  A  to  represent  9  nnits. 

Then  irom  17  units  we  have  now  taken  9  nnita. 


a:qq::q::;::~:q::g 


Fio.  2,     Scale  :    side  of  small  squ&re  represents  1  unit. 
Hence  ^C  represents  17— 9  units. 

But  by  coanting  squares  we  see  that  AC  represents  8  unite. 
Therefore  17 -9 -=8. 
Example  III.  To  show  that  4x3=  12. 


Fig.  3.    Scatu  :  1  large  square  represents  I  unit. 
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It  is  sometimes  found  oonTeiiieiit  to  take  the  square  itself  to 
represent  the  unit. 

In  Fig.  8  1  large  square  represents  1  unit. 

.-.  4  large  squares  represent  4. 

i.  e.  the  area  ABCD  represents  4. 

So  also  do  the  areas  DCEF,  FEGH. 

.%  the  whole  area  ABGH  represents  4  +  4+4. 

But  4x3  means  4+4  +  4. 

.'.  area  ABGH  represents  4x3  units. 

But  the  area  ABGH  is  found  by  counting  to  contain  12  large 
squares. 

Therefore  Fig.  3  shows  that  4  x  3  »  12. 

Note.  Any  area  such  as  ABGH  is  called  a  rectangle. 

Example  IV.  To  sJuno  ihat  the  number  of  units  of  area  in 
a  rectangle  is  equal  to  the  number  of  units  of  length  in  one  side 
muU^ied  by  the  number  of  units  of  length  in  the  adjacent  side. 

We  now  have  two  different  kinds  of  unit,  the  unit  of  length  and 
the  unit  of  area. 

Take  the  side  of  one  big  square  to  represent  the  unit  of  length. 

Then,  in  Fig.  3,  the  side  AB  is  4  units  long  and  the  side  AH  is 
3  units  long,  so  that  the  number  of  units  of  length  in  one  side  multi- 
plied by  the  number  of  units  in  the  adjacent  side  s  4  x  3  »  12. 

But  if  we  take  the  square  whose  side  is  unit  length  to  be  the 
unit  area,  that  is,  if  we  take  1  large  square  to  represent  unit 
area,  the  rectangle  is  seen  to  contain  12  units  of  area. 

Hence  Fig.  8  shows,  for  a  particular  case,  that  the  number 
of  units  of  area  in  the  rectangle  is  equal  to  the  number  of 
units  of  length  in  one  side  multiplied  by  the  number  of 
units  of  length  in  the  adjacent  side,  provided  the  unit 
of  area  is  the  square  whose  side  is  unit  length.  The  same 
argument  could  be  applied  in  all  cases  when  the  sides  of  the 
rectangle  contain  an  exact  number  of  units. 

Example  V.  To  show  thatxxy  =  y  xo?  when  x  and  y  are 
whole  numbers. 

Draw  a  rectangle  ABCD  having  AB  x  units  long,  AD  y  units 
long. 
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Then,  as  is  ihown  in  Ex.  4,  the  area  of  the  rectangle  is  xy  units 
of  area. 

How  suppose  the  rectangle  turned  ronad  bo  that  BC  is  in 
same  direction  as  AB  was  before. 


Fid.  4. 

Then  the  area  is  now  yx. 

But  since  we  are  dealing  with  the  same  rectangle  the  area  ia 
the  EMme. 
Therefore  x$  =  yx. 

12.  Powers  and  Indioes. 

Draw  a  aquare  with  aide  x  units. 

Then  since  both  the  adjacent  aides  are  x  unita  long,  the 
area  ia  xx  units  of  area.  Hence  the 
product  of  two  equal  factors  gives 
the  area  of  a  square ;  for  this  reason 
XX  is  called  the  sqaare  of  x  or  :f 
square. 

Similarly,     by    means    of    cubes, 
each   haying  the  edges  I  unit  long, 
Fi«.  6.  it    can    be  shown   that  the  volume 

of  a  cube  whoae  edge  ia  x  unita  long  is  xxx  times  tlte  cube 
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with  edge  1  unit.  If  the  yolume  of  the  smaller  cube  is  taken 
as  the  unit  of  volume,  the  volume  of  a  cube  whose  edge  is 
X  units  of  length  is  xxx  units  of  volume.  Hence  the 
product  xxx  is  called  the  cube  of  x  or  ^  cube. 

But  we  may  have  any  number  of  equal  factors  multiplied 
together.  If  we  start  with  1,  five  successive  multiplica- 
tions by  X  give  xxxxx. 

The  result  of  multiplying  1  by  a  number  of  equal 
factors  is  oalled  a  Power  of  that  faotor.  If  there  are 
five  equal  factors,  the  product  is  called  the  fifth  power, 
L  e.  if  one  iB  multiplied  five  times  by  x  the  product  is  the 
fifth  power.  Instead  of  writing  the  product  in  full,  we 
write  the  &ctor  only  once,  but  put  a  small  figure  at  the 
top  right-hand  comer  to  show  the  number  of  equal  factors, 
a  g.  instead  of  xxxxx  we  write  x^-  This  little  figure  is  caUed 
an  Index.  The  index  1,  like  coefficient  1,  is  always 
omitted,  x  is  called  the  first  power  of  x,  a^  means  xx,  and, 
as  stated  above,  is  called  x  square,  :t^  is  a;  cube,  a^  is  read 
'  X  to  the  fourth ',  and,  similarly,  af^  means  the  product  ob- 
tained by  multiplying  1  by  a;  n  times,  and  is  called  x 
to  the  nth. 

13.  An  expression  may  contain  different  powers  of  the 
same  letter,  e,g.  Sai^  +  ^a^^2x+6,  This  means  that  when 
we  know  the  value  of  x,  we  must  take  three  times  the  cube 
of  that  value,  add  four  times  the  square,  take  away  twice 
the  first  power  of  the  value,  and  finally  add  6. 

When  adding  or  subtracting,  different  powers  are  treated 
in  the  same  way  as  different  letters. 

Bxamplel.  ^Idd^tter 8a^-4ar^+2a;-l,2a^-3d;+4, 

Sum  -  (8«»-4«"  +  2a?-l)  +  (2a^-3a?+4)  +  (aj»+3«»+4a?-2) 
-  3aj»-4«*  +  2a:-l  +  2a^-.3aj+4+«*+3aj»+4a?-2 
«3aj»+a?'+3a^  +  2«*-4a"  +  2a?  +  4«-8«  +  4-l-2 

■■4a!»+a^  +  8«+l. 
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Or  the  work  may  be  arranged  in  columns : 

2ic»-3a-+4 
ar»+3a:*  +  4a:-2 


^a^+   a^  +  S»+l    Sum. 


Ezamples  II. 

Squared  paper  is  to  be  used  for  the  Examples  1-10. 

1.  Show  that  9+6-7-9-7+6. 

2.  Show  that  3(a+&)  n  8a  +  8&. 

3.  Prove  that  a+&  «  &+a. 

4.  Try  to  find  a  meaning  for  6—9. 

5.  Show  that  a  (a  +  h)  »  a^-^ab. 

6.  What  does  (a  +  6)*  mean?    Show  that  {a  +  bf  =  a*  +  2ad  +  ft«. 
Verify  this  when  a  «  4,  &  s  3. 

7.  What  is  the  value  of  2-4+3  ? 
What  is  the  value  of  4-2-3  ? 

8.  Taking  the  side  of  a  square  to  represent  a  mile,  represent 
in  a  diagram  the  following  places  : 

(i)  A  at  the  intersection  of  two  lines ;  (ii)  B  3  miles  east  of  A 
and  2  miles  north ;  (iii)  C  4  miles  east  of  A  and  3  miles  south ; 
(iv)  D  5  miles  north  of  C  and  6  mUes  west ;  (v)  ^  2  miles  south  of 
D  and  8  miles  west. 

How  far  is  A  from  C  ? 

9.  Show  that  4(a-&)  i=  4a-4  b. 

10.  Show  that  (a  +  6)  +  (a-6)  =  2a  and  (a  +  6)-(a-&)«  2  6. 
Find  the  value  of  each  of  the  expressions  from  11  to  15,  when 

a  Mi  1,  a  1=  0,  and  a  «  4. 

11.  8a'-2a»  +  2a+4. 

12.  a*  +  2a*-4a  +  18. 

13.  3a»+2a«-3a-2. 

14.  a»-4a*  +  3a+2. 

16.  2a-4a«  +  3-2a'  +  5aHa*. 

16.  Findthesumof  3a"-4aj+6,  3aj-2aj»  +  4,6j?-4. 

17.  What  must  be  added  to  nothing  to  make  3a^-«H  1  V 

18.  From  4a*+5a6+6>  take  8a'+2ad. 

19.  What  is  the  sum  of 

2a?H4«  +  5,  8a?'-«^-2,  4+«+8««-a^-3a?+l V 
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20.  Simplify  a?(ar-2)-3(a:'-l)  +  4a:(l+a?). 

21.  Muliiplj  a^  by  a?, 

22.  Findtbevalu6ofda&e-2a&+4&c-3ac+2a:^  when  each  of 
the  letters  equals  x, 

23.  If  a  a  2,  &  ==  3,  find  the  value  of 

(i)  (i«  +  ad+ft»;  (iii)  3(2a  +  ft)-2(2a-ft); 

(ii)  3a«-4a*+26»;  (iv)  a'ft+2a*»-3a»+2&». 

24.  Find  the  value  of  y—(x^a^-^\)  when  y  ^  0. 

25.  What  must  be  taken  from  nothing  to  leave  a^— ap+ 1  ? 

26.  A  box  is  2  a;  inches  long  and  3  y  inches  wide ;  what  is  the 
area  of  the  top  ? 

27.  Find  the  area  of  a  carpet  whose  length  is  x  feet  and 
breadth  x  inches. 

28.  A  garden  is  x  jrards  long  and  y  yards  wide.  What  is  the 
cost  of  covering  it  with  gravel  at  a  shillings  per  square  yard  ? 

29.  On  a  tour  a  man  spent  every  day  as  many  pence  per  mile  as 
he  walked  miles.  He  walked  x  miles  the  first  day,  2  x  the  second 
day,  and  3  x  the  third  day.    How  many  shillings  did  he  spend  ? 

80.  During  a  certain  lesson  each  boy  in  a  row  obtained  as 
many  marks  as  there  were  boys  in  the  row.  There  were  8  boys 
in  the  front  row,  7  in  the  second  row,  and  4  in  the  third.  How 
many  marks  were  obtained  altogether  ? 

31.  A  square  grass  plot  is  surrounded  by  a  gravel  path  4  feet 
wide.  If  the  side  of  the  square  is  x  feet,  what  is  the  area  of  the 
path  ?    Illustrate  your  answer  with  a  diagram,  taking  x  «  20. 

32.  How  many  cubic  inches  are  there  in  a  brick  x  inches  long, 
y  inches  wide,  y  inches  thick  ?  How  many  such  bricks  are  required 
to  build  a  wall  a  yards  long,  h  feet  high,  and  c  inches  thick  ? 

33.  During  each  lesson  on  a  certain  day  a  master  gave  each 
boy  for  each  answer  as  many  marks  as  he  had  answers.  If  a  boy 
answered  twice  in  the  first  lesson,  x  times  in  the  second  lesson, 
and  2  x  times  in  the  third  lesson,  how  many  marks  had  he  ? 
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14.  Example.  A  bojf  has  in  his  podoU  z  maffHeSj  and  j  of 
them  are  lost  through  a  hole  in  the  pocket.    How  many  has  he 
left  ?    What  does  the  a$iswer  become  it^ten  (i)  a;  =  20,  ^  =  4  ; 
(ii)a;=  20,^  =  20;  (iii)  a?  =  20,  y  =  25  ? 

Number  of  marbles  left  s  x  —  jf. 

In  case  i«  number  left  =  20—4  =  16. 

In  case  ii,  number  left  =  20—20  »  0. 

In  case  iii,  number  left  =  20—25. 

Now  it  is  impossible  to  take  25  from  20,  so  that  we  cannot  find 
an  answer  in  case  iiL 

Returning  to  the  question,  we  see  that  if  a  boy  has  only  20 
marbles  it  is  impossible  for  25  to  drop  through  a  hole  in  the 
pocket.  Hence  in  this  example  we  are  not  surprised  to  find  that 
we  cannot  answer  the  question. 

But  some  examples  can  be  worked  out  in  two  difTerent 
ways,  and  by  comparing  the  two  answers  so  obtained  we  can 
yery  often  find  a  meaning  for  the  result  when  a  number  is 
subtracted  from  a  number  smaller  than  itsell 

15.  Example.  A  hoy  has  x  Mllings  in  his  pocket,  but  owes 
y  ratings.  What  has  he  l^  after  paying  his  debts?  What 
does  the  answer  become  when  (i)  x  =  5,  y  =  8 ;  (ii)  x  =  6, 
y  =  5;(iii)a:=5,y  =  7? 

After  paying  debts  he  has  left  x  shillings -jr  shillings  «  (x— y) 
shillings. 
.*.  in  case  i  he  has  left  (5—3)  shillings  =  2  shillings, 
in  case  ii  he  has  left  (5—5)  shillings  »  0  shillings. 
L  e.  he  has  nothing  left, 
in  case  iii  he  has  left  (5  -  7)  shillings. 
We  might  try  to  take  7  away  in  two  steps,  first  take  5  away 
and  then  2.    This  would  give  5-7  »  5-5-2  -^  0-2. 

So  that  the  number  of  shillings  left  is  the  number  left  when 
2  is  taken  from  0,  and  this  cannot  be  done. 
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0—2 18  two  less  than  nothing ;  the  zero  is  usually  omitted, 
and  we  are  left  with  the  symbol  —2  to  represent  two  less 
than  nothing. 

But  in  case  iii  we  really  have  the  following  question : — 
A  hoy  has  5  shillings  in  his  pocket,  hut  owes  7  shillings.  What 
is  left  after  using  his  money  to  pay  his  debts  ? 

He.  still  owes  (7-5)  shillings. 

i.  e.  he  still  has  a  debt  of  two  shillings. 

Comparing  these  two  results,  we  see  that  having  —2  shillings 
is  the  same  thing  as  having  a  debt  of  2  shillings. 

Examples  Ilia. 

In   the   following   set    of  examples   each    result  should   be 
'  worked  for  the  three  cases :  (i)  a;  =  5,  y  =  3  ;   (ii)  a?  =  5,  y  =  5 ; 
(iii)  27  ss  5,  y  =  7.    Try  to  find  a  meaning  for  all  the  answers. 

1.  A  man  stands  with  his  back  against  a  wall ;  he  walks  x  yards 
forwards  and  then  y  yards  back.  How  far  is  he  now  from  the 
wall? 

2.  In  the  course  of  a  certain  day  a  merchant  gains  £x  on  some 
transactions,  but  loses  J£y  on  others.  What  is  his  gain  on  the 
day's  work  ? 

3.  A  man  walks  x  miles  due  east  from  his  house;  he  turns 
round  and  walks  y  miles  in  the  opposite  direction.  How  many 
miles  east  of  his  house  is  he  now  ? 

4.  A  labourer  goes  up  x  rungs  of  a  ladder  and  comes  down 
y  rungs.    How  many  rungs  above  the  ground  is  he  now  ? 

5.  Suppose  that  in  example  4  the  ladder  rested  in  a  hole  with 
the  tenth  rung  level  with  the  ground ;  he  now  goes  up  x  rungs 
from  the  gpround  and  comes  down  y  rungs.  How  many  rungs 
above  the  ground  is  he  now?  How  many  rungs  above  the 
bottom  of  the  hole  is  he  ? 

Illustrate  by  means  of  a  diagram  on  squared  paper. 

6.  A  cyclist  starts  from  the  twentieth  milestone  on  the  road  from 
London  to  Brighton.  He  cycles  x  miles  towards  Brighton  and 
then  y  miles  towards  London.  How  far  is  he  now  from  his  starting- 
point  ?    How  far  is  he  from  London  ? 

Illustrate  by  means  of  a  diagram  on  squared  paper. 

7.  In  the  Centigrade  thermometer  the  freezing-point  of  water  is 
0^  C.  At  8  a.m.  the  reading  is  0°  C. ;  the  thermometer  rises  x 
degrees,  then  falls  y  degrees.    What  is  now  the  temperature  ? 

PATXMOir  c 
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8.  A  shopkeeper  starts  the  day  with  £10  in  his  till ;  in  the 
course  of  the  day  he  takes  £x  from  customers  and  pays  bills  to 
the  amount  of  £y.  What  is  his  gain  during  the  day?  How 
much  has  he  at  the  end  of  the  day  ? 

16.  The  student  will  have  found  that  in  several  of  the 
above  examples  a  clear  meaning  can  be  attached  to  results 
which  involve  subtracting  a  number  from  nothing,  and 
should  now  have  little  difficulty  in  understanding  the 
following  statements: 

If  we  start  with  nothing  and  continually  add  on  one, 
we  obtain  the  ordinary  whole  numbers  used  in  Arithmetic. 
These  are  called  Positive  numbers,  and  are  sometimes 
distinguished  by  the  +  sign  placed  before  them.  As  a 
rule  the  sign  is  omitted. 

If  we  start  with  nothing  and  continually  subtract  one, 
we  obtain  another  series  of  numbers  which  are  called 
li'egative  numbers.  These  are  distinguished  by  the  sign 
—1 ;  thus  —5  denotes  the  negative  number  5.  The  negative 
sign  is  never  omitted. 

17.  Meaning  of  +  and  — .  We  now  have  two  meanings 
for  these  signs.  They  may  be  used  as  verbs,  in  which  case 
they  give  directions  to  add  or  subtract  respectively ;  with 
this  meaning  they  are  signs  of  operation.  They  may  also 
be  used  as  adjectives,  in  which  case  they  show  whether  the 
following  number  is  positive  or  n^^tive ;  with  this  meaning 
they  are  signs  of  affection. 

When  negative  numbers  are  preceded  by  a  symbol  of 
operation  they  are  enclosed  in  brackets ;  so  too  are  positive 
numbers  if  the  positive  sign  is  inserted.  Thus  5x(— 6)+ 
(— 8)-r  (+2)— (~6)  means  multiply  together  the  positive 
number  5  and  the  negative  number  6,  add  the  result 
obtained  by  dividing  the  ne^tive  number  8  by  the  positive 
number  2,  and  then  subtract  the  negative  number  6.  In 
the  next  chapter  we  shall  show  how  these  operations  are 
peformed. 

18.  There  is  another  way  of  explaining  negative  numbers. 
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Suppose  we  start  counting,  and  imagine  the  numbers 
arranged  in  a  long  straight  line: 

0.    1.    2.    3.    4.    6.    6.    7.    8.    9.    10.    11.    12. 

If  we  wish  to  add  3  to  8,  we  start  at  8  and  then  count 
forward  three  places,  so  obtaining  11. 

If  we  wish  to  subtract  8  from  8,  we  start  at  8  and  then 
count  three  places  backwards,  so  obtaining  6. 

If  we  start  with  zero  and  count  forward  any  number 
of  places,  say  five,  then  we  come  to  the  number  5. 

But  what  do  we  obtain  if  we  start  with  nothing  and 
count  in  the  reverse  direction?  It  has  just  been  seen 
that  counting  three  places  backwards  gives  the  same 
result  as  subtracting  three ;  therefore  counting  three 
backwards  from  nothing  will  bring  us  to  the  number 
0-8,  i.e.  —3. 

Hence  we  may  say  that  Positive  Numbers  are  obtained 
by  counting  forwards  from  nothing,  and  Negative  Numbers 
are  obtained  by  counting  in  the  reverse  direction. 

Ck>nsider  a  lot  of  letters  in  a  row  : 

1       2      8      4      6      6 
ABGDEFQHIJ 
-8  -2  -1      0 

Start  counting  at  any  letter  and  then  continue  counting. 
In  the  above  line  we  have  st^arted  at  J^,  so  that  J  is 
numbered  6.  As  we  go  to  the  right  the  numbers  increase, 
but  if  we  start  at  J  and  go  to  the  left  the  numbers  decrease 
one  at  a  time  ;  hence  D  should  be  numbered  one  less  than 
1,  i.  e.  nothing  or  zero,  G  one  less  than  zero,  i.  e.  —1,  and 
similarly  5-2,  4-8. 

Qraphio  Bepresentation  of  Negative  Numbers. 

19.  By  means  of  squared  paper  we  can  very  simply  obtain 
a  geometrical  representation  of  both  positive  and  negative 
numbers.  Such  a  representation  is  called  a  Graphic 
representation. 

Take  any  point  on  one  of  the  lines  and  call  it  0. 

c2 
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Then,  aa  baa  been  shown  in  §  11,  any  positive  number, 
9  for  instance,  may  be  represented  by  drawing  a  line  from 


Fia.  6.    Scale ;  side  of  t  small  sqiure  -  1  unit 

0  to  the  right  ^  equal  to  nine  times  the  unit  length.  To  do 
this  we  have  to  count  nin«  squares  to  the  right  The  question 
arises,  *  What  will  the  line  represent  if  we  draw 
it  to  the  left?*  To  do  this  we  shall  have  to 
count  in  the  reverse  direction ;  but  the  last 
paragraph  showed  that  by  counting  in  the 
reverse  direction  we  obtain  negatives  numbers. 
Hence  a  line  drawn  to  the  left  represents  a 
negative  number.  In  Fig.  6  OA  represents  +  9, 
but  OA'  represents  —9.  Similarly  if  a  line 
drawn  upwards '  represents  a  positive  number, 
a  line  drawn  downwards  will  represent  a 
negative  number,  e.g.  in  Fig.  7  OB  =  +9, 
OB'  =  -7. 

20.  There  is  yet  another  way  of  regarding 
negative  numbers.      It  has  been  mentioned  in 
§  IQ  that  any  positive  number  can  be  obtained 
by    continually    adding   one    to  nothing,    L  e. 
+5  =  0  +  1  +  1  +  1  +  1  +  1;  and  that  any  negative 
Fia.V,     number  can   be  obtained   by   continually  sub- 
tracting one  from  zero,  Le.  —  5  =0—1—1—1—1  —  1. 
Hence  +5  +  (-6)  =  O+l  +  I +1  +  1  +  1 

+  0-1-1-1-1—1  =0. 

'  It  is  the  aitUim  to  represent  positive  nnmbeis  by  lines  drawn 
tonards  the  rigbt  or  upwards ;  in  such  oases  a  line  drawn  to  the  left 
or  downwards  will,  as  is  here  shown,  represent  a  negative  nnniber. 
If  in  any  particular  case  it  is  more  convenient  to  draw  the  pocitive 
lines  to  the  left  or  downwards  then  lines  drawn  to  the  right  or 
upwards  will  be  negative. 
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Or  +JC  +  (— a;)  =  0  +  l  +  l  +  l...the  addition  being  repeated 

X  times 

+  0—  1 — 1 — 1 . . .  the  subtraction  being  repeated 

X  times 
=  0. 

In  words,  this  last  result  shows  that  any  negative  number 
when  added  to  the  positive  number  of  the  same  size  exactly 
cancels  it,  and  the  result  is  nothing.  Thus  a  negative 
quantity  is  the  exact  opposite  or  revei'se  of  the  corre- 
sponding positive  quantity,  e.  g.  if  +6  represents  a  distance 
measured  to  the  right,  —6  will  represent  an  equal  distance 
to  the  left. 


Examples  III, 

1.  If  the  rise  in  temperature  during  a  certain  period  is  repre- 
sented by  x'',  what  is  meant  when  a;  =  —  5  ? 

2.  What  is  the  result  when  the  positive  number  5  is  added  to 
the  negative  number  6  ? 

3.  By  means  of  squared  paper  show  that 

5  +  (-6)  +  4  =  5  +  4  +  (-6). 

4.  Find  the  value  of  8  x  when  x  =  0,  when  a; »  +  2,  and  when 
x^  -3. 

5.  A  person  A  begins  playing  a  game  with  x  counters  ;  he  loses 
y,  gains  z,  and  then  loses  2  x  counters.  How  many  has  he  now  ? 
Find  the  value  of  the  answer  in  each  of  the  following  cases : 

(i)ar=24,  y  =  6,  ^«30; 
(ii)  a:  =  20,  y  =  3,  2f  =  85  ; 
(iii)  a:  =  30,  y  =  10,  ;?  =  5. 

6.  Find  by  squared  paper  or  otherwise  the  value  of  a:  +  y  when 
(i)  a:=0,y=-2;  (ii)  a:  «  3,  y  =  -3  ;  (iii)  a:  =  IJ,  y  =  2^  ;  (iv) 
a?=li.y=  -2i. 

7.  A  boy  possesses  two  shillings,  but  has  been  fined  one  shilling 
for  breaking  a  window. 

(i)  If  he  is  excused  the  fine,  how  much  better  off  is  he  ? 
(ii)  Some  one  gives  him  a  shilling ;  how  much  better  off  is  he  ? 
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• 

8.  What  is  left  when  y  is  subtracted  from  a;?  What  must  be 
added  to  ^  to  make  x  ? 

Verify  the  results  in  the  following  cases :  (i)  a;  =  5,  y  =  3 ;  (ii) 
a;  SB  5,  y  =s  — 3 ;  (iii)  a?  =  5,  y  =  6, 

9.  In  the  year  1908  a  boy  is  x  years  old.  In  how  many  years 
will  he  be  y  years  old?  Verify  by  taking  ap=  13,  y  =  17  and 
ar  =  13,  y  =  7.    Give  the  year  in  each  case. 

10.  Find  the  value  of  xy  in  each  of  the  following  cases :  (i) 
a:  =  +2,  y  =  +3;  (ii)  a?  =  -2,  y  =  +3;  (iu)  a:  =  +2,  y  =  -3; 
(iv)a;  =  -2,y  =  -3. 

\\,  What  is  the  result  of  adding  x  to  nothing  nine  times? 
What  is  the  result  of  subtracting  x  from  nothing  nine  times  ? 

Explain  the  meaning  of  the  negative  quantity  in  each  of  the 
following  cases : 

12.  A  man  gains  —5  pounds. 

13.  An  event  happened  —3  years  ago. 

14.  The  temperature  fell  —3  degrees. 

15.  A  grocer  lost  —5  shillings  every  day. 

16.  The  boy  went  up  —5  places. 

17.  A  man  threw  a  stone  up  into  the  air  a  distance  of  —50  feet. 

18.  The  match  was  lost  by  —5  runs. 

19.  The  natives  have  —4  fingers  on  each  hand. 


CHAPTER  IV 

FURTHER  CONSIDERATION  OF  THE  SIMPLE 

RULES 

Now  that  we  have  introduced  negative  numbers  it  is  necessary 
to  consider  carefully  what  is  meant  by  the  simple  operations 
Addition,  Subtraction,  Multiplication,  and  Division ;  and  to  find 
out  whether  it  is  possible  to  perform  these  operations  with  nega- 
tive numbers. 

Addition. 

21.  Consider  the  question  in  §  1,  and  suppose  a  child  who 
could  not  add,  but  could  count,  were  told  to  find  out  how 
many  cows  there  were.     He  would  go  to  the  first  field  and 
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count  up  to  13 ;  then  to  the  second  field  and  go  on  counting, 
the  first  cow  in  the  second  field  being  reckoned  as  14,  the 
next  as  15,  and  so  on  up  to  29.  Similarl^r  he  would  start  at 
30  in  the  third  field,  and  finally  find  the  total  to  be  34. 

A  little  consideration  will  show  that  all  simple  addition 
sums  in  arithmetic  can  be  done  by  counting,  and  in  fact 
most  beginners  do  addition  sums  by  counting  their  fingers 
or  strokes  made  on  paper.  Hence  we  see  that  addition  is 
a  short  process  to  avoid  a  lot  of  counting. 

It  has  been  shown  in  §  18  that  when  we  have  a  negative 
number  we  must  count  in  the  opposite  direction  to  the 
direction  we  coimt  when  we  have  a  positive  number. 

Suppose  now  we  wish  to  find  the  value  of  a; +^  in  the 
following  cases :  (i)  a;  =  +  4,  y  =  +  3 ;  (ii)  a;  =  +  4,  y  =  —3  ; 
(iii)  X  =  —4,  y  =  — 3 ;  (iv)  a;  =  —  4, 3/  =  +3. 

Imagine  the  numbers  arranged  in  a  straight  line  as  follows: 
-7.  -6.  -5.  -4.  -3.  -2.  -1.    0.  I.  2.  3.  4.  5.  6.  7.  8.  9. 

Case  i.    a:  =  +  4,  y  =  +  8. 

Starting  from  0  we  count  to  the  right  to  4,  then  go  on  counting 
three  more  numbers,  so  obtaining  7  as  the  answer. 
Case  ii.    a?  =  +  4,  y  =  —  3. 

Starting  from  0  we  count  to  the  right  to  4,  then  count  back- 
wards three  numbers,  so  obtaining  1  as  the  answer. 
Case  iii.    a?  =  —4,  y  =  --3. 

Here  we  start  from  0  but  count  to  the  left  to  —4,  then  go  on 
counting  in  the  same  direction,  so  obtaining  —  7  as  the  answer. 
Case  iv.    a:cB— 4,  y  =  +3. 

Again  we  start  from  0  counting  to  the  left  to  —4,  but  then 
count  backwards  to  the  right,  so  obtaining  —  1  as  the  answer. 
We  have  now  shown  that 

44+(  +  3)=  +7 
4  4+ (-3)=  4l 
-4+ (-3)=  -7 
-4+  (  +  3)=  ~1. 

The  stadent  should  go  through  the  same  series  of  additions 
with  other  numbers,  as  for  example  (i)  a?  =  5,  y  =  8 ;  (ii)  a?  =  3, 
y  =  9. 
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22.  We  now  see  that  when  a  negative  quantity  is  added 
the  result  is  less  than  the  original  quantity,  and  that  adding 
a  negative  quantity  is  the  same  thing  as  subtracting  the 
corresponding  positive  quantity.* 

Quantities  which  are  all  positive  or  all  negative  are  said 
to  be  of  like  sign^  quantities  of  which  some  are  positive 
and  some  negative  are  said  to  be  of  unlike  sign. 

The  general  rules  for  addition  are : 

(1)  If  the  quantities  are  of  like  sign  add  up  the  numbers 
and  prefix  +  if  the  quantities  are  all  positive,  —  if 
the  quantities  are  all  negative. 

(2)  If  two  quantities  are  of  unlike  sign,  subtract  that 
which  is  numerically  smaller  from  the  other,  and 
prefix  the  sign  of  the  greater. 

N'ote. — Of  the  two  numbers  —8  and  +  6,  —8  is  really  less 
than  +  G,  but  is  said  to  be  numerically  greater  than  +  6 
because  8  is  greater  than  6. 

(3)  If  there  are  any  number  of  quantities,  first  add  the 
positive  quantities,  then  the  negative  quantities, 
and  then  obtain  the  final  answer  by  Bule  (2),  e.  g. 

5  +  (-2)  +  (  +  3)  +  (-7)  +  (  +  7)  =  5  +  3  +  7+(-2)+(-7) 

=  +15  +  (-9) 
=  +6. 

It  should  be  noted  here  that  we  have  assumed  that 
additions  may  be  performed  in  any  order.  This  is  obvious 
in  the  case  of  positive  numbers  (see  §  11),  and  will  be  shown 
later  to  be  true  for  negative  numbers. 

23.  The  same  rules  apply  if,  instead  of  mere  numbers,  we 
have  quantities  involving  letteis. 

Example.  Find  the  sum  of  2  a— 3  2^  +  4  c,  3a  +  4fc— 2  c, 
— 5a  +  6— 3c. 

Arrange  the  quantities  so  that  the  same  letters  come  in  the 
same  vertical  column. 

*  Sue  note,  page  20. 
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2a-36+4c 

3a+46-2c 

-5a+    h-Sc 


+  2&—    c    Ansicer 


[The  mental  work  deals  only  with  the  coefficients. 

2  +  3  =  +5  and  —  5  makes  0,  /.  there  are  no  a's. 
4  + 1  =  +5  and  —  3  makes  +  2,  put  down  +2  6. 
— 2  +  (-3)  =  —5  and  +4  makes  —1,  put  down  — c] 
The  work  could  also  be  arranged  as  follows : 

Sum  =  2a-36  +  4c  +  3a  +  4&-2c-5a  +  &--3c 

=2a+3a-5a-3&+4&+&+4c-?c-3c 

=  5a-5a-3fe  +  56  +  4c-5c 

=  2&-r. 

Subtraction. 

24.  Subtmction  is  the  reverse  operation  to  Addition, 
that  is  to  say,  it  undoes  the  result  of  addition,  e.  g.  if 
we  add  7  to  8  we  obtain  15 ;  if  we  wish  to  reverse  this  we 
must  subtract  7  from  15.  Hence  we  expect  that  when  we 
subtract  we  must  do  exactly  the  opposite  to  what  we  do 
when  we  add. 

It  has  been  shown  in  §  22  that  in  order  to  add  a  negative 
quantity  we  actually  subtract  the  corresponding  positive 
quantity ;  we  therefore  expect  that  in  order  to  subtract 
a  negative  quantity  we  shall  have  to  add  the  corresponding 
positive  quantity.     Let  us  see  if  this  is  reasonable. 

Example  I.  A  hoy  has  two  s^iUlings,  and  owes  sixpence.  How 
much  has  he  really  got  ?  If  he  is  excused  the  debt,  how  much 
has  he? 

In  the  first  case  he  really  has  2jr.~6</.  =  l^;.  6(7. 
In  the  second  case  he  has  2s, 

So  that  taking  away  the  debt  has  made  him  better  off. 
In  symbols  Is.  6rf.  -  (-6rf.)  «  2».  =  \s,  6rf.  -k  M. 
Hence  in  this  case  subtracting  a  negative  quantity  has  the 
same  effect  as  adding  the  corresponding  positive  quantity. 
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Example  n.  A  hay  owes  two  other  hoys  6cl.  and  9d. 
respectively.  How  much  has  he?  If  he  is  excused  the  larger 
dehtf  how  much  has  he? 

It  has  been  shown  that  having  a  debt  is  represented  bj  having 
a  negative  number  of  pence  (or  pounds  or  shillings). 

Therefore  in  the  first  place  the  boy  has  —  6<f.  +  (— ^.)ss  —  15d. 

In  the  second  place  the  boy  has  -6</. 

That  is  -15(i.-(-9ef.)  =  -6rf.  =  -15<;.  +  9d. 

Hence  in  this  case  subtracting  a  negative  quantity  has  the 
same  effect  as  adding  the  corresponding  positive  quantity. 

In  working  the  following  examples  it  is  useful  to  recollect 
that  there  are  two  ways  of  regarding  subtraction.  15—8 
may  be  taken  to  mean  '  What  is  left  when  8  is  taken  from 
15  ? '  This  is  the  ordinary  subtraction  idea  ;  or  it  may  be 
taken  to  mean  'What  must  be  added  to  8  to  make  15  ? '  From 
this  point  of  view  subtraction  is  sometimes  called  comple- 
mentary addition. 

Examples  IV  a. 

1.  What  must  be  added  to  -3  to  make  -7  ? 

What  is  the  value  of  x-y  when  «=  ^7,y=  -3? 

2.  A  man  had  £x  js,  zd.  in  his  pocket ;  he  lost  £3  zs.  yd.  How 
much  was  loft  ?  Express  the  answer  in  pence.  Try  to  work  this 
by  ordinary  compound  subtraction,  and  so  verify  your  answer. 

3.  At  the  beginning  of  the  year  1907  a  merchant's  property 
was  worth  £3514 ;  at  the  end  of  the  year  he  owed  £56.  How 
much  had  he  lost  during  the  year  ? 

4.  At  the  beginning  of  the  year  a  merchant  had  £x ;  during  the 
year  he  gained  £ij.    How  much  had  he  at  the  end  of  the  year  ? 

Explain  the  question  and  the  answer  in  the  following  caies : 

(i)ar«JE500,       y  =  £-700; 
(ii)««£-700,  y  =  £500. 

5.  At  noon  on  Sunday  the  temperature  was  20^  F.,  at  noon  on 
Monday  it  was  x"*  F,  What  was  the  rise  in  temperature  ?  What 
was  the  fall  ?    What  do  the  answers  become  when  x  »  29  ? 

6.  During  the  day  the  thermometer  rises  from  x°C,  to  y'^C. 
What  is  the  rise  in  temperature?  What  does  this  become  if 
ar«-5,  y  =  7? 

7.  Prove  in  any  way  that  -6- (-5)  »=  -1. 
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8.  In  a  100  yards  race  between  A  and  B,  A  had  x  yards  start 
and  was  beaten  by  y  yards.  How  far  had  A  run  when  B  was  at 
the  winning-post  ?    Explain  the  question  and  answer  when 

a;  s=  —  8,  y  «  —  5. 

25.  The  student  will  now  see  that  the  suggestion  of  §  24 
is  correct,  and  we  can  state  the  role  for  subtraction  in  the 
following  form : 

To  subtract  anjr  quantity  from  another,. change  its  sign 
and  follow  the  rules  for  addition  giyen  in  §  22,  thus : 

3  a?— (—2  a;)  =  8a?+2a;  =  5af. 

This  iiile  applies  for  single  quantities  or  for  quantities 
consisting  of  several  terms. 

JBxample.  From  8a— 4&+5ctoA;6  2a+2b— 4c. 

We  can  adopt  either  of  the  two  following  modes  of  setting 

down  the  work. 

3a-46+5c 

2a+2&-4c 
a— 6&  +  9C    Answer. 


[Mental  work.     8a-2a»:a,  -46-26  =  -66,  5c  +  4c  =  9(;; 
the  lower  sign  being  changed  in  each  case.] 
Or  Difference  »3a-46  +  5(;-[2a+2&-4(;] 
=3a-46+5c-2a-26+4c 
=  3a-2a-4&-26  +  6c  +  4c 
=  a-66  +  9(;. 
Notice  that  this  agrees  with  what  has  already  been  shown  in 
§  10  when  dealing  with  the  removal  of  brackets. 

Graphical  Illustration  of  Addition  and  Subtraction. 

26.  It  has  been  shown  previously  that  positive  quantities 
may  be  represented  by  lines  drawn  to  the  right  or  upwards, 
and  negative  quantities  by  lines  drawn  to  the  left  or  down- 
wards respectively. 

To  r^jpresent  +5 +  (—8)  (Pig.  8). 

Draw  OA^h  units  to  the  right. 

From  A  draw  AB  ^  3  units  to  the  left 

Then  OB  represents  5  +  ( -  3). 

But  OB  «  +2.  Fio.  8.    Scale :  side  of 

,*.  45^(_3)  s=  42.  1  small  square  represents  1  unit. 


"0"~5 — 

A 

j: 

44 


SIMPLE   BULES 


To  represent  x  +(— y)  when  x  and  y  are  both  positive  and  x 
greater  th»n  y  (Fig.  9). 


L 

0 

IB 

7^ 

Fig.  9.    Scale  :  side  of  1  small  square  =  1  unit. 

Draw  OA  to  the  right.  As  we  do  not  know  what  x  equals,  we 
make  OA  any  length ;  and  as  we  are  not  told  that  j:  is  a  whole 
number,  OA  should  not  end  at  the  end  of  a  unit  length. 

Measure  AB  to  the  left ;  the  length  of  AB  is  y.  All  that  we 
know  about  y  is  that  it  is  less  than  x,  therefore  B  must  be  io 
the  right  of  0. 

Hence  OB  is  positive  and  measures  x-y  units. 

.-.  a;  +  (-y)  =  +  (ar-.y)  when  x  and  y  are  positive  and  a; greater 
than  y. 

To  represent  x-^i—y)  icUn  x  and  y  are  hotJi  positive  and  x 
less  than  y  (Fig.  10). 


r 

-  P                    A 

1 1 

Y 

^^" 
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— 

a 

S 

_ 

Fio.  10.  Fio.  11. 

Scale  :  side  of  1  small  square  »  1  unif. 

Draw  OA  to  the  right  to  represent  x  units. 

Measure  AB  to  the  left  to  represent  y  units.  As  y  is  greater 
than  ar,  B  is  to  the  left  of  0,  and  OB  =  y-'X  units  in  length,  but  is 
negative  in  sign. 

.-.  a? + ( -  y)  =  -  (y  -  a?)  when  x  and  y  are  positive  and  x  less  than  y. 

In  a  similar  manner  the  student  can  show  that 

(-')  +  (-y)=-(j^  +  y). 
27.  To  represent  +5~(-3)  (/rap7«caZ/y  (Fig.  11). 

Draw  OA  =  h  units  to  the  right. 

If  we  were  to  add  (-3)  units,  we  should  now  draw  AB  =  3  units 
to  the  left  ;  but  as  we  are  to  subtract,  we  draw  AB  in  the  reverse 
direction,  L  e.  AB  =  3  units  to  the  right. 

Hence  OB  =  5  +  3  =  8  units  to  the  right. 

.-.  45-(-3)=  +5  +  3  =  8. 
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To  represent  x— (— y)  graphically  (Pig.  12)  fvhen  x  and  yare 
positive. 


— 

0 

A 

s 

Fig.  12.    Scale  :  side  of  1  small  square  =  1  unit. 

Draw  OA  to  the  right  equal  to  x  units. 
Draw  AB  to  the  right  equal  to  y  units.' 
Then  OB  =  x-^y  units  to  the  right. 
.-.  x-(-y)  =  a?  +  y. 

Exercise.  The  student  should  show  graphically  that 

and  make  two  figures  according  as  a;  is  greater  or  less  than  y. 
We  have  now  shown  graphically  that  the  rules  for 
addition  and  subtraction  given  in  §§  22  and  25  hold  not 
only  when  the  quantities  are  whole  numbers  but  also  when 
ihey  are  fractions. 

Examples  IV  b. 

1.  Find    the    sum    of   2a  +  36-4c,  3a-26  +  c,    -a  +  2l>-c, 
2a-3&-5r. 

2.  Subtract  3a— 2&— c  from  a  +  h  +  c. 

3.  Simplify  3  ar»-4ar''  +  7x-2-f  3ic-6ar  +  5-2a-\ 

4.  If  «  =  5,  &  =  3,  f  =  2,  find  the  value  of 

(i)  3a«-2a6  +  &c-c«  +  4&r-a'. 
(ii)  3a(&  +  r)-26(4a-r)-r(&-r). 
(iii)  (a-6)  +  (6-r)  +  (c-a). 

5.  Add  3x»-4a?»+l,  3a?*  +  4a:  +  a?»,  3ar  +  4  +  ar". 

6.  What  must  be  added  to  x  +  y  +  z  to  make  3iF-4y-2^? 
Verify  by  putting  x  =  1,  y  —  ar,  ar-O. 

7.  Simplify  2a6-4a'  +  26«-3a6  +  5a»-26«+a^-a6. 

8.  From  2ar'-3a?+l  take  a?+a:'-2. 

9.  From  2a*~36»  +  c*  take  3c"  +  l»'-a». 

10.  From  :r*-ar»  +  2a:*  +  3a?-4  take  2a?*  +  3ar»-2ar»+l. 

11.  If  a  is  greater  than  e,  from  £a  Iw.  c(f.  take  JCc.  hs.  ?ui. 

12.  Findthesumof  4a'-5a&  +  5act-l»'*-c«,  3a'  +  2a6-c«-2fcf, 
-a'-2<ic  +  36^-56c,  &'-2ac  +  c*-3a&. 
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13.  From  the  sum  of  3 jp* - 4  x  + 1  and  l'-2x-^x*-  take  the  sam 
of  2a;*-4a:  +  3  and  2ar-l-x'. 

14.  Simplify  5  +  (-7)- (  +  5)  +  6-(-3)  +  4-(  +  8). 

15.  Add  together  6a»-(5a»6-6»),  7a«6-(3a6»-2  6»),  5a^»«- 
(4  a'  +  6'),  and  subtract  2  a^6  -2  oft*  from  the  sum. 

16.  Add  together  2o(a-26-c),  6(4a-36  +  6r),  c(2a-56  +  c), 
and  subtract  a' -46*  from  the  sum. 

17.  Find  the  sum  of 

8a'-5a  +  26,   7a-46-36",  2a*-6  +  a-2&'. 

18.  Find  the  value  of  3a:"-5(x  +  7)-3(a?«-5x)-7  when  or =4. 

19.  When  a  «  2,  &  «  0,  c  »  - 1,  find  the  value  of 

(i)  a(6  +  c)  +  6(c  +  a)  and  (ii)  (a  +  6-2c)*-o«  +  6'-4c». 

20.  Subtract  8x-y— 2(x+y— «)  from  8(a:-y+af). 

21.  Add  together  5a-(7&~c)  and  36~(9a  +  c),  and  subtract 
the  sum  from  c  —  4  6. 

22.  From  8ar-(y— ;r)  subtract  22r— (y— 4x),  and  add  22;+y  to 
the  result. 

28.  If  a  »  2,  5«B  8,  e  as  5,  prove  that  a'-a5  +  &'  is  greater  than 

24.  What  quantity  must  be  subtracted  from  — 2x  +  8y'-5z  in 
order  that  the  remainder  may  be  2ar-7  y— 4z  ? 

25.  Subtract  the  sum  of  5a— f  5+}c  and  — |a  +  86— )c  from 
■|a  +  J6  +  c 

26.  To  what  expression  must  10 o^ -22 &c— Hoc  be  added  to 
produce  lero?  If  6 a;'- 14 9+4  be  subtracted  from  zero,  what 
will  be  the  rCRult  ? 

27.  What  is  the  value  of  x  when 

(i)a?+2«6;    (ii)x-2«-5;    (iu)*+8  =  l? 

28.  What  number  added  to  16  will  make  - 18  ?  What  must  be 
added  to  -17  to  make  +20  ? 

29.  What  must  be  subtracted  from  16  to  make  19  ? 

Multiplioation. 

28.  Find  the  value  cf  xy  when  (i)  x=  +4,  y=  +3; 
(ii)  X  =  —4,  y  =  +8  ;  (iii)  a;  =  -1^4,  y  =  — 8  ;  (iv)  x  =  —4, 
y=-8. 

We  will  regard  the  second  factor  y  as  the  multiplier  and 
the  first  factor  x  as  the  number  to  be  multiplied  (the 
multiplicand,  as  it  is  called). 
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(i)  (  +  4)x(  +  3)  means  (  +  4)  +  (  +  4)  +  (  +  4)  (§  5) 

.-.  (+4)x(  +  3)«4  +  444 

»4x3 
=  12. 
(ii)  (-4)x(  +  3)  means  (-4)+(-4)  +  {-4) 
...    (-.4)x(  +  3)=^ -4-4-4 

=  -12 
=  -4x3. 

(iii)  When  the  multiplier  is  negative,  the  interpretation 
of  multiplication  given  in  §  5  cannot  be  applied.  We  must 
therefore  extend  the  meaning  of  multiplication,  just  as  we 
have  extended  the  meaning  of  addition  and  subtraction. 
Let  us  assume  that  when  multiplying  by  a  negative  number 
we  do  exactly  the  reverse  of  what  we  do  when  we  multiply 
by  a  positive  number.  Then  instead  of  adding  a  certain 
number  of  times  we  shall  subtract. 

(  +  4)x(-3)  wiUmean  -(  +  4)-(  +  4)-(  +  4) 
.-.  (+4)x(-3)=  -4-4-4 

=  -12 
=  -4x3. 
(iv)  (-4)x(-3)wUlmean  -(-4)-{-4)-(-4) 
.-.     (-4)x(-3)  =  4  +  4  +  4 

=  +12 
«  +4x3. 

The  argument  would  have  been  exactly  the  same  if  we 
had  had  any  other  whole  numbers  instead  of  3  and  4. 

Examples  IV  o. 

1.  Showthat(-5)x(-6)  =  (-6)x(-5). 

2.  When  a  =  1,  6  =  2,  c  =  0,  a?  =  - 1,  y  =  -2,  find  the  value  of 

(i)  2a  +  36-5a?. 

(ii)  ab  +  bc  +  ca-^-xtf, 
(iii)  3aa;— 4&y. 
(iv)  a»+l»»+<^+«»  +  y*. 

(v)  3a«6-2a5«  +  3ay. 
(vi)  (a-b)y{x-yy 
(vii)  2aj;+2cy-3&r+4ay. 
(viii)  3a«;r-2ry'  +  36«x-4aV 
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(ix)  (a  +  6  +  c)-(ir  +  y). 
(x)  {aX'^ht/)-'se{ay'-bx), 

3.  Show  that  xtj  ^  yx,  whether  x  and  y  be  positive  or  negative. 

4.  Find  the  value  of  (2a  +  3&)  (3a:-4y)  when  a«3,  &=  1, 
a?  =  0,  y  «  2. 

We  can  now  state  the  rule.* 

29.  Rule  for  Multiplication.  When  two  quantities  are 
to  be  multiplied  together,  multiply  the  two  numbers  as  in 
ordinary  arithmetic,  taking  no  notice  of  the  signs,  and  then 
prefix  +  if  the  quantities  are  like  (L  e.  of  same  sign),  —  if 
the  quantities  are  unlike  (i.  e.  of  different  sign). 

This  is  usually  quoted  in  short  as  follows :  '  Like  signs 
give  plus,  unlike  minus.' 

It  follows  from  this  rule  that  a  negatiye  number  multi- 
plied by  itself  gives  a  positive  product^  so  that  the  square 
of  a  negative  number  is  positive,  e.  g. 

(-5)«  =  +26,(-i)2=+i. 

Division. 

30.  Just  as  in  the  case  of  subtraction,  we  may  look  at 
division  in  two  ways.  When  dividing  12  by  3  we  may 
regard  ourselves  as  finding  how  many  there  would  be  in 
each  part  if  12  were  divided  into  three  equal  parts,  or 
as  finding  what  number  3  must  be  multiplied  by  in  order 
to  give  a  product  12.  This  latter  is  the  more  general  point 
of  view,  and  gives  us  at  once  tho  rules  for  division. 

Wehave(  +  4)x(  +  3)  =  12 

(+4)x(-3)=-12 
(-4)x(-.3)=  +12. 
,.,   4.i2-i-(  +  4)=:+3  [that  is,  +  4  must  be  mulb'plied  by 
+  3  to  give  a  product  12]. 
(-12)^(  +  4)=-3 
(-12) -r  (-3)=  +4 
(  +  12)-r(-8)=-4. 
The  same  argument  applies  to  any  numbers,  and  we  have 

the  i-ule.* 

♦  See  note,  pagw  20. 
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Bnle  for  DiTision.  To  divide  one  number  by  another, 
divide  as  in  ordinary  arithmetic,  taking  no  notice  of  the 
signs,  and  prefix  +  if  the  quantities  are  like,  —  if  they  are 
unlika 

31.  It  has  been  shown  that  a  +  &  =  &  +  0,  and  axh^hxa. 
Therefore  we  may  talk  of  adding  or  multiplying  two 
quantities.  But  a—b  ^  h—a  *  and  a  -r  &  tI^  &  -r  «•  Therefore 
it  is  not  oorreot  to  talk  of  subtracting  two  quantities 
or  of  dividing  two  quantities.  If  we  are  to  perform 
subtraction  or  division  with  two  quantities,  we  must  say 
*  subtract  a  from  b'  or  *h  from  a ',  as  the  case  may  be  ; 
or  *  divide  a  by  &  *  or  *  6  by  a '. 

Examples  IV  d. 

1.  Find  the  value  of  a:y  +  2a»— 3x*-2y*  +  3y«  when  a?«2, 
y«-3,  «=!. 

2.  If  a  B  1,  6  s  -2,  c  «  3,  and  d^O,   find  the    numerical 

.      4a«-&»-26c-cd 
value  of  the  expression  — ^ 5-7= r—  • 

3.  If  a  =1,  6  =  -2,  c  «  3,  and  rf  «  0,  find  the  value  of 

W      <^_b^^ 
ah  c    ' 

4.  When  a  «  6,  6  =»  5,  c  «=  —  4,  find  the  numerical  value  of 

2a(6«-ac)-26(6'  +  ac)+^^. 

^      a-o 

5.  Verify  that 

a»  +  6»  +  c'-3a6c  =  (a  +  6  +  c)(a«  +  ft»  +  c«-6c-ai-a6) 
when  0  =  2,  6  =  J,  and  c  =  —  1. 

i>    T^.   J  ri.        1        if  -2ir'+3a?+l 

6.  Find  the  value  of       ,    - — ■  t,— 

(i)  when  a:=  -3;    (ii)  when  a:  =  0. 

7.  When  a  =  -3,  6  =  -2,  c  =  4,  find  the  value  of  (a-fc+cy 
and  of  2a»-3a«6+4a'c. 

8.  If  a  B  0,  &  -»  1,  c  »  2,  t{  B  3»  find  the  values  of 

(i)  a(6-c)  +  d(a-6)  +  c(ci-a); 
(ii)  (a-6)(6-2c)(c-3d)(d-4a). 

*  The  aign  fi  means  is  not  equal  to. 
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9.  If  a  B  3,  &  »  5|  c  BB  0,  <2  »  - 1,  find  the  numerical  value  of 

(4o-3c)rf      babe      2a-4tf 
Sb-bd    "^^   9d    "■   36  +  c  ' 

10.  If  a  B  1,    6  =  3,    c  »  ~5,   and    d^  0,  find  the  value  of 
5(rf>c-86'c+15ac«-14acrf. 

11.  When  a  =  -2,  6  =  -3,  c  =  4,  rf  =  6,  6  =  0,  find  the  value 
of  a«  +  6'  +  c*-cr  +  ^«  and  of  da*-iab^+bc€p-6abcde. 

12.  What  is  the  value  of  x  when  (i)  3  a;  =  -12  ;  (ii)  4x  »  16 ; 
(iii)  -5a?  =  20;  (iv)  -6a: «  -18? 


Examples  IV. 

1.  Find  the  sum  of  3a?'-2a;-+ 1,  2a;2-x»+a;-4,  5a:'-2a:+3j;», 
2  +  3x-j^. 

Verify  by  putting  a?  =  10  and  a:  =  - 1. 

2.  A  man  walked  5  miles  east  from  his  home,  then  x  miles 
west,  and  then  2  miles  east.  He  was  then  3  miles  from  home. 
Find  the  value  of  x. 

3.  What  is  the  meaning  of  a^  ?  Show  that  a^x;/^  sxx\  Find 
as  shortly  as  possible  the  value  of  7*  and  2'^ 

4.  If  a?  ■«  0,  y  «=  1,  «  =  -2,  find  the  value  of 

(i)  2ic-3(2y-3;?); 
(ii)2ay  +  ^-3y^». 

5.  If  X  sheep  cost  jCy,  how  many  sheep  will  cost  £2  ? 


6.  Find  the  value  of 

2ab      Sac      4a^      b(b  +  e) 
cd        de   "    ce         a  +  rf 
when  a  =  -3,  6=0,  c  =  2,  d  =  4,  and  «  =  6. 

7.  A  train  runs  a  miles  in  x  hours.  Express  its  speed  in  feet 
per  second. 

8.  Find  the  total  cost  (in  shillings)  of  a  drawing-boards  at 
b  pence  each,  a  pencils  at  c  shillings  per  gross,  and  a  set  squares 
at  d  pence  per  dozen. 

9.  State  the  rule  of  signs  in  Multiplication. 
MulUply  4a-36  +  5c  by  -6*. 
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10.  A  namber  x  being  taken,  half  of  it  is  divided  by  4  and  the 
other  half  by  6.  Express  algebraically  the  sam  of  the  two  qao- 
tients;  express  also  the  difference  between  this  sum  and  the 
quotient  obtained  by  dividing  the  whole  namber  x  hj  h.  Sup- 
posing this  difference  to  be  2,  what  was  the  given  number  ? 


11.  Explain  clearly  the  difference  between  'index'  and  'coeffi- 
cient \  What  are  the  rules  for  coefficients  and  indices  in  Multi- 
plication (e.  g.  3  ar*  X  4  x'^)  ? 

12.  Add  together 

— a;'— 2(w^  +  a*a:,  2a?''-air*,  ia^-a^,  5aa?'-a'a?-4a'. 
Test  your  answer  by  putting  «  =  2,  a  =:  - 1  in  the  four  expres- 
sions and  the  sum. 

13.  If  a  =  1,  &  =  -2,  c  =  3,  d  =  —4,  find  the  numerical  value  of 

(i)  a«  +  2al»-2acft«-26c  +  c'2; 

,..    g'  +  y      y+c*       g'-fc' 
^"^    6  +  c   "*^2g-rf+  b  +  d  ' 

14.  Multiply  3a;^-2a:*-fa:-l  by  -2 a:*. 

15.  How  many  miles  can  a  person  walk  in  an  hour  if  he  walks 
a  yards  in  12  minutes  ? 


16.  To  what  expression  must  Sxy''22ffz  +  lSxz  be  added  to 
produce  zero?  If  6p'-lIp-*3  be  subtracted  from  zero,  what 
will  be  the  result  ? 

17.  If  a  »  0,  h^l,  c  =  —  2^  and  d^^i,  find  the  numerical 
value  of 

(i)  Abc-Sb^d+2abc  +  bcd\ 

("\    ^'^^       2g4d       b  +  d 

18.  From  3g6  +  5cd-4g6c-6&cd  take  icd+Sab-^abcQbcd. 

19.  BiBx  years  old.  Two  years  ago  A  was  5  times  as  old  as  B 
was  4  years  ago.    How  old  is  .^  ? 

20.  Is  the  foUowing  statement  true  when  a;  =  3 : 
14-a:-21  +  lla;-15«  -5a?-7  +  9x-14-3j?  +  9? 


21.  If   y»3-2a;    and    2;^=  3j;-4y  +  2,  find    the    value    of 
3j?-2y  +  3(-2f-.2a?)  when  a?«  -2. 

22.  What  must  3g  be  multiplied  by  to  give  as  the  product 
9aH6g-12g'? 

d2 
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23.  A  man  gets  x  eggs  for  a  certain  Bum  of  money,  the  price 
of  each  egg  being  y  pence.  How  many  would  he  get  for  the 
same  sum  if  the  price  of  each  egg  were  (y +2^)  pence  ? 

24.  Add  together  Sar^-Saa^  +  a'a?,  -«»  +  2aa:»-3a«a?4-2a', 
8  a*-2  «",  2 a"x- 3 a«* -2  a'.  Test  the  answer  by  patting  « s=  —  1, 
a  <K  -2  in  the  four  expressions  and  in  the  answer. 

25.  A  boy  had  x  shillings ;  he  spent  half  his  money  on  a  bat, 
one-third  on  a  bally  and  had  three  shillings  left.  What  was  the 
value  of  X  ? 


26.  If  a  =  2,  6  =  J,  c  =  -5,  find  the  numerical  value  of 
a«  +  &'-c"-3ac+Ja6  +  26c. 

27.  Distinguish  between  the  meanings  of  (i)  (a  +  &)(a~&) ;  (ii) 
(a  +  6)o-6;  (iii)  a+6(a-6). 

Find  the  sum  of  the  three  expressions. 

28.  How  long  will  x  men  take  to  mow  y  acres  of  grass  if  each 
man  mows  z  acres  a  day?  How  much  longer  would  3  fewer 
men  take  ? 

29.  Is  the  following  statement  true  when  y  ^—2: 

3y-2(y-6)+3«3(2-y)  +  5y+ll? 
'  30.  Prove  by  means  of  squared  paper  that 

(a?+3)(a?-2)«=a^+a:-6. 


31.  Find  the  value  of 

(-8)(-»)  ^  (>9)(+10)(>12)       (>20)(4-18) 
(-6)  (-3)+       (-15)(  +  14)      -  .(6  +  4)(-9)' 

32.  Which  quantities  are  to  be  multiplied  together  in  the 
following  expressions  ? 

(i)  a  +  ftxc+d;  (iii)  (a  +  6)xc  +  rf; 

(ii)  a+6x(c+rf);  (iv)  (a  +  ft)x(c+d). 

Find  the  value  of  each  expression  when  a ■=  2,  h^%  c  «  4, 
<f  =  5. 

33.  Write  down  (i)  the  number  of  yards  of  carpet  x  feet  wide 
required  to  cover  a  floor  y  feet  long  and  z  feet  broad ;  (ii)  a  proper 
fraction  whose  numerator  and  denominator  are  consecutive  odd 
numbers  of  which  the  larger  is  2  n+ 1. 

34.  If  2d;«  1,  3y-:  -1,  hz^l,  find  the  value  of 

1  1  1 

x+y      x  +  z  ^  y  +  z 
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S5.  A  snail  crawls  up  a  pole  6  feet  high.  If  the  snail  crawls  up 
X  inches  every  alternate  minute,  and  slips  down  y  inches  in  each 
of  the  other  minutes,  how  long  will  it  take  to  reach  the  top  of 
the  pole  ?  Verify  by  putting  2;  s  3,  y  =  2.  (Assume  that  the 
snail  takes  an  exact  number  of  minutes.) 


36.  Add  together  3(2a?+4y  +  2f),  -2(a;+y  +  «),  2ic-(4y-5ar), 
and  find  the  value  of  the  sum  when  a? »  y'  =  100  z  and  z  ^l. 

37.  Find  the  sum  of  4arV-(3a:y"  +  2y»),  2ar'-(x»y-3a^2)^ 
ar'  +  4a:V-3y'. 

38.  Show  that  x^ -r  ar^  =  a^.    Divide  a?'-2  x^  +  3  ic«  by  x\ 

39.  Show  by  using  squared  pai>er  that  x{x-i-y)  =  x^  +  xy.  Also 
draw  a  figure  for  the  case  when  a:  =  5,  op  =  —  3. 

40.  A  person  who  has  c  shillings  buys  a  things  each  costing 
h  pence ;  how  many  pence  will  he  have  left  ?  Explain  the 
answer  if  c  «=  5,  a  =  9,  &  =  8. 


41.  Find  the  value  of  2(;H2a«+2  6«-4&c+6a6cd  when  a=  1, 
ft  =  -2,  c=-S,  d«0. 

42.  From  5a«6-6aft»-7a3&3  take  10a^6  +  8afc»-8a''R 

43.  Show  in  any  way  that  (-2) x  (-3)  =  +6. 
Multiply  6  a'6c  -  7  al^^  by  -  5  a'&«. 

44.  A  man  has  x  sovereigns  and  y  shillings.    Express  in  symbols 
the  facts  that  he  has  30  coins  and  that  their  value  is  £11. 

45.  How  long  will  it  take  a  train  to  go  100  miles  if  it  goes  x 
miles  in  y  minutes  ? 


46.  When  a  »  3,  6  »  -2,  find  the  value  of 

(i)ff^J;     (ii)  l(4a-56)(4a  +  56). 

47.  Subtract  fa-56-Jc+  Id  from  3a-J6  + Jd-Jc. 

48.  What  is  the  meaning  of  Division  ?  Give  correct  answers  to 
the  following :  (i)  ar-5-3  ;  (ii)  £x-t%  ;  (iii)  £a?-r £3. 

49.  Fill  up  the  gap  in  the  following  statement: 

7  +  (6-2)-(3-  )  =  9. 

50.  A  sum  of  two  pounds  is  divided  among  3  boys,  Ay  B,  and  C, 
so  that  A  has  x  shillings,  B  has  6  shillings  more  than  A^  and  C 
5  shillings  less  than  A.  Express  this  algebraically.  What  is  the 
value  of  X  ? 
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CHAPTER  V 
BRACKETS 

Before  begiDning  this  chapter  tho  student  should  read 
oDce  more  §§  9  and  10  in  Chapter  I.  It.  is  Uiere  shown  how 
the  need  for  the  use  of  brackets  arises,  and  how  the  brackets 
may  be  removed  when  no  longer  required.  The  following 
graphical  illustrations  of  the  use  of  brackets  should  be 
carefully  studied: 

32.  To  prove  that  c(o+ii)  =  M  +  cfc  trhen  a,  b,  c  arc  all 
positiiv. 


Pto.  13. 

Draw  OA  equal  to  n  units,  and  produce  OA  to  B,  making  AB 
equal  to  b  units. 

Draw  OC  upwards  equal  to  c  units. 

Complete  the  rectangle  OBDC. 

Now  the  length  of  OB  ia  a  -j-  6. 

.-.  the  area  of  the  rectangle  ia  c{a  +  h].  §11.  Ex.4. 

Hark  off  Coequal  to  a  units,  then  ED  •=  b  unitf. 

Join  AE. 

Then  area  of  rectangle  OAEC  =  ea,  and  of  rectftngle  ABDE  =  eh. 

But  the  whole  figure  OBDC  =  sum  of  OAEC  and  ABDE. 

.:  c(a  +  b)^ca  +  cb. 

Nolo.     No  smIo  is  given  In  Fig.  13.       Suppose  now  that  th«  side  of 
■  square  representH  ,^  nnit,  then  the  area  of  a  square  ii  iJ,  sq.  unit. 

Then  OA  -  A  -  4  '"''*'  ''^  "  H  ""'*-  O*^  -  A  -  I  """■ 

.-.   area  of  whole  rectangle  OBJ>C  =  J  (i  +  U)  *<i"*"*  """' i 
but    area  of  OAEC  -  M  squarea  ^  ^'j  square  nnit, 
area  at  ABDE  -  ^Vi  *<inare  unit. 
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■.    area  of  whole  rectangle  OBDr-^  +  ^^^      dqaare  nntt 

=  Hii  „        „ 

Hence  J(i4H)-l>'l  +  3^H- 

In  B  ainiilar  viaj  it  can  be  shonn  that  c!,n-ib)  ~ea  +  tb  for  aaj 
positive  valuea,  Intepitl  or  fractional. 

33.  To  prove  that  c{a~b}  =  ca—eb  wlien  a,  h,  c  crj  aU 
positive  and  a>b. 


Fio.  U. 
Draw  a  rectangle  OA  DC  having  OA  =  a  unitx,  OC  =  e  anit«. 
Measure  AB  backwards  from  A  equal  to  h  nnita  and  DEbafik- 
varda  from  D  equal  to  b  units.    Join  SK. 
Then  OB  equals  a-6  nnita. 

.-.  area  of  rectangle  OI)EC  =  e(<t~b).  §  ]1.  Ex.*. 

Also  area  of  rectangle  OADC  =  ra  and  of  rectangle  BADE  -  ch. 
But  rectangle  OBEC  =  rectangle  OADC-  rectangle  BADE. 
.:cla-b)  =  ca~cb. 

34.  To  show  that  —c(a—b)  =  —ca  +  cb  tehen  a,  b,  c  areaU 
positive  and  a>b. 

—  c(a—b)  tneanB  subtract  <;(n—b). 
.'.  — f  (a— 6)  means  Bobtract  M— c6  ; 
but  in  order  to  subtract  we  change  the  signs  and  add. 
Hence  -e(<i-6)  =-«i  +  r6. 

35.  Finilfbtsumof&x'-2x+4,ax^+4x-c^23i'+bx  +  2. 
Arrange  like  powers  in  same  column  an  directed  in  5  13- 

Sar"  -     2x      44 

<ix^    +     4x      -c 

-23fl  +    bx       +2 


(l  +  a)i»  +  (2  +  6)a;  +  (6-c) 
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[We  have  here  followed  the  rule  giyen  in  $  7.  In  the  first  column 
add  up  the  coefficients  of  x^,  i.  e.  add  3 + a — 2  ;  this  gives  1+a.  There- 
fore (1+a)  is  the  required  coefficient  of  x'.  Hence  we  have  the 
answer  in  the  form  shown.] 

The  above  question  might  have  been  worded  and  worked 
in  a  different  way,  viz. 
Arrange  in  descending  powers  of  x 

Sa^-^2x+4  +  a3l^  +  4J^^C''2x^  +  hx^{^2. 
Expi'ession  =  3rc^— 2a;+4  +  aa?^+4a;— c— 2ic2  +  ftaj  +  2 
=  8rc2  +  ar2-2ic2-2a?+4a:+ftjc  +  4-c  +  2 
=  (3  +  a-2)x2  +  (-2  +  4+ft):r+(4-c  +  2) 
=  {l  +  a)x^  +  {2  +  b)x  +  (h-c). 
In  working  examples  of  this  kind  two  points  should  be 
noticed : 

(1)  The  first  line  of  work  should  simply  repeat  the 
expression  as  in  the  question.  Take  care  to  copy  the 
expression  exactly  as  it  is  in  the  question.  Many 
marks  are  lost  in  examinations  through  copying  the 
question  wrongly. 

(2)  The  signs  =  should  come  one  underneath  the  other, 
not  in  a  slanting  line. 

36.  Sometimes  a  straight  line,  called  a  ▼inonlumy  drawn 

above  the  terms,  is  used  instead  of  a  bracket.     Thus  —  7— ao? 

means  the  same  as  —(7— a)  a?. 

The  straight  line  of  a  fraction  serves  the  same  purpose  as 

x—7 
a  bracket,  e.  g.  — q-  is  the  same  as  (a;— 7)  -f-  8  or  J(ar— 7). 

It  is  very  necessary  to  remember  this  when  the  minus 
sign  is  before  the  fraction. 

x—S 
Example.  Simplify  S——^- x  12. 

ar-3 
Expression  =    8 j-  x  12 

=    8  -  (a: -  3)  X  3  {since  4  cancels} 
=    8-3a?  +  9 
=  17-3ar. 
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Examples  Va. 

Simplify  the  following : 

1.  3  (5-4) -2(5-3). 

2.  2  7^+3  2  +  5i. 

3.  x{x-b)-x{x+4), 

4.  12  X     Q     —  8  X  — r-  . 

5.  16(a  +  &-2c)  +  7(3a-&  +  2c)  +8(2a-6-c). 

6.  12(2jr-y)-a?(2-5)-y(7  +  3). 

7.  a  —  6a?  +  6  —  ca?+c  —  dj:. 

8.  -l>(s  +  r)-5(r+2))-r(j9  +  g). 

9.  (a-26)c-(6-3a)c  +  (a  +  6)c. 

10.  (a-26)c-(6-3c)a  +  (c  +  a)&. 

By  graphic  methods  find  the  value  of: 

11.  (a?  +  2)(ar  +  3).  12.  (a?-2)(a:  +  3). 
13.  (ar+3)«.                                    14.  2a?(a  +  6  +  c). 

15.  (jr  +  5)(a:-5). 

Arrange  the  following  expressions  in  descending  powers  of  :r : 

16.  3-2a?+5-4a:»  +  2ar'-l. 

17.  2iP*-3a?+4-a?2  +  7a:»  +  2a:-5  +  a?. 

18.  a«*-3ar+6-&a?+ca?"  +  2a?-5  +  eM:. 

19.  p—qx-^bx—pix^-i-qa^—r, 

20.  (a  +  6)a?>  +  (ft  +  c)a:  +  (3-6)  +  (2-fl)ar+(2-6)a:«  +  fl. 

21.  Show  graphically  that  §  ><  f  =  ^. 

22.  Simplify 

Gx-g-    +10x-^ 12x— ^— . 

Verify  by  putting  a:  =  3,  y  =  4. 

37.  Find  tJie  cost  of  x  yards  y  feet  of  cloth  at  x  shiUitigs 
J  pence  per  foot. 

Total  number  of  feet  =  3  a:  +  y. 

Each  foot  costs  12  2;+ y  pence. 

.*.  Total  cost  =5  (3a?  +  y)  (12a?+y)  pence. 

When  two  expressions  in  brackets  are  to  be  multiplied 
together  the  sign  of  multiplication  is  usually  omitted,  just 
as  in  the  case  of  two  single  letters. 

Now  we  could  work  the  sum  in  a  slightly  different  way. 
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One  foot  costs  12  x+y  pence. 

.*.  one  yard  costs  3(12a:+y)  pence. 

And  X  yards  cost  3  a?(12  x\y)  pence. 

Also  y  feet  cost  y  (12  j?  +  y)  pence. 

.'.  X  yards  y  feet  cost  3  a:  (12  a? + y) + y  (12  a: + y)  pence. 

Comparing  this  with  the  pi-evious  result,  we  see  that 

(3ir+y)(12a;+i^)  =  8a:(12a;+y)+y(12a;+y) 

=  86aj2+8j:y  +  12ay+y2 

=  36a;2+15ry+y2. 

38.  We  have  already  shown  that  o  (a  +  &)  =  ca  +  c5,  where 

c  may  be  any  quantity  we  like. 

Suppose  that  c=^  x+y,  and  substitute  this  value  for  c  in 

the  equality 

c{a+h)  =  ca-\-ch. 

We  have  ix-{-y){a  +  h)  =  {x-\-y)a-\-{x-k-y)h 

=  ax  +  ay-^-hxi-hy. 

Putting  this  into  words,  we  have  the  rule : — When  two 
ezpresBions  in  brackets  are  to  be  multiplied  together, 
the  produot  is  obtained  by  multiplying  every  term  in 
one  braoket  by  every  term  in  the  other  bracket,  and 
taking  the  algebraic  sum  of  the  products. 

The  above  process  can  sometimes  be  reversed,  that  is, 
if  we  have  an  expression  without  any  brackets,  we  may 
be  able  to  put  in  or  insert  brackets. 

For  ax+ay-^-bx-hhy  =  a (a;+y)  +  & (x+y) 

^{x-\-y){a  +  h). 

Examples,   3a?  +  4y  +  3  a+4ft  =  3a?  +  3a+4y  +  4  6 

«3(a;  +  a)  +  4(y  +  &). 
3a'  +  6y  +  a;2  +  2ay  =  3(a?+2y)  +  a:(ar  +  2y) 

=  (x  +  2y)(3  +  ar) 
=  (j?4-2y)(ar  +  3). 

Examples  Vb. 

Remove  brackets  in  the  following  examples : 

1.  (a'  +  2)r.  2.  3(a:  +  2).  3.  (a?  +  2)  (ir+3). 

4.{x-2)x.  5.  3 (a? -2).  6.  (a? -2  (a? -3). 
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7.  (a?  +  5)(a;  +  6).  8.  (a?-3)  (ar  +  4).  9.  {x-a)(x-2a). 

10.  (a-4)(a  +  2).         11.  (a  +  3)(6  +  2).         12.  (i>-ar)  (2j)  +  3a-). 

By  graphical  methods  remove  the  brackets  from 
13.  (a?  + 1)  (ar  4-  2).  U.  (a:  -  3)  (a:  +  2).        15.  (a?  -  5)^ 

Insert  brackets  in  the  following  expressions : 
16.  ar»+3a:.  17.  2  a? +  6.  18.  a^  +  7a:+12. 

19.  a:'-3x.  20.  2ar-6.  21.  a?' -7 a: +12. 

22.  ar'-oar.  23.  hx-ab.  24.  a^-ax-bx  +  ab. 

25.  ax-ab  +  ac.  26.  a^^ab-ac-¥bc. 

What  expressions  multiplied  together  give  the  following  pro- 
ducts? 

27.  5a?-10.  28.  ay-2y-3aT+6.  29.  ar»  +  8a?+16. 

30.  A  farmer  leaves  to  each  of  his  x  sons  5  fields,  and  to  each  of 
his  y  daughters  3  fields.  Each  field  contains  2  a;  acres  ij  roods. 
What  was  the  area  of  the  whole  farm  ? 

31.  There  are  x  houses  on  one  side  of  a  street,  and  p  houses  on 
the  other.  How  many  houses  are  there  in  the  street  ?  The  rent 
of  each  house  is  £x  y^.,  what  is  the  total  rental  value  of  the 
street  in  shillings  ? 

32.  What  is  the  area  of  a  rectangle  (ar+4)  feet  long,  (a? -2) 
feet  wide  ? 

33.  Each  square  of  a  chess-board  is  1  square  inch  in  area ;  the 
border  is  x  inches  wide.    What  is  the  area  of  the  whole  board  ? 

34.  A  man  sells  x  oxen  and  p  sheep  for  (2aa7+2a^)  pounds; 
what  was  the  average  price  received  for  each  animal  ? 

35.  A  gives  B  <£a,  B  gives  C  £b,  C  gives  A  £c,  and  then  each 
has  £x.    How  much  had  each  at  first  ? 

39.  A  bracket  may  in  several  respects  be  compared  to 
a  parcel  Just  as  a  person  would  rather  do  up  half  a  dozen 
objects  into  one  parcel  than  carry  them  separately,  so  in 
Algebra  quantities  are  placed  in  a  bracket  when  it  is  more 
conyenient  to  deal  with  them  as  one  quantity  than  to  deal 
with  them  separately. 

Again,  the  person  would  not  undo  the  parcel  unless  he 
wanted  something  inside  the  parcel ;  similarly,  in  Algebra, 
a  bracket  should  not  be  removed  unless  some  term  inside 
the  bracket  is  particularly  wanted.  Usually  terms  containing 
X  are  wanted. 
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Bzample  I.  Arrange  in  ascending  powers  qfnthe  JbUowing 
expressHon,  (<M;+6)c+{a  +  6)ar+&r(ar*+ca:). 

Expression  «  (ax+6)c+(a  +  6)4:+fcx(x'+car}. 
=  «cr+6c+(a  +  6)ar+fcc3t*  +  fca:'. 

Here  the  finit  and  third  brackets  are  remoTed  becanse  x  is 
inside  them,  bat  the  second  is  kept  becanse  x  is  not  inside  it 

BxampleH.  (a;+a)(x+6)  =  (x+a)a;+(x+a)& 

=  x*+a«+6x+a6 
=  a;«+(a  +  6)a?+aft. 

Here  the  brackets  are  first  removed  because  x  is  inside  them, 
and  then  a  bracket  is  inserted  in  order  to  get  one  term  (a-\-h)x 
instead  of  two  terms  ax-^hx. 

40.  A  parcel  may  contain  anothw  parcel,  the  second 
parcel  may  contain  a  third  parcel,  and  so  on.  In  the  same 
way  a  bracket  may  contain  other  brackets.  When  this 
is  the  case  bradcets  of  different  shapes  are  used  to  avoid 
confdsion. 

Example.  A  certain  number  x  is  siAbracUd  firom  10,  the 
remainder  is  smbtracted  firom  7.  This  second  remainder  is 
multiplied  by  5  and  the  product  added  to  the  origiwd  number. 
This  Uist  result  is  squared;  find  an  expression  for  the  final 
result. 

First  remainder    (10 -x). 

Second  remainder    {7-(10-x)}. 

Multiply  by  5    5{7-(10-x)}. 

Add  to  X    [x+5{7-(10-x)}]. 

Sqnare    [x+5{7-(10-x)}r. 

It  is  not  often  that  more  than  the  three  kinds  of  brackets 
here  shown  are  wanted  If  they  should  be  wanted,  the 
same  shapes  are  used  again,  but  made  larger.  The  necessity 
for  more  brackets  is  often  avoided  by  using  a  vinculum. 

When  brackets  are  to  be  removed,  it  is  usually  more 
convenient  to  remove  the  innermost  bracket  first,  and  to 
work  outwards,  but  it  is  quite  possible  to  remove  the 
outermofli  first  and  to  work  inwards. 
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The  brackets  in  the  above  question  could  be  removed 
in  either  of  the  following  ways : 

(i)  Working  from  within 
[ar+5{7-(10-«)}]   =  [a:  +  5{7-10  +  a?}] 

removing  inside  bracket, 

=  [a?+5{-3  +  a?}]  collecting, 

=  [«-15  +  5a:] 

=  6a:-15; 
.•.[a:  +  5{7-(10-a?)}]«=  (6aj-15)« 

«  (6 a;- 15)  (6  a?- 15) 

=  (6a;-15)6a;-15(6a:-15) 

=  86a^-90ar-90a:+225 

=  36a:»-180a:+225. 
(ii)  Working  from  without 
[«+5{7-(10-a;)}]    =  ar+5{7-(10-a:)} 

=  ir  +  35-5(10-a:) 

=  a?+35-50  +  5aj  • 

«6a:-15; 
and  the  work  would  be  finished  as  in  method  (i). 

Examples  Vc. 

Remove  the  brackets  and  simplify : 

1.  12a-[6a-2{3a-4(&-a)}-(9a  +  86)l. 

2.  3a-[26-{4c-12a-(46-8c)}-(66-12c)]. 

3.  3a-[5  6-{6a-(4a-76)}]. 

4.  a;-{2(y-«r)  +  3«}. 

5.  4(a:+y)  +  2[a:+8{y-22r-(2a:+y)}]. 


6.  -[2a:- 

7.  -[2y- 


y-«-(8a7-y)}]. 
«  +  y-(3«  +  2ar)}]. 

8.  6o-2[6-4(3c-2«)  +  3{a-(4c+a?)}]. 

9.  3i>-[g-3{ji-f2(g--j))}-(3g-fj>)].  

10.  [2a  +  6-{4a-(5a-a-26-c)}]  +  [a-{a-(a-a-6)}]. 

11.  Ifa»-10,  &«b8,  csl,  find  the  value  of 
2a-3ft  +  c-[-8a-{2c-46  +  (56-a)}] 

-[4a+{6-c-(2c  +  6-a)n 

12.  If  a  »  -3,  b»2,  c^O,  find  the  value  of 

2  b'-a[-a+  {6-2  c(6-a)}  +t]. 

13.  Simplify  6  |^  -2(a?+  ^)  -ojI  . 

14.  Simplify  2a-{3a-(4&+2a)}  +  {5a-(46-a)}. 
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15.  If  a  s=  3,  d  =  If  find  fche  values  of 

(i)  2o»-(3a6-6«);  (ii)  2o»-3(a6-&«);  (iii)  2{a»-3(a6-ft*)}. 

16.  Find  the  value  of 
[a-2{6-.(c-(?)}]  [3a-{6  +  2(c  +  d)}] 

-[a-6  +  3(c-(?)]  [3a4  fe-2(c-2cf)], 
when  a  =1,  6  =  2,  c  =  -1,  e?  =  —3. 

17.  Simplify  2a:-[y-2{ic +  (y  +  ic)  +  2y} +2a?]. 

18.  Simplify  3  {(3  a  -  hf  +  (a  -  3  6)'}  - 10  (3  a  -  &)  (a  -  3  fr)  and 
verify  the  result  when  a  =  2,  ft  =  1. 

19.  SimpHfy  3(a  +  c)-5(o  +  6  +  c)-[6-{c  +  2a-(6-c)}]. 

20.  Find  the  sum  of  [-5a?+7y-{5a;-(6a?+7)-(4y  +  l)}] 
and  -[-(4ar+7y)+{8-(-8a:+9y)  +  (5ar-8y)}]. 

Examples  V. 

1.  Find  the  value  of  a  +  6-[a-{c+2a  +  6  +  (2c  +  6)}]  when 
a  «=  3,  6  =  4,  c  =  2. 

2.  Subtract  2itr-3(y+ 2^?)  from  3(a?+y)-8  5?. 

3.  Add  together  a-{b  +  (e'2d)],  2(3a  +  6)-4(c  +  (f),  and 
5d  +  3{c-(2a  +  &)}.  

4.  Subtract  2— [ff— {ff— (ff— 2— i?)}] 

fromi>-[i)-{p-(i)-.p^)}]. 

5.  Add  together  a- {6  + c-(o  +  &)}+c,2(3a  +  26)-4(6+2a)-c, 
and  3(26-a)-2(3  6-a)  +  c. 

6.  Find  the  remainder  when  3«-5{a  — J— (c— 2  6)}+6  is  taken 
fromc-2[c-{a-2(c-&)}]. 

7.  Subtract  (a -6)  (6  +  c)  from  (&-c)  (c  +  a). 

8.  Simplify  a?(2y-3;?)-2y(«-3a7)  +  32r(a:-2y). 

9.  Simplify  -.7[-ll  a:-4{-17a:  +  3(5ar-l)}-3(a?+4)]. 

10.  Arrange  a(ft'— c)  +  6(c'— o)  +  c(a'— &)  in  descending  powers 
of  c ;  and  find  the  value  when  a  =  2  c,  2»  «=  3  c. 

11.  Simplify  7ar»-(3-4aa:)-3a?(4a:  +  l)  ((m?+5)  ;  and  re- 
bracket  the  result  according  to  descending  powers  of  x, 

12.  What  is  the  value  of  a  (ic*— ay')  +  a?y  (x^a^y)  when  x^ay'i 

13.  A  dealer  buys  j»  horses  for  Ma  each ;  he  sells  q  of  them  for 
£h  each,  and  the  rest  for  £c  each.  Find  an  expression  for  his 
gain  on  the  transaction. 

14.  A  man's  salary  is  JLx  a  day  and  he  spends  £y  a  day.  How 
much  does  he  save  in  (f  days  ? 

15.  A  house  contains  j?  rooms  on  the  ground  floor  and  g  rooms 
on  the  first  floor.    In  each  room  there  are  p  pictures  on  each 
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short  wall  and  q  on  one  of  the  long  walls ;  how  many  pictures  are 
there  altogether  ? 

16.  In  a  certain  field  there  are  x  cows  and  y  sheep ;  the  average 
value  of  each  animal  is  x  pounds  y  shillings.  Find  the  total  value 
of  the  animals. 

17.  A  big  box  contained  50  apples  and  a  large  basket.  In  the 
basket  there  were  38  apples,  a  paper  bag,  and  a  cardboard  box. 
The  bag  contained  6  apples;  in  the  cardboard  box  there  were 
5  apples  and  a  bag  containing  8  apples.  How  many  apples  were 
there  altogether  ? 

18.  If  y  =  2  Of— 3,  express  3a?+5y  in  terms  of  jp  only. 

19.  If  y  «  3a?+2,  what  are  the  values  of  y  when  ar  =  0,  1,  2,  3 
respectively  ?  What  value  of  x  will  make  y  =  14  ?  Is  there  any 
value  of  ^v  which  makes  y  equal  to  ;r  ? 

20.  Ifya=3a?  +  2  and  2^  =  3  y-4,  express  2r  in  terms  of  jr.  Find 
the  value  of  g  when  2; »  —  3  by  two  methods. 


CHAPTER  VI 

EASY  FUNCTIONS  AND  THEIR  GRAPHICAL 

REPRESENTATION 

41.  If  a  quantity  continually  changes  its  value  it  is  called 
a  variable;  a  quantity  which  does  not  change  its  value 
is  called  a  constant,  x,  y^  0  are  usually  used  to  denote 
variable  quantities  ;  a,  &,  c  are  used  for  constant  quantities. 
If  a  man  is  running,  the  time  he  has  been  running  and  the 
distance  he  has  run  are  continiuilly  changing— they  are 
variables;  but  his  speed  may  be  the  same  throughout;  in 
such  a  case  speed  would  be  a  constant. 

42.  Very  often  two  variables  are  so  related  to  one  another 
that  if  one  is  known  the  other  can  be  found. 

Example.  A  man  spent  £x  in  buying  y  cricket  halls  at 
6  shilUnge  eacfi. 
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Here  20  x  =  number  of  Bhillinga  spent 
and  5^  =  number  of  shillinga  spent. 
.-.   5y  =  20x. 
Divide  by  5.    y  =  ix. 

Hence  if  a;  is  known,  y  can  be  found.  In  such  cases 
as  this  X  is  called  the  independent  variable  and  y  the 
dependent  variable. 

43.  Example.  If  y  =  Z3?—2x-^&,  nuAe  a  table  showing 
the  values  ofy  com^ontUng  (o  the  integnti  values  iff  x  bettceen 
—Sand  +3. 


If         X   ^ 

-3 

-2 
4 

-1 

0 
0 

1 

1. 

4 

3 

4 

then*'^ 

9 

1 

9 

16 

Sx'- 

27 

12 

3 

0 

3 

12 

27 

46 

_2*- 

6 

4 

2 

0 

-2 

-4 

-6 

-6 

and     y  = 

38. 

21 

10 

5 

6 

13 

28 

45 

Any  expression  whose  value  depends  on  the  value  of  a;  is 
2 
called  a  function  of  x.     Thus  ix,  3x*— 2x  +  5,  S+  -are  all 

functions  of  :r. 

Examples  TZa. 
Hake  tablet  ihowing  the  values  of  the  foIlowiDg  functions  aa 
T  changes  from  —3  to  +5. 

1.  y  =  3a;  +  2.  2.  (/ -  2i-4. 

3.  y  =  3«'-2n-l.  4.  y  =  2i«+4x-5. 

5.  y=:a:'-43:  +  3.  Gjy-x''-2x. 

7.  y  =  3  +  2a:.  a  y  =  3  +  2a*. 

9.  y-.4-z.  10.  y-x-»f  +  2. 
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GRAPHICAL  REPRESENTATION  OF  FUNCTIONS 

44.  It  has  been  shown  in  {  19  th&t  there  are  two  ways  of 
repreBMitiiig  &  quaottty  graphioally ;  lineB  may  be  drawn 
horizontally,  i.  e.  to  the  right  or  left,  or  vertically,  i. «.  up  or 
down.  By  using  both  methods  we  can  represent  two 
variables  in  the  same  figure. 

Sxampla.  To  show  in  a  figure  that  when  x  =  i,  y  =  T. 


Using  aqaared  paper  take  any  point  0  where  two  lines  crosB ; 
■ee  Fig.  15. 

Mea«are  O^—  4  to  the  right,  then  OJf  teprewota  -4-4. 

From  ^measareA^Fupwaidi,  then  WPrepreaenti  +7. 

It  is  always  undentood  that  horizontal  lines  represent  x  and 
vertical  lines  tepretent  y ;  hence  anj  one  looking  at  Fig.  15  can 
see  at  once  that  when  a:  ■>  4,  y  ■■  7. 

The  line  HP  is  not  always  actually  drawn ;  it  is  sufBcient  to 
count  the  squares  and  to  make  a  dot  or  small  cross  when  the 
requi^  numbers  have  been  counted.  Thus  in  Fig.  15  the  point  Q 
•hows  that  when  a>  —  8,  y  >  4. 
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When  TAluea  of  x  uid  y  Are  repree^itod  in  this  maimer 
they  are  said  to  be  plotted. 

46.  The  poiat  0  is  called  the  '  origin ',  because  it  is  the 
point  from  which  the  measuiements  start.  When  the  point 
0  has  been  chosen,  the  horizontal  and  vertical  lines  are 
drawn  to  show  in  what  directions  the  measurements  are  to 
be  made.  These  lines  are  called  the  axes;  the  borisontal 
line  is  the  x-axis  and  is  named  X'OX,  the  vertical  line  is  the 
^.axis  and  is  named  YOY". 

The  next  step  is  to  choose  the  scale.  When  fractional 
values  do  not  occur  it  is  usually  convenient  to  take  the 
Bide  of  1  small  square  to  represent  1  unit. 

Having  chosen  the  unit,  mark  ofT  every  fifth  unit  along 
the  axes.  Except  when  the  side  of  a  square  represents  the 
unit,  the  scale  should  be  written  in  one  of  the  oomers  of  the 
figure,  as  has  been  done  in  previous  sections. 

Recollect  ttiat  n^ative  values  of  x  are  measured  to  the 
left  and  negative  values  of  jf  ate  measured  downwards. 
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Examples  VI  b. 

1.  Show  graphically  in  one  figure  that : 

when  a:  =       3       4   5-1-2-7-96 
then  y=    -4-7    2    +8    -6    +3    -9   5. 

2.  What  relations  between  x  and  j^  are  represented  by  the  points 
A,  B,  C,  A  E,  F,  O,  JT,  K,  L  in  Fig.  16  ? 

3^  Represent  in  a  diagram  the  values  of  x  and  y  given  in  the 
table  of  §  43. 

46.  The  graphical  method  described  in  the  last  section 

is  often  used  to  show  how  quantities  change  from  time  to 

time.    A  very  common  example  is  the  diagram  that  appears 

in  newspapers  to  show  the  height  of  the  barometer  at 

different  times  during  the  day.    In  making  these  diagrams, 

the  lines  that  are  to  repi^esent  time  are  generally  measured 

along  the  x-axis,  the  other  quantity  being  represented  by 

lines  perpendicular  to  the  a;-axis. 

Example.  During  a  certain  week  the  temperatures  at  noon  are 
given  by  the  fallowing  table  : 

Sun.    Mm.   Tues.   Wed.  Thurs.  IH.    Sat. 
Temp.     29*      86*      42*      81*      27*      48*      50* 

B^preseni  this  graphically. 

1.  As  there  are  no  negative  quantities,  measurements  may  start 
from  a  point  near  the  left-hand  bottom  comer  instead  of  from 
a  point  in  the  middle  of  the  figure,  see  Fig.  17. 

2.  As  no  temperature  is  less  than  27°,  it  will  save  space  if  we 
begin  counting  the  temperatures  at  25°,  i.  e.  27°  will  be  2  units  up, 
not  27. 

3.  In  order  not  to  cramp  the  figure,  take  twice  the  side  of 
a  square  to  represent  a  day. 

4.  When  all  the  points  have  been  put  in,  join  up  the  consecutive 
points  by  straight  lines. 

The  broken  line  formed  by  joining  the  points  is  called 
a  gYaph. 

The  graph  is  shown  in  Fig,  17 ;  it  tells  us  all  that  the 
table  of  the  question  does,  and  also  shows  at  a  j^ance  which 
day  was  the  coldest  at  noon,  which  day  had  the  lowest 

e2 
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avengfl  temperature,  which  day  had  the  greatest  change  of 

temperature,  &c.    But  this  graph  does  not  enable  us  to  find 

the  temperature  at  any  other 

times    than    noon    on    the 

respective  days. 

If,  however,  the  tempera- 
tures had  been  taken  every 
half-hour  the  points  on  the 
diagram  would  have  been 
much  nearer  together,  and  if 
the  same  scale  had  been 
used  the  points  mi^t  be 
joined  by  a  curved  line 
instead  of  by  a  smea  of 
straight  lines.  In  such  a 
case  the  graph  would  give  a 
very  good  idea  of  what  the 
temperature  was  betweoi  the 
readings,  as  well  as  what  it 
was  at  the  actual  times  of 
Via.  17.  the  readings. 

Scale  i  Bide  of  square  =  1°. 

Bzamples  VI  o. 

Dnw  graphs  ttom  the  following  tables ; 

1,  A  bo;'B  position  in  form  is  gireu  bj  the  folltming  table : 
Datfi     Jan.  30.    Feb.  6.    Feb.  13.    Feb.  20.    Feb.  27.     Har.6. 
Place         5  12  IT  6  15 
Draw  a  graph.    Can  yon  draw  anj  conctniion  aa  to  bis  place  on 

February  27? 

2.  In  consecntiTe  cricket  matcbw  a  boy  made  the  following 
Korea :  17,  4,  0,  6,  3, 12, 1, 2,  ?,  7,  3. 

Dnw  a  graph.  Can  joa  draw  any  conclnuon  as  to  the  miMng 
score? 

S^A  thermometer  wu  placed  in  some  water  which  wai  then 
heated,  and  the  tempetatarewaa  read  every  minute.  Drawagraph 
ttota  the  following  table : 
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Temperature  in  degrees     12    16    19-5    22-5    25    26^    27 
Time  in  minutes  0      12        3       4        5       6 

Would  this  graph  give  any  information  as  to  the  temperature 
after  4|  minutes  ?  ^ 

4.;If  ys=8a;— 2,  calculate  the  values  of  y  when  it  has  the 
integral  values  from  —  5  to  +  5 ;  and  draw  the  graph. 

From  the  graph  try  to  find  the  values  of  y  when  ;r  =  —  ^S  and 
a?  =  +  •25.    Check  the  answers  by  actual  calculation. 

5^  A  man  sells  kettles.  He  has  only  made  them  of  three  sizes 
as  yet,  and  he  has  fixed  on  the  following  as  fair  list  prices : 

Capacity  in  pints    12         6         2 
Price  in  pence         68       50       22 

He  knows  that  other  sizes  will  be  wanted,  and  he  wishes  to 
publish  at  once  a  price  list  for  many  sizes.  By  drawing  a  graph 
obtain  approximate  prices  for  4-  and  8-pint  kettles. 

6^The  keeper  of  a  restaurant  finds  that  when  he  has  G  guests 
a  day  his  total  daily  profit  is  P  pounds.  The  following  numbers 
are  averages  obtained  by  comparing  many  days'  accounts.  Draw 
a  graph,  and  so  obtain  approximately  the  number  of  guests  for 
which  there  would  be  neither  gain  nor  loss. 

G  210  270  820  860 

P  -0*9         +1.8         +4-8         +64 

7?^A  train  leaves  Manchester  at  6  a.m. ;  the  following  table      ^  ,J  ,7.^  » 
shows   the    distance   it  has  travelled  at  certain   times.    Draw 
a  fipraph,  and  find  (i)  the  approximate  time  it  takes  to  travel 
9  miles,  (ii)  how  fiur  it  has  travelled  in  40  mins. 

Distance  in  miles        1        4        5        10        12        16        18 
Time  6.4    6.11   6.16    6.28     6.36     6.47     6.52 

8.  The  following  table  shows  the  time  for  lighting  cycle  lamps 
on  certain  days  in  a  certain  month : 

Date       1        2        5        8      11      13      17      20      24       28 
Time    5.46   5.48    5-53    5.57   6.8    6.7  6.15   6.20   6.28    635 

Draw  a  graph,  and  find  the  lighting-up  time  on  the  4th,  15th, 
and  22nd. 

9^The  height  of  the  barometer  at  noon,  on  certain  days  in 
June,  is  given  in  the  following  table : 

Height       8013    3010    30-10    80*23    2996    29-88    2943 
Date  12  8  4  5  7  8 

Draw  a  graph,  and  if  possible  find  the  height  on  the  6th. 
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10.  The  amateur  records  for  certain  diBtonces  are  given  in  the 
following  table.    Bepresent  them  in  a  diagram. 

Distance  in  yde.     100      120      150      200      250      300      440 
Time  in  Bees.  9J        11|      UJ      19i      24J      30^      47J 

11.  Represent  in  a  diagram  the  winner's  time  in  the  University 
Boat  Race  as  given  in  the  tab]e  below. 

Year    1890     1891       1892      1893      1894      1895     1896 

Time    22  3    21  48    19  21     18  47    21  39    20  50    20  2 

12.  The  following  table  shows  the  number  N  of  articles  that 
may  be  twught  for  £1  when  the  price  is  x  pence  : 


10        12 


30        40 


40      30       24 


12        10 


Draw  a  graph.    How  does  this  graph  differ  from  the  pteviooa 
graphs  ? 

13.  In   a  price  list  the    follovring  prices  are  given  for  tree 
pmners : 

Length  in  feet        2  4  6  8  10 

Price  Se.  Gd.    is.  Ed.      5«.  6a.  Gd. 

Represent  these  prices  by  a  graph,  and  try  to  find  the  price  of 
a  pmner  8  feet  long. 

14.  The  price  of  dish  covers  is  given  in  the  following  table.    By 
means  of  a  graph  find  the  approximate  price  of  a  12'inch  cover. 

Length  in  inches        10  12  U  16  18 

Price  98. 3d.  15s.  9d.      20s.      2fo.  3d. 

47.  Chrapba  of  algebraical  fimotions. 
Example.  Draw  the  graph  of  y  when  y  =  ic*— j. 
Step  L    Tabulate  the  values  of  y  as  in  g  43. 
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Step  2>  Choose  the  scale.  This  depends  to  a  great  extent 
npon  the  size  of  the  piece  of  squared  paper  that  is  to  be  used. 
Jf  ire  wish  to  graph  all  the  above  values,  the  paper  must  be  big 
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enough  to  sbow  y  =  30;  as  there  are  no  negative  values  of  y, 
about  35  Bqusrrea  in  length  will  allow  ub  to  take  the  Bide  of 
1  square  to  represent  1  anit.    In  Figa.  18  and  19,  the  points  that 


Fia.  18. 
Soale ;  side  of  I  square  ^  1  unit. 

represent  the  valaee  for  :t:  and  y  obtained  in  Step  1,  are  ahown  by 
crosses.  Sometimes  it  is  necessai?  to  take  different  scales  for 
X  and  y.  In  this  example,  if  the  squared  paper  were  a  araall  piece, 
it  might  be  adviaable  to  take  the  side  of  a  aquare  to  represent 
two  units  for  y,  hut  onl;  half  a  unit  for  x.  This  ia  the  scale  used 
in  t'ig.  19. 

Stop  8.    Should  the  graph  be  finished  bj  joining  couecntive 
points  by  straight  lines,  or  ought  a  curve  to  be  drawn  passing 
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through  all  the  points  ?  A  little  consideration  shows  that  a  slight 
alteration  in  x  will  produce  only  a  slight  alteration  in  the  value 
of  y.  In  all  such  cases  a  curve  should  be  drawn,  provided  sufficient 
points  have  been  obtained  to  make  the  shape  of  the  curve  quite 
clear.  In  Fig.  19  the  points  are  closer  than  in  Fig.  18,  and  the  form 
of  the  curve  is  more  obvious.    In  both  curves  there  is  no  indication 
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Fio.  19.     Scale :  2  sides  «  1  for  a; ;  1  side  »  2  for  y. 


of  the  shape  of  the  curve  between  x^Q  and  x  =  l.  We  must 
therefore  find  the  values  of  y  corresponding  to  values  of  x  between 
0  and  1.  With  a  small  scale  it  is  no  use  working  the  values  of  jr 
correct  to  more  than  two  decimal  places. 

X  '2  4  •S  '6  -8 

a^  .04  .16         .25  36  .64 

y        -16       -24       —25       -.24      -.16 

It  is  now  seen  that  the  least  value  of  y  is  -}^,  and  that  this 
corresponds  to  a: «  ).  This  point  must  be  found  as  accurately 
as  possible,  the  sides  of  the  square  being  divided  by  eye 
measurement. 

Step  4.  The  graph  should  be  finished  by  drawing  a  curve 
through  all  the  points  obtained.  It  should  be  a  graceful  curve 
without  any  awkward  bends. 
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48,  It  often  happens  that  only  a  portion  of  a  graph  U 
actually  wanted  ;  when  this  is  the  case,  a  larger  scale  can  be 
used.  Suppoae  the  graph  of  y  =  a?—x  were  required  only 
from  X  =  0  to  fT  =  1.  The  values  of  x  and  y  have  been 
obtained  in  the  last  section.  We  con  now  take  the  side  of 
a  square  to  represent  only  one-tenth  of  a  unit  The 
resulting  graph  is  shown  in  Fig.  20. 


Fie.  20.    Soale :  I  aAe,  ^  ^  unit. 


Ezamples  VZd. 


Draw  the  graphs  of  the  followiDg  fnnctiona,  and  in  each  c 
find  the  value  of  y  when  x  —  3-5  and  verify  by  calcolation : 


5.  y  =  2i+3.  6.  y^Bi"-!. 

7.  y=8-4x.  -^y-r 

9.  y  =  2i'-53:+6.  10.  y  =  7»-9. 
In  the  following  graphs  fiitd  the  raJee  of  x  when  y  =  27  and 

verily  by  calcalation  :  ^ 

n.  x  =  2y  +  Z.  ]2^x^  8y-5. 

tiDi  =  j'.  14.  x^Sy". 

15.  «  =  3y'+y.  lj>  «-y'-2y+4. 

17.  «-=3-y'.  18.  a!-4-2y. 

19.  Sc-ly-l.  20.  4x+5y-2a 
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49.  Some  of  the  graphs  in  Examples  Vld  are  curvesy* 
some  are  straight  lines.  It  should  be  noticed  that  when 
the  function  is  of  the  first  degree  (i.  e.  containing  only  the 
first  power  of  the  independent  variable  and  no  fractions 
with  the  variable  in  the  denominator)  the  gmph  is  a  straight 
line.  This  is  found  to  be  the  case  always,  and  so  we  learn 
by  experience  that 

(1)  The  graph  of  a  function  of  the  first  degree  is  a  straight 
line.  For  this  reason  functions  of  the  first  degree  are  often 
called  linear  functions. 

(2)  The  graph  of  a  function  that  is  not  of  the  first  degree 
is  not  a  straight  line. 

As  a  straight  line  can  be  drawn  when  two  points  on 
it  are  known,  we  need  find  only  two  points  when  drawing 
a  graph  of  a  function  of  the  first  degree.  To  ensure 
accuracy  the  following  directions  should  be  noted: 

1.  Plot  three  or  four  points  before  drawing  the  straight  line. 
For  a  slip  may  have  been  made  in  calculating  the  first  two ;  when 
the  third  is  plotted  it  will  then  be  seen  that  it  is  not  in  the  same 
straight  line  as  the  others ;  on  plotting  the  fourth  it  will  probably 
be  found  to  be  in  the  same  straight  line  as  two  of  the  others  and  the 
line  can  be  drawn.  If  no  three  of  the  points  are  on  a  straight 
line  two  or  more  mistakes  have  been  made,  and  the  previous  work 
should  be  done  over  again. 

2.  The  two  points  actually  joined  should  not  be  too  close 
together ;  for  if  the  points  are  not  joined  accurately  the  resulting 
error  is  less  when  the  points  are  far  apart. 

3.  The  values  of  x  and  y  which  are  plotted  should  be  whole 
numbers,  or  should  be  such  that  the  point  representing  them  is  at 
the  intersection  of  two  of  the  lines  on  the  squared  paper.  For  if 
not  the  positions  of  the  points  cannot  be  found  exactly  and  the 
straight  line  is  certain  to  be  somewhat  inaccurate. 


*  Tho  word  carve  is  often  used  to  include  all  lines  whether  straight 
or  bent ;  it  will  be  used  in  this  general  sense  throughout  the  book. 
The  context  usually  makes  it  clear  whether  the  word  includes  straight 
lines  or  not 
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Szample.  Draw  the  graph  of  5=|«— g. 
Thia  is  of  the  first  degree. 

Therefore  the  graph  ie  a  stmight  line  and  we  need  find  only 
two  points. 


Fio.  21.    Scale  :  1  side  ^  I  unit.' 

QraphB  firom  the  Point  of  7iew  of  Geometry. 

50.  Hitherto  we  have  regarded  graphs  merely  as  showiDg 
how  the  value  of  a  function  t/  voriee  when  the  value  of 
X  changes ;  and  we  have  seen  that  a  point  can  be  found 
which  represents  any  pair  of  corresponding  values  of  x  and 
p.  If  we  wish  to  find  the  point  we  have  had  to  find  the 
values  of  z  and  y. 

The  subject  of  graphs  is  often  introduced  in  the  reverse 
way  as  being  an  aid  to  Geometry. 

If  the  position  of  a  point  is  known,  the  point  can  always 
be  found  by  taking  two  measurements. 
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Geography  supplies  useful  examples.  If  an  explorer  finds 
a  mountain  that  has  been  previously  unknown,  he  calculates 
the  latitude  and  longitude  of  the  mountain,  with  the  result 
that  the  mountain  can  afterwards  always  be  found. 

In  Geometry  the  measurements  taken  are  (1)  the  per- 
pendicular distance  of  the  point  from  a  fixed  straight  line 
X'OX,  (2)  the  distance  of  the  foot  N  of  the  perpendicular 
from  a  fixed  point  0  on  the  axis.  This  point  0  is  shown  by 
drawing  a  line  Y'OY  perpendicular  to  X'OX,  The  length 
ONf  NP  are  denoted  by  x  and  y  respectively,  the  usual  rules 
for  signs  being  observed. 


N 


Y 

Fio.  22. 

X  and  y  are  called  the  oo-ordinates  of  the  point  P.  Xj  the 
piece  of  the  axis  of  x  'cut  off',  is  called  the  absoissa. 
y,  which  shows  in  what  'row'  or  'rank'  the  point  lies, 
is  called  the  ordinate. 

A  point  whose  co-ordinates  are  a;  =  5,  y  :=  6  is  referred  to 
as  the  point  (5,  6). 

5L  If  a  point  moves  so  as  to  satisfy  some  condition  it 
describes  a  curve  which  is  called  in  Geometry  the  'locus 
of  the  point  '•  As  the  point  moves  its  co-ordinates  change, 
but»  if  the  point  satisfies  some  condition,  its  co-ordinates  will 
also  satisfy  some  condition.  Conversely,  if  the  oo-ordinates 
are  always  connected  by  some  relation,  the  point  will  always 
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lie  on  some  curve.  In  Examples  Vld  various  relations 
between  x  and  y  are  given,  and  the  point  must  lie  on  the 
corresponding  graph. 

Examples  VI  e, 

1.  Plot  in  one  figure  the  following  points: 

(4,5),  (-3,6),  (6,  -4),  (0,7),  (-5,0),  (-6,  -5). 

2.  A  point  moves  so  that  its  ordinate  is  always  2 ;  draw  the 
graph  traced  oat. 

3.  Plot  six  different  points  all  having  the  abscissa  equal  to  3. 
Hence  find  the  graph  of  :r  =  3. 

Draw  the  curve  traced  oat  by  a  point  which  moves  so  that  its 

co-ordinates  are  connected  by  the  relation : 

4.  y  =  a?.  5.  y  =  3  a;— 2. 

i>  4a?-l  -  .        - 

6.  y  =  — g — .  7.  y  =  4ar- 1. 

8.  y-4a:+3.  9.  y  =  a*-9. 

I0.y  =  aj»-a:». 


I  . 


CHAPTER  VII 

SYMBOLIC  BEPBESENTATION  AND  SIMPLE 

PBOBLEMS 

52.  Wb  have  already  had  many  examples  of  symbolic 
representation,  and  the  student  is  by  now  quite  used  to 
the  idea  that  letters  may  be  used  as  symbols  for  numbers, 
and  that  the  operations  of  addition,  subtraction,  &c.,  are 
represented  by  the  special  symbols  or  signs  +,  — »  &c. 

It  must  be  recollected  that  letters  are  used  as  symbols  for 
numbers,  and,  if  the  work  deals  with  concrete  quantities,  the 
units  must  always  be  mentioned ;  thus  we  should  not  say 
'  a  man's  age  is  x '  but  '  a  man's  age  is  x  years  \ 

Letters  may  be  used  instead  of  numbers  for  three  different 

reasons: 

(i)  To  state  facts  that   are   trae  about  all  numbersy  e.g. 
a  +  &  as  &+a  ttatee  the  fact  that,  whatever  two  numbers  we  take 
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the  first  added  to  the  second  is  equal  to  the  second  added  to  the 
first. 

(ii)  To  stand  for  some  particular  numbers  whose  values  are 
unknown.  The  letters  x^  y,  z  are  often  used  to  stand  for  numbers 
which  are  unknown,  but  whose  value  is  to  be  found  by  means  of 
information  given  in  the  question.  Questions  of  this  kind,  which 
require  that  a  certain  unknown  number  should  be  found,  are 
called  problems. 

(iii)  To  state  concisely  rules  for  calculating  certain  concrete 
quantities.  Thus  it  was  shown  in  §  11  that  the  area  of  a  rectangle 
is  obtained  by  multiplying  the  number  of  units  of  length  in  one 
side  by  the  number  of  units  of  length  in  the  adjacent  side.  This 
is  stated  more  concisely  thus :  A  =  Jb  where  A  stands  for  the 
number  of  units  of  area,  I  for  the  number  of  units  of  length  in  the 
length,  and  h  for  the  number  of  units  of  length  in  the  breadth. 

A  concise  rule  of  this  kind  is  called  a  formula.  It  is  usual  in 
formulae  to  use  letters  which  suggest  what  they  stand  for,  e.g.  I  for 
number  of  length  units,  t  for  number  of  time  units,  &c. 

53.  In  working  the  following  examples  the  student 
should  read  each  question  carefully,  and  make  sure  that 
he  understands  it  before  attempting  to  answer  it  If  he 
cannot  see  how  to  start,  let  him  mentally  replace  the 
letters  by  small  numbers,  so  making  a  simple  arithmetic 
sum.  Then  he  should  do  with  the  letters  exactly  the 
same  as  he  would  with  the  numbers. 

Even  though  the  whole  question  can  be  worked  in 
the  head,  yet  snffloient  work  must  be  put  on  paper 
to  show  clearly  the  line  of  argument. 

Example.  A  man  can  buy  z  articles  for  a  certain  sum^  the 
price  being  k  pence  each.  How  many  would  he  get  for  the  same 
sum  ifthepHce  were  {a  +  b)pence  each? 

[Mental  work.  A  man  buys  10  articles  at  3d.  each ;  how  many 
would  he  get  for  the  same  sum  if  the  price  were  (3+2)  pence 
each? 

Total  sum  spent  « 10  x  8  »  30  pence. 

If  one  cost  5  pence,  the  number  would  be  30-r5  *s  6.] 
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Written  work. 

Total  Bum  spent  ^xxa  ^ax  pence. 

If  one  article  cost  (a  +  b)  pence,  he  would  get  for  the  same  sum 

oa?-r(a  +  6)  =  — r  articles.    Answer, 

^        *      a  +  6 

Examples  Vila. 

1.  What  is  meant  by  an  even  number  ?  Prove  that  the  square 
of  any  even  number  is  exactly  divisible  by  4. 

2.  Find  a  formula  which  will  show  the  connexion  between  the 
length  of  the  side  of  a  square  measured  in  yards  and  the  area  of 
the  square  in  acres. 

3.  If  a  man  earns  x  shillings  every  week-day,  what  is  his  yearly 
income  in  pounds  ? 

4.  A  boy  was  bom  in  the  year  a.d.  x  ;  how  old  will  he  be  in  the 
year  a.d.  y  ? 

5.  Prove  that  when  two  odd  numbers  are  multiplied  together 
the  product  is  odd. 

6.  If  a  train  travels  u  miles  in  every  hour,  and  if  it  travels 
8  miles  in  i  hours,  find  the  formula  connecting  f«,  «,  and  U 

7.  A  man  has  S.x  in  his  pocket,  his  wife  has  x  shillings,  and 
each  of  their  three  children  has  x  pence ;  how  much  money  have 
they  between  them  ?    Express  the  answer  in  shillings. 

8.  During  the  cricket  season  a  boy  scored  x  runs  in  y  innings 
and  was  not  out  z  times.    What  was  his  average  ? 

9.  How  many  days  will  it  take  a  steamer  travelling  at  the  rate 
of  V  miles  per  hour  to  travel  s  miles  ? 

10.  A  room  is  /  feet  long,  h  feet  broad,  and  A  feet  high ;  find  the 
area  of  the  floor  and  the  area  of  the  walk. 

11.  How  many  numbers  between  10  and  100  are  exactly  divisible 
by  7  ?  Write  down  the  first,  second,  third,  and  the  rth  of  those 
numbers. 

12.  What  is  the  general  algebraic  form  of  a  number  which  can 
be  exactly  divided  by  5  ?  What  do  yon  know  about  the  number 
5a?+3? 

13.  A  score  of  eggs  cost  x  pence.     What  is  the  price  of 

y  eggB? 

14.  A  cycles  at  the  rate  of  x  miles  per  hour,  B  walktf  at  the  rate 
of  y  miles  per  hour.  How  many  miles  does  A  gain  each  hour  ? 
If  B  starts  z  hours  before  A^  how  long  will  A  take  to  catoh  B  ? 
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15.  A  workman *8  wages  are  a  pence  per  hour  for  h  hoars  in  the 
week  of  regular  time  and  c  pence  per  hour  for  overtime.  One 
week  he  earns  d  iihillings.  How  many  hours  overtime  did  he 
work? 

16.  Prove  that  the  sum  of  any  two  numbers  multiplied  by  their 
difference  equals  the  difference  of  their  squares. 

17.  What  is  the  value  of  x  sovereigns  2x  shillings  and  (20— 3ar) 
sixpences  ?    Give  the  value  in  sixpences. 

18.  A  garrison  have  food  enough  to  last  1000  men  x  days  ; 
how  long  will  the  food  last  if  the  number  of  men  is  increased 
to  8000? 

19.  If  I  buy  a  apples  at  p  pence  a  dozen  and  h  apples  at  q  pence 
a  dozen,  and  sell  them  all  at  one  penny  each,  how  much  profit 
do  I  make  ? 

20.  A  room  is  /  feet  long,  tr  feet  wide,  h  feet  high.  What  will 
it  cost  to  whitewash  the  walls  and  ceiling  at  p  pence  per  sq.  ft.  ? 

21.  A  sum  of  P  pounds  is  invested  at  simple  interest  at  r  %  per 
annum.    Find  a  formula  for  the  interest  after  t  years. 

{r  %  per  annum  means  that  the  interest  on  £100  for  1  year 
is  £r.} 

22.  If  X  lb.  of  tea  cost  y  shillings,  how  many  shillings  will  y  lb. 
of  the  same  tea  cost  ? 

23.  What  should  be  the  price  of  7  eggs  when  a  dozen  cost 
X  pence  ? 

24.  If  X  ounces  of  silver  are  worth  y  shillings,  how  many  penny- 
weights of  silver  are  worth ;;  pence  ? 

25.  I  bought  10  OP  yards  of  cloth  at  y  shillings  per  yard  and  sold 
them  at  y— 4  shillings  per  yard ;  how  many  pounds  did  I  lose  ? 

26.  If  a  clock  gains  x  seconds  in  one  day,  how  many  minutes 
will  it  grain  in  y  weeks  ? 

27.  Prove  that  the  sum  of  three  consecutive  numbers  is  always 
divisible  by  8. 

28.  If  each  cubic  foot  of  a  substance  weighs  tr  pounds,  what  is 
the  weight  of  «  cubic  feet  ? 

29.  A  body  whose  volume  is  v  cubic  centimetres  weighs 
w  grammes,  and  the  average  weight  of  a  cubic  centimetre  is 
d  grammes.    What  is  the  formula  that  connects  f>,  w,  and  d  ? 

80.  If  100  degrees  on  the  Centignrade  thermometer  are  equiva- 
lent to  80  degrees  on  the  R^umur  thermometer,  how  many 
Centigrade  degrees  are  equal  to  x  Reaumur  degrees  ? 


SIMPLE  PROBLEMS  81 

31.  Find  a  formula  for  all  numbers  which  give  remainder  5 
when  divided  by  7.  Write  down  all  those  numbers  between  150 
and  200. 

54.  In  problems  the  question  enables  us  to  state  that  two 
different  expressions  are  equal  to  one  another  ;  and  then  by 
using  ordinary  common  sense  the  unknown  quantity  can 
very  often  be  easily  found. 

Example  I.  A  man  is  three  times  as  old  as  his  brother.  In 
ten  years*  time  he  tciU  be  imice  as  old.  How  old  is  tJie  brother 
now? 

Let  X  years  be  the  brother's  age  now ; 

then  3  x  years  is  the  man's  age  now. 

Again  a;+ 10  years  will  be  the  brother's  age  in  10  years'  time ; 

and  3  a; +10  years  will  be  the  man's  age  in  10  years'  time. 

But  the  question  says  that  the  man's  age  in  10  years'  time  will 
be  twice  the  brother's  age. 

3a?+10  =  2(a?+10). 

Remove  bracket  8  2;  + 10  =  2  a:  +  20. 

Take  away  10  from  each  side    dx        =2a;  +  20-10. 

Take  away  2x  from  each  side  3a;-2rt;  =  20-10, 

a?  =10. 
i  e.  the  brother's  present  age  is  10  yean. 

Example  II.  A  sum  of  two  guineas  is  divided  between  three 
men  so  that  the  first  receives  eight  shillings  more  than  the  second 
and  two  shillings  less  than  the  third.  How  much  did  each 
receive? 

[Here  there  are  three  unknown  quantities,  but  if  we  find  what  the 
first  man  receives  we  can  easily  find  what  the  other  men  receive.] 

Let  a;  shillings  be  the  amount  the  first  man  receives ; 
then  (xS)  shillings  is  the  amount  the  second  man  receives, 
and  (a; +  2)  shillings  is  the  amount  the  third  man  receives ; 
then  a;  +  (ar  -  8)  +  (a; + 2)  shillings  is  the  sum  distributed. 
But  the  question  says  two  guineas,  i.  e.  42  shilling^  is  the  sum 
distributed. 

Hence  aj  +  (a;-8)-f  (a?+2)  =  42. 

Remove  brackets  a?+a?-8+ar  +  2  =  42. 
Collect  the  x  terms  and  the  numbers 

3a;--6i=42. 

PATBBSOV  F 


82  SYMBOLIC  REPRESENTATION  AND 

Add  six  to  each  side 

8a?  =  42  +  6,    since -6+6  =  0; 
i.e.  3  a?  =  48, 
«  =  16. 
First  man  receives  l&f.,  second  man  Ss.,  third  man  ISs. 

In  solving  problems 

(i)  Hake  sure  what  the  question  tells  as. 
(ii)  Hake  snre  what  it  is  required  to  find* 
(iii)  Recollect  that  x  stands  for  a  number  only,  and 
that  the  unit  must  be  distinctly  stated,  e.  g.  let  x  feet 
be  the  length,  let  x  be  the  number  of  men,  let  x  shillingB 
be  the  money. 

Bzamples  VII. 

1.  Find  a  number  which  is  18  less  than  doable  the  number. 

2.  Find  a  number  such  that  half  the  number  is  5  more  than  one- 
third  of  the  number. 

8.  The  sum  of  three  consecutive  numbers  is  57  ;  find  them. 

4.  A  boy  has  6<?.  less  than  his  brother,  and  9c2.  more  than  his 
sister ;  together  they  have  2<.  9d.    How  much  has  the  sister  got  ? 

5.  Three  stations,  A,  B,  C,  are  on  the  same  line  of  railway. 
The  distance  from  ^  to  B is  twice  the  distance  from  Bio  C,  and 
the  distance  from  ^4  to  C  is  126  miles.  How  far  is  it  from  A 
ioB? 

6.  The  number  of  square  yards  in  the  area  of  a  certain  room 
is  double  the  number  of  feet  in  the  length  of  one  of  the  sides. 
What  is  the  length  of  the  other  side  ? 

7.  Of  two  numbers,  one  is  three  times  as  great  as  the  other. 
If  I  take  the  less  number  from  16  and  add  3  the  result  exceeds 
by  7  what  I  obtain  when  I  subtract  the  greater  number  from  30. 
Find  the  two  numbers. 

8.  A  bill  of  X12  is  paid  in  sovereigns  and  half  sovereigns,  and 
17  coins  are  used.    How  many  sovereigns  are  there  ? 

9.  A  fieUiher's  age  is  45  years  and  his  son*s  9.  In  how  many 
years  will  the  father  be  three  times  as  old  as  the  son  ? 

10.  A  sum  of  J^lOO  was  contributed  by  A,  B,  and  C  A  con- 
tributed £b  more  than  B,  and  C  £3  less  than  A*  How  much  did 
each  contribute  ? 

11.  Fourteen  years  ago  a  man  was  twice  as  old  as  his  son ; 
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at  the  present  time  their  united  ages  amount  to  100  years.    Find 
the  present  age  of  each. 

12.  The  length  of  a  rectangular  fidd  is  twice  its  breadth ;  the 
length  of  fence  used  to  enclose  the  field  is  372  yards.  Find  the 
area  of  the  field. 

13.  A  post  stands  with  half  its  length  in  earth,  one-third  in 
water,  and  4  feet  above  the  water.    How  long  is  the  post  ? 

14.  A  man  has  in  his  right-hand  x>ocket  three  times  as  many 
shillings  as  in  his  lefL  If  he  takes  17  shillings  from  his  right 
pocket  and  puts  them  into  the  left,  he  will  then  have  6  times 
as  many  in  the  left-hand  pocket  as  in  the  right;  how  many 
shillings  were  there  in  each  pocket  at  first  ? 

15.  Find  three  consecutive  numbers  such  that  three  times  the 
greatest  shall  be  equal  to  twice  the  sum  of  the  other  two. 

16.  Twenty  years  hence  I  shall  be  seven  times  as  old  as  I  was 
28  years  ago ;  how  old  am  I  now  ? 

17.  Divide  ^£1000  into  three  parts,  so  that  the  first  may  exceed 
the  second  by  £850  and  the  third  may  be  one-half  the  sum  of  the 
other  two. 

18.  A  father's  age  is  three  times  that  of  his  son.  Eleven  years 
ago  the  father  was  five  times  as  old  as  his  son.  What  are  their 
ages? 

19.  The  cost  of  7  ducks  and  11  chickens  is  55&  and  the  cost 
of  13  ducks  and  5  chickens  is  52«.    What  is  the  cost  of  a  chicken  ? 

20.  A  purse  contains  j£9.  lOs.  in  sovereigns  and  half-crowns,  and 
the  total  number  of  coins  is  20.  Find  how  many  sovereigns  there 
are  in  the  purse. 


CHAPTER  Vm 
EQUATIONS 

55.  Ih  previous  examples  we  have  frequently  had  to  find 
the  particular  value  of  x  that  will  make  two  expressions 
equal.  Questions  of  this  kind  occur  so  often  that  we  must 
now  discuss  the  usual  methods  for  answering  them. 

Definitions.    An   equation   is   a   statement  that   two 

expressions  are  equal. 

v2 
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An  equation  may  be  true  for  all  values  of  the  letters, 
e.  g.  (a?+5)— 6  =  2a;— (ic  +  l)  is  true  for  all  values  of  x^ 
since  each  side  is  only  another  form  for  a;— 1. 

Such  an  equation  is  called  an  identioal  equation  or 
identity.  Very  often  the  sign  =  is  used  instead  of  = 
when  it  is  known  that  the  equation  is  an  identity. 

But  usually  an  equation  is  true  only  for  some  particular 
value  or  values  of  the  letters.  As  such  equations  are  true  on 
certain  conditions,  they  are  called  oonditional  equations. 
Unless  it  is  otherwise  stated,  the  word  'equation'  may 
be  taken  to  refer  to  a  conditional  equation. 

Consider  a;— 2  =  10.  This  equation  is  ceiiainly  not  true 
when  a?  =  4,  for  then  x— 2  =  4— 2  =  2;  and  it  will  be 
found  that  the  equation  is  true  only  when  x  =  12. 

The  process  of  finding  for  what  value  of  x  the  equation  is 
true  is  called  solving  the  equation* 

A  value  of  x  which  makes  the  equation  true  is  called 
a  root  of  the  equation,  and  is  said  to  satisfy  the  equation. 
The  letter  whose  value  is  sought  is  often  called  the  unknown 
quantity. 

A  simple,  or  linear,  equation  is  one  which  contains 
only  the  first  power  of  the  unknown  quantity. 

56.  Axioms.*  1.  If  equals  be  added  to  equals,  the  sums 
are  equaL 

2.  If  equals  be  subtracted  from  equals,  the  differences  are 
equal. 

3.  If  equals  be  multiplied  by  equals,  the  products  are 
equaL 

4.  If  equals  be  divided  by  equals,  the  quotients  are  equaL 

5.  Things  which  are  equal  to  the  same  thing  are  equal  to 
one  another. 

By  continued  application  of  these  axioms  any  equation 
may  be  solved. 

*  Statements  which  are  obviously  true,  which  can  be  proved  only  by 
experience,  and  which  are  useful  to  prove  other  statements,  are  called 
▲zloms. 
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Example.  Solve  the  equation  3a;~2  =  8—2  x. 

Our  object  is  to  reduce  this  equation  to  the  form  rr  »  a  number. 

8a:-2     «=8-2ar. 
Add  2  to  each  side      8a?         =  8+2-2ar,  since  -2  +  2      =  0. 
Add  207  to  each  side    3a:  +  2a?  =  8  +  2,  since -2a? +  2 a?  =  0. 

Collect  on  each  side  5x  =  10. 

Divide  each  side  by  5  x  =  2. 

The  student  should  go  over  the  above  work  very  carefully, 
and  find  out  the  reason  for  adding  2  rather  than  any  other 
number,  for  adding  2  x,  and  for  dividing  by  5. 

57.  Verifying  the  Solution  of  an  Equation.  If  the 
work  in  the  last  section  is  correct,  when  2  is  put  instead 
of  X  in  the  equation  8  X'—2  =  8—2  x,  the  two  sides  should 
be  equal.     Verify  in  the  following  way : 

When  a?  =  2,  8a?-2  =  8.2-2  =  6-2  =4. 
When  a:  =  2,  8-2a?«  8-2.2  =  8-4  =4. 
.'.  when  a?s=2,  Sar— 2  =  8— 2a?;  and  the  solution  is  correct. 

Method  of  Work.  In  solving  an  equation  the  following 
points  should  be  carefully  observed  : 

1.  Begin  by  copying  the  equation  in  its  original  form. 

2.  Never  begin  a  line  with  the  sign  =. 

3.  As  fbr  as  possible  keep  the  signs  of  equality  in  the 
same  vertical  line,  one  under  the  other. 

4.  Always  explain  on  the  left  hand  what  you  are 
doing. 

Examples  Villa. 

By  simplifying  each  side  of  the  following  equations,  find  out 
whether  any  of  them  are  identities ;  if  they  are  not,  solve  them  by 
using  the  axioms ;  in  each  caae  verify  the  solution. 

1.  2(ar-2)  «  a?-3.  2.  5-2(a?-8)  =  8a?-9-5(a?-4). 

3  4  +  12a?  =  ar+15.  4.  -8  +  5a?=:  7a?+5. 

5.  8a:-(a;  +  7)«a:-15.  6.  80-4(a:  +  l)  =  6  +  a:. 

7.  13(2a?-l)  =  5{5a?+7).  8.  4(9ar-8)  =  6+5(6a?+3). 

9.  5a?+3-4a?  +  7+2a?«-2.  10.  0  =  3a?-5-2  (a:-2)  +  l-a?. 
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Does  x^b  satisfy  any  of  the  following  eqnationB? 

11.  2a?-3(4-a?)  =  7  +  a?. 

12.  (a?-2)(a?-8)  =  (a:-4)(ar+l). 

13.  ir>-4a?-2  =  3  +  5a?-a:*. 

14.  What  value  of  a?  will  make  a:-7  =  0? 

15.  What  Yalne  of  x  will  make  a;- 6  twice  as  mnch  as  4 - 3  x  ? 

16.  What  is  the  value  of  a  if  a?  ^^  5  is  a  solution  of 

a:*-4(Mr+15  =  0? 

17.  If  X  =s  —  2,  what  must  be  the  value  of  y  in  order  that 
3a:-4y  =  5? 

18.  If  y  »  —  1  and  2r  =  +2,  what  must  be  the  value  of  x  in  order 
that  2ar+4y-72f  =  24? 

19.  Is  the  equation  (y -«)•  +  («- a?)' =  {x-yf  satisfied  by 

a?  =  4,y  =  3,;8r  =  2? 

20.  What  value  of  a?  will  make  a?-a«a-«? 

58.  Transposing.    Let  us  look  again  at  the  work  in  §  56. 
The  original  form  of  the  equation  is      Sx^2  =  8—2  x. 
After  two  steps  the  equation  becomes    8a;+2a;  =  8  +  2. 
Comparing  these  two  forms  it  is  seen  that  the  second 

form  can  be  got  from  the  first  by  taking  the  2  across  from 
the  left-hand  side  to  the  right-hand  side,  and  at  the  same 
time  changing  its  sign,  and  also  taking  the  2  x  across  from 
the  right-hand  side  to  the  left-hand  side,  and  at  the  same 
time  changing  its  sign.  Very  likely  the  student  has  already 
noticed  similar  results  when  working  the  last  set  of  examples. 
Taking  a  quantity  across  from  one  side  to  the  other  is  called 
transposing. 

Bnle  for  Transposing.  Any  quantity  may  be  transposed 
from  one  side  to  the  other  if  its  sign  is  changed  at  the  same 
time. 

59.  Fraotions.  If  there  are  fractions  on  either  side  of 
an  equation  they  can  be  removed  by  applying  axiom  8,  §  56. 

Kxample.  Solve  |-^+  A(*-22)+^=^. 
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X     x-2^.,      --..«-12      82-« 

8-     5     +*<*-^)+-20 40-' 

Multiply  by  40  the  L.  C.  M.  of  the  denominators 

gx40 ^x40+40x  ^(x-22)  +  40x-2g-  =  --jg-x40. 

Cancel  5a?-8(a?-2)  +4(a?-22)  +  2(a?-12)  =  32-x. 

RemoTe  brackets   5a?-8a?-Hl6+4aj-88+2a?-24  =  82-ar. 

Collect  on  each  side  llar-8a?  +  16-112  »  32-a?. 

i.e.  8a?-96  =  82-ar. 

Transpose  x  terms  to  the  left,  nnmbers  to  the  right. 

8a:  +  a?«  82  +  96. 

Collect  4  a? »  128. 

Divide  by  4  a? «  82. 

Verification. 

T#         Qo  1  111.     J   •  1        32     30     10  .  20 
If  a? «  82,  left-hand  side  *  -§-  -  y  +  Ja  "*"  20 

«  4-6  +  1  +  1 
=  0; 

and  right-hand  side  =  2a 

=  0. 
.*.  2r  s  82  is  the  correct  solution. 

Iiiteral  Equatioiui.  It  sometimes  happens  that  an 
equation  contains  not  only  the  letter  whose  value  is  to 
be  found,  but  also  other  letters.  The  values  of  these 
letters  are  supposed  to  be  known,  and  the  letters  are 
transposed  to  the  right-hand  side  like  ordinary  numbers. 

Example.  Solve  (a;— a)+(a:— 6)— (c— a:)  =  0. 

Remove  brackets  a?-a+x-5-c+a?™0. 
Transpose  and  collect  8a;»a  +  &+c. 

Divide  by  8  a?  —  — g —  • 

Example.  If  8^+4:v  =  7,  find  y  in  terms  ofx. 
Here  y  is  the  unknown  qnantity  and  x  is  treated  as  a  known 
quantity.  3y+4a?«7. 

Transpose  3ye7-4a?. 

7  — 4iP 
Divide  by  8  y— — ^r— • 
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Examples  VIII. 

Solve  the  following  equations  and  yerify  the  solutions : 

1.  7a:-5a?+3ar«15. 

2.  5  +  9a?=:2a?+19. 

3.  32af-7  =  4a?+5  +  44. 

4.  -2a?-5-6a?-=8a?+21-6-6a?. 

5.  5a:-7  +  9-4a?-3  =  7-2a:+6ar-8. 

6.  2a?-(ar-7)  =  15. 

7.  3(a;+2)-3(a:-2)  =  a?+12. 

8.  4(a?-3)  +  5(a:-4)  +  6(a?-l)  =  7. 

9.  4(2-ic)-3{2a?-3)  =  7(2+a?)-16ic-l. 

10.  2{3  +  2a:)  +  4{6  +  5a:)  +  3(a:  +  l)+4(a:4-l)^6. 

11.  (ar-4)(a:-5)  =  (a?-6)(a;-2). 

12.  (a;+5)(a?-4)  =  (a:-3)(a?+2)-(a:-2)-l. 

13.  3{a:-2(a?-4)}=2(a;-5)-l. 

14.  2(a:-3)(a:-4)  =  2(a?-6)(a?-l)-(2ar-4). 

15.  3-{a:-2(8a:-4)}=a:«-(a:-l)(a:+l)  +  4. 

12      16  ""6  "^12' 
17.  |a?-Ja?+7-=^a:-5. 
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2^--2'  +  -3-'  =  ^- 

21.  5(a:-2)-3{3a:-4)  =  17-7ar. 

22.  2(ar-3)-3(a:  +  l)  +  2(ar-l)  +  4=0. 

23.  (a;+2)(ar+3)  =  (a?  +  4)(a:  +  5)  +  2. 

24.  (a?-l)  (a:-3)  +  (a?-2)«  =  2  (a?-2)  (a;-3). 
rtr    4a;  — 5      3 a?— 5      2a;  — 5 

2^- -9 ir  =  ~4-' 

26.  ar(o  +  2)-6=«a(a;  +  6)-2. 

27.  What  number  is  that  which  exceeds  its  sixth  part  by  10  ? 

28.  If  ducks*  eggs  cost  id,  a  dozen  more  than  hens'  eggs,  deter- 
mine the  price  of  each  per  dozen,  when  7  ducks*  eggs  and  19  hens* 
eggs  can  be  bought  for  two  shillings. 

29.  A  man  sold  a  horse  for  j£35  and  half  as  much  as  it  cost  him, 
and  by  doing  so  he  gained  £10.  What  was  the  original  price  of 
the  horse  ? 


EQUATIONS  89 

30.  Find  the  number  the  half  of  which  exceeds  the  difference 
of  its  third  and  fourth  parts  by  ten. 

31.  A  bag  contains  129  coins,  some  of  which  are  soyereigns  and 
the  rest  shillings ;  they  amount  altogether  in  value  to  £41. 12«. 
How  many  coins  of  each  kind  are  there  ? 

32.  A  man  has  been  saving  annually  a  quarter  of  his  income. 
His  income  is  increased  by  £100,  and  he  now  saves  a  third  of  his 
income  and  finds  that  he  is  saving  annually  £40  more  than 
before.    What  was  his  original  income  ? 

33.  A  man  performed  a  journey  of  7  miles  in  1^  hours,  He 
walked  part  of  the  way  at  the  rate  of  4  miles  an  hour,  and  he 
rode  the  rest  of  the  way  at  the  rate  of  10  miles  an  hour.  How 
many  miles  did  he  walk  ? 

Solve  the  following  equations,  and  in  each  case  verify  the 
solution : 

35.  J(9-2a?)  =  l|-^(7a?-18). 
^^-2(:r-l)  =  7J-2aT. 


36. 


37.   fa?-J(4-a?)  =  2J-3(a:-2). 
«Q    2ag-f  1      a? +  6  „ 

OO.     Q ~"   — c —  =  37—0, 

.,    2ar-l      8a;-l   .  Sx-l      . 
«•    -3 2-  +      6      =  **• 

42.  !£=i-2+^^?=l^±-^ 

15         ^16  20 

43.  f-8+*-±l?-47-?. 

x  —  a  x—h    o, 

44.  — o «  =  — ^ 3ft. 

o  o 

45.  A  poulterer  buys  a  eggs  at  the  rate  of  h  shillings  a  hundred. 
One-third  of  them  are  broken  before  he  receives  them.  At  what 
rate  per  dozen  must  he  sell  them  so  as  neither  to  gain  nor  lose  ? 

46.  A  sum  of  2  a  pence  is  to  be  divided  between  h  boys  and 
c  girls,  so  that  for  every  penny  each  boy  receives  each  girl  is 
to  receive  three  halfpence.    What  will  be  the  share  of  each  boy  ? 
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47.  A  farmer  bojight  a  certain  number  of  sheep  for  forty 
guineas.  He  lost  one-tenth  of  them,  and  sold  the  rest  for  half 
a  guinea  a  head  more  than  he  had  given  for  them,  and  thus 
gained  five  guineas.    Find  the  number  of  sheep  he  bought. 

48.  If  8  :p + 2  y  s=  ^,  find  the  value  of  y  in  terms  of  x^  and  hence 
find  the  value  of  y  when  x  ^  -2|. 

49.  Find  x  in  terms  of  y  when 

8a?-4{a?-2y)«~*>-2. 

50.  What  is  the  value  of  a  if  a? »  —3  satisfies 

2-a?      a  +  2a?      a?-8„ 

^•*"~4~^T-' 

51.  Find  the  value  of  A  in  order  that 

3(a?-3)+4(2a:-5)-8{«-2)=^{«-l)-15 
may  be  an  identity. 

52.  If  ^^^  «  l\(x--2)  ^  J   .^  ^^^^  by  a?«  h  find  the 

missing  denominator. 

54.  Solve  (a:+2|)(a?-li)-(a:-8)(a:-5)-  -J. 

55.  Given  2y  »  5a;-6,  find  the  value  of  y  when  x  «  8*2  and 
whenrpB  —24. 

56.  Solve  2a?-5{8a?-7(4a:-9)}  =  66-9(a:-8). 

It^    o  1       1         1  1  1         1 

^^•^^^^i  +  2^  +  8-^-^4^-6- 

58.  A  cruiser  running  at  the  rate  of  16  miles  an  hour  is  pur- 
suing an  enemy *8  ship  18  miles  off  running  at  the  rate  of  12  miles 
an  hour.  How  many  miles  can  the  latter  run  before  she  is  over- 
taken? 

59.  A  has  a  dozen  more  apples  than  B.  If  A  were  to  give 
one-fourth  of  his  apples  ioB,  B  would  have  6  more  than  A.  How 
many  has  A  ? 

60.  A  train  travelling  40  miles  an  hour  takes  two  hours  less 
in  going  a  certain  distance  than  a  train  travelling  24  miles  an 
hour.    What  is  the  distance  ? 
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CHAPTER  IX 

SIMULTANEOUS  EQUATIONS.     GRAPHICAL 

SOLUTIONS 

60.  If  an  equation  contains  two  unknown  quantities  it 
may  be  satisfied  by  many  pairs  of  values.  The  equation 
0?+^  =  50  is  satisfied  by  a?  =  1,  3^  =  49 ;  a;  =  8,  y  =  47 ; 
£r  =  — 8y  ^  =  58;  and  many  other  values.  Similarly  the 
equation  x—y  =  7  has  a  large  number  of  solutions,  and  it 
may  be  necessary  to  find  what  values  of  x  and  p  will  satisfy 
both  equations. 

When  two  or  more  equations  have  to  be  satisfied  at  the 
same  time,  that  is,  when  they  are  to  be  satisfied  by  the 
same  values  of  the  unknown  letters,  they  are  said  to  be 
Bimultaneons. 

Bzample.  The  sum  of  the  lengths  of  two  posts  is  50  feet,  and 
one  is  Sfeet  longer  than  the  other.    Find  their  lengths. 

Let  X  feet  be  the  length  of  the  longer  and  y  feet  be  the  length 
of  the  shorter ;  then  from  the  question 

:r  +  y  t=50, 

Since  these  equations  are  to  be  satisfied  by  the  same  values  of 
X  and  y  they  are  simnltaneons. 

61.  In  all  methods  of  solving  simultaneous  equations  the 
object  in  view  is  to  eliminate  or  get  rid  of  one  of  the 
unknown  letters ;  the  resulting  equation  with  only  one 
unknown  is  then  solved  by  the  methods  explained  in  the 
last  chapter. 

62.  Method  I. 

Obtain  two  equations  in  each  of  which  one  of  the 
unknowns  has  the  same  numerical  coefScieni 

Ezamplel.  fiMve  2a?+8^  =  8,  (i) 

6a:— 4y  =  —8.  (ii) 

Multiply  equation  i  by  4.      8  a? + 12  y  -  82.  (iii) 

Multiply  equation  ii  by  8.  15  a:  - 12  y  «  -  9.  (iv) 
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Add  the  last  two  equations 

28  a?  =  23. 
0?  =  1. 
Substitute  1  instead  of  rr  in  equation  i 

2  +  3y  =  8. 
Transpose  3  y  «=  6, 

y  =  2. 
Answer,     a?  =  1,  y  =  2. 
Verification.    Equation  i.    2x1+3x2  =  2  +  6 

=  8. 
Equation  ii.    5x1-4x2  =  5-8 

=  -3. 

Example  II.  Solve  21a;— 19  y  =  101,  (1) 

85a;+23y=59.  (ii) 

Multiply  equation  i  by  5.  105  ar-  95  y  =  505. 
Multiply  equation  ii  by  3.  105  a: + 69  y  =  177. 
Subtract  -164y  =  328. 

y=-2. 
Substitute  in  equation  i  21  ar  +  38  =  101 . 

Transpose  21  a?  =  63, 

a;  =3. 
Answer,     a?  s=  3,  y  =  -2. 

Examples  IX  a. 

Solve  (and  in  each  case  verify)  the    following   simultaneous 
equations  : 

1.  3ar  +  5y=ll,  2.  6a?+17y-28, 

6a?-5y  =  7.  5a?+13y  =  21. 

3.   -2ar  +  7y  =  27,  4.  15ar  +  21y  =  12, 

13a:-4y  =  32.  21a:-35y=  -112. 

5.     a:-3y=-2,  6.    5a:  +  3y  =  120, 

4a:-9y  =  7.  10a?-=9y  +  90. 

7.    9a?  +  24y  =  26,  8.  5a?-  7y  =  22a, 

17a:-  3y  =  33.  4ar  +  23y=  -11a. 

10  ^j-y-ft 
9.  ax-hy^^cib,  ^"-  j  +  g  -  », 

ax  +  hy^hab,  ^_y— 1 

3      5""    * 
11.  2a?  +  y  +  12  =  0,  12.  a:  +  3y  «  4a?  +  y  =  2|. 

a?-6y+19  =  0. 
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63.  Sclve    7  a;— 63^  =  83,  (i) 

3a;+lly=-13.  (ii) 

Method  n. 

From  equation  i  7  a;  =  33  +  6  y. 

X  «  jj —  •  (ill) 

From  equation  ii  3  :r  «  - 13  - 1 1  y. 

13  +  lly 

J?  = ~  • 

2 

But  since  x  and  y  have  the  same  values  in  both  equations  these 

values  of  x  must  be  the  same. 

„                                33  +  6y          13  +  lly 
Hence  — ^  « g— ^ . 

Multiply  by  21         99  + 18  y  =  -  91  -  77  y. 
Transpose  95y  =  -  190, 

y=-li. 

Substitute  in  iii  a?  =  — =— ^ 

=  3. 
Anstver.    a?  =  3,  y  =  —  2. 

Method  in. 

From  equation  i  7a;s:33  +  6y. 

33  +  6y  ,..., 

X  -  — ^ .  (m) 

Substitute  for  x  in  equation  ii 


3_(33  +  6 y)  ^  ^  3^ 


7  •  -y 

Multiply  by  7  99  +  18y  +  77y  = -91. 

Transpose  95  y  =  - 190. 

y=-2. 
33-12 


Substitute  in  iii  x  = 


'^^-'- 1 


Szamples  IX  b. 

Use  Methods  II  and  III  to  solve  the  following  simultaneous 
equations,  and  in  each  case  verify : 

1.  x  +  ly  =  26,  2   7a?-5y+6  =  13y-5a?-6. 

?  +  |«2.  2y-;.-2. 
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10a:-4y=*I.  7a:  +  2y  =  3. 

5  V  — 7 
5.  3a?  =  4y-7,  ^-  ^=      3" +2, 

3y  =  4a;-7.  3^.1 

y=^| 2. 

7.  a:  =  a(y-6)  +  ft«6(y-.6)  +  a. 

2  3  ft   a;  ^  a?  - 

y  +  1       ^    :.-!  ».  2-^y  =  ^'6=y-^- 

10.    ^-3«?^^ 
3y-2i=4(«-5). 

Qraphioal  Method  of  solving  SimultaneouB  EquationB. 

64.  It  has  been  shown  in  Chapter  YI  that  if  x  and  y 
satisfy  an  equation,  the  point  whose  co-ordinates  are  x 
and  y  will  lie  on  a  definite  curve.  This  curve  is  called 
the  graph  of  the  equation. 

If  a  point  lies  on  two  curves,  that  is,  if  it  is  the  point 
where  two  curves  meet,  its  co-ordinates  will  satisfy  two 
equations.  And,  if  x  and  y  satisfy  two  equations,  the 
corresponding  point  will  be  at  the  intersection  of  the 
graphs  of  the  equations. 

Example.  Sdim  2a;+8^  =  8,  (i) 

5  a;-4  y  =  -3.  (ii) 

Both  equations  are  of  the  first  degree,  therefore  the  graphs  will 
be  straight  lines  (see  §  49). 

Prom  equation  i  y  =  —5-"  1 

o 

ifa?=l,  -5  7, 

y  =  2,  6        -2. 

From  equation  ii  y »    ^       ; 

if  a?  «  5,  -  7  9, 

y«7,  -8  12. 
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These  graphs  are  ahown  in  Fig.  23.  It  ia  wen  that  they 
intenect  at  the  point  who«e  co-oidinatea  are  x  —  1,  ,v  —  2.  Hence 
thcM  valnes  mast  iatiB^  both  equations. 

AntMT.     Xtml,  y  —  2. 


Fib.  28,     Sole  :  I  tid«  '^  1  onit. 

65.  The  graphical  method  is  especially  useful  when  it 
ia  not  required  to  have  ao  absolutely  correct  answer ;  for 
practical  purposes  an  answer  correct  to  two  significant 
figures  ia  often  quite  near  enough. 

Bzample.  Solve    8x+ll9=I7,  (i) 

18a:-199  =  28.  (ii) 

Hie  equations  aie  of  the  fint  degree,  therefore  both  graphs  are 
straight  lines. 


From  equation  i 

ifjr--6, 
<r-     9, 


17-ny 
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From  equation  ii         x=  — r™ — -  ; 

a  11  =  a.  10        -  10, 

then  23  y-f  19  =  23         213        -167, 

x  =  l-n        16^    -  12-85. 
It  is  better  to  find  whole  number  values;  but  with  awkward 
numbers  this  might  take  a  good  deal  of  time.    The  answer  is 
wanted  only  approximately,  so  that  we  may  be  content  with 
approximate  values  for  the  plotted  point*. 


Fio.  24.    Scale :  1  side  ^  1  anil. 

It  is  seen  from  Fig.  24  that  the  graphs  intersect  at  a  point 
where  x  =  2  almost  exactly  and  i/  *=  rather  more  than  '1. 
Anmeer.    z  =  2-0,  yx-1. 
Tho  correct  answers  are  x  =  2  —  j^,  y  »  ■^^ 
-2—04,  y  =  -12. 
Some  care  ia  necessary  in  estimating  tlie  decimal  place. 
The  side  of  the  square  can  by  eye  be  divided  into  four  equal 
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parts.  If  the  length  is  just  over  the  half  it  is  reckoned 
as  Sj  if  just  less  as  4 ;  if  just  over  the  first  quarter  -8, 
if  just  less  '2f  &c. 

66.  It  should  be  noted  that  the  graphical  method  may  be 
applied  when  the  graphs  are  not  straight  lines,  the  solution 
always  being  given  by  the  co-ordinates  of  the  point  of  inter- 
section. If  there  is  more  than  one  point  of  intersection, 
there  is  more  than  one  solution ;  if  there  are  no  points 
of  intersection,  there  are  no  solutions. 


Examples  IX  o. 

Solve  by  graphs  (and  yerify  by  solving  by  one  of  the  other 
methods  or  by  substitution) : 

1^3a?-5y  =  -84,  2.  7a?-  3y«27, 

2a?+8y=     34.  4a?+  5y=.  2. 

3.  2iP+y»8,  4)9a?-  2y  =  -34, 

a?+y=»l.  3a?+lly==     82. 

5^  2-3a?=19y, 
4a?-9y«37.  

In  the  following  examples  find  the  answers  correct  to  the  first  \    9  ^  -    > 
decimal  place  :  ^      «-  *  v  - 

6.      3a?-4y  =  5,  7.  2a; +11  y  =  25, 

-5a;+6y=»8.  7a:  -  4y=  12. 

8.      8a:  -    y  =  9,  9.  2a?  +  6y  =  15, 

13a;+17y  =  2.  3a:  -  5y=13. 

10.    13a:-25y«14,  lj)3a:  -  4y  =  10, 

lla:+19y=18.  a:'+      y=    1. 

12.  y-a:"-2a?, 
2y=l. 

67.  Further  hints  on  solving  simultaneous  equations. 

1.  Either  or  both  of  the    equations  may  have  to   be 
simplified  by  clearing  of  fractions,  removing  brackets,  &c. 

2.  If  il=J?=(7,  ihenA  =  B,A  =  C,  3=0. 
Simultaneous  equations  are  sometimes  set  in  this  form. 

Example.  Solve  ar— 7y— 2=  8a?-4y  +  6  =  3-2a:. 

PATXBSOV  O 


98  SIMULTANEOUS  EQUATIONS 

The  first  step  is  to  write  down  two  separate  equations,  e.g. 

a?-7y-2  =  3-2a?,  (i) 

3a?-4y  +  6  =  3-2a?.  (ii) 

Simplify  each  of  them : 

3a:-7y=5,  (iii) 

5a?— 4y  —  —3.  (iv) 

Finish  hy  either  of  Methods  I,  II,  III. 

3.  The  equations  may  contain  -  and  -  instead  of  x  and  y. 

X         y 

Example.  Solve  -+ -  =  18,  (i) 

X    y 

=  1.  (u) 

X    y 

Treat  the  numerators  exactly  as  the  coefficients  are  treated  in 
Method  I. 


Equation  ix3 
Equation  ii  x  4 

9 

X 

20 

X 

+ 

^«54. 

y 
y 

Add 

29 

X 

«58. 

Multiply  hy  x 

29 

=  58ar. 

• 
•  • 

X  =f|  =  i 

Substitute  in  i 

6 

+ 

1=18 

y 

1  =  12. 

y 

• 
•  • 

y  =  J. 

4.  If  the  coefficients  are  letters  or  contain  letters,  the 
methods  adopted  are  exactly  the  same  as  with  numerical 
coefficients. 

Example.  Solve  px-^-qy^  r,  (i) 

qx  -py  =  0.  (ii) 

Equation!    xp  p^x+pqff^pr. 

Equation  ii  x  g  ^^"Pqy  =  <^* 

Add  (p'*-^^)x  =pr. 
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We  could  find  y  by  sabstituiing  for  x  in  the  simpler  of  the 
original  equations,  in  this  case  equation  ii.  But  with  letter 
coefficients  it  is  often  easier  to  begin  again  and  eliminate  x. 

Equation  i    x  q  P^+    -^V       *=  9^* 

Equation  ii  x  2>  V^ "    P*y      ^  ^' 

Subtract  (p*  +  g')  y  =  g^ 


Answer,    a:  =  -, 


pr  qr 


• 

68.  We  may  have  more  than  two  unknowns.  In  order 
to  obtain  definite  solutions  we  must  have  as  many  equations 
as  unknowns. 

Example.  Solve  2  xS  ^ + 4 £r  =20,  (i) 

8ar  +  4y-5jp=-20,  (ii) 

4rr— 5y— 6^  =  —4.  (iii) 

Eliminate  one  of  the  letters  from  two  of  the  equations : 

ix5  10x-15y  +  20;»=    100. 

iix4  12a:+16y-20««-80. 

Add  22x-{'     y  »     20.  (iy) 

Eliminate  the  same  letter  from  another  pair  of  the  equations : 

1x8  6a:-  9y  +  122r  =  60. 

iiix2  8a:-10y-12r  =  -8. 

Add  14a:-19y  =52.  (v) 

iv  and  v  are  a  pair  of  simultaneous  equations  and  can  be  solved 
by  one  of  the  methods  already  shown. 

Fromiv  y=   20-22  a?.  (vi) 

Substitute  in  y  14  a? -380 +  418  or  =    52. 

Transpose  and  collect  432  a;  =  482. 

Substitute  in  yi  y=   20-22  =  -2 

Substitute  in  any  of  the  original  equations. 
Substitute  in  i  2  +  6  +  4;?=   20. 

Transpose  and  collect  Az^    12, 

z  = 
Amwer,    «  ■=  1,  y  =  —2,  «  =  3. 


g2 


8. 
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Examples  IX  d. 

Solve : 

1.     ar-fy=3|,  2.  3(ar-2)-2(y  +  3)=  1, 

iar+y  =  -4J.  2  (a?-3)  +  3(y  +  2)  =  0. 

X      y  X      y      a 

4      5      ,„  3      6      21 

X      y  X      y        a 

5.     ax-¥    by^a*-l^,  6.  17a?+19y  =  20, 

2te-3«y  =  5flf6.  19ar+17y  =  16. 

7.  4a?-3y-2r+   1  =  0, 

2a:  +  2y-;?-18  =  0, 

a?+2y  +  2r-ll  =  0. 

Q  6a?-2y     .      2a:-y  ^   3      4_5 

11  5  X      y      6 

2x  +  Sy     «       5a?-2y  5      6      „, 

___3=   -2-.  i+— 3i 

10.5^-^  =  32,  ll.ap6y  +  c  =  0, 

3y 3-    «»• 

12.  px  +  qy  =*  qx+py  =  r. 

13.  3ic-'4y+  75f=7,  14.  2a?-4y  =  2, 
2a:-5y-  6«  =  7,  3y-5«=13, 
8ar+3y-10«  =  5.  x+y  +  2r=    2. 

15.  ic  +  y  — 2r  =  a, 
x—y  +  z  =  6, 

— af+y  +  «  =  r. 

16.  ax-{-by  =  ao,   -  +  f-  =  -:=-. 

^  ah      ah 

17.  ar+y  =  1,  ax+hy  =  a  +  Z>. 

18.  ?-^=8.1?4-'-  =  101. 
a?      y        '    X       y 

^-    a?-a      y-6  rc-fc      y-a 

^^•-2-  +     3     ="'    -3-+    2~  =  ^- 
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21.  a?  +  2y+2f  +  7==0, 
2a?  +  y  =  2f+l, 
3a?+2«  =  y+2. 

^    2a:-y      ar  +  y  +  l      2ij'-x 

22.  -3 ^— ^  g 

23.  8a;+7y  =  2,  392a;-336y  =«  1. 

24.  4a:  +  5y+    «  =    6,  25.  3a:-2y-    ar  =    8, 

a?+7y  +  22f  =  10,  a?+3y-22:=    4, 

5x-3y-62r  =  16.  Tar-    y-4«  =  20. 

26.    2x+    y-3^=    9, 

3a:-2y+    ;» =    3, 

13a:-4y-3««19. 

Examples  IX. 

1.  The  aum  of  two  numbers  is  176  and  their  difference  48 ;  find 
the  numbers. 

2.  Three  times  one  number  exceeds  another  by  17  ;  four  times 
the  second  number  exceeds  twice  the  first  by  two.  What  are  the 
numbers  ? 

3.  If  3a:  +  4y  =  7  =  y-a:,  find  the  value  of  4a?  +  3y. 

4.  Solve  - +1  =  1-  -=1  +  ^. 

a      b  c  c 

5.  Solve  —- = —   +  -  =  -  5, 

7  y 

— 5—   -y  =  l^- 

6.  A  sum  of  £h  is  divided  between  two  men,  so  that  one 
receives  eight  times  as  many  pence  as  the  other  receives  shillings. 
What  sum  does  each  receive  ? 

7.  A  has  twice  as  much  money  as  B  to  start  with,  and  saves 
three  times  as  much  as  B  every  week.  At  the  end  of  20  weeks 
A  has  £13  and  B  has  £6.    How  much  does  each  save  per  week  ? 

8.  If  5  lb.  of  tea  and  7  lb.  of  coffee  cost  £1.  3^.  4d.,  and  8  lb.  of 
tea  and  3 lb.  of  coffee  cost  £l.  3«.  8d.,  find  the  cost  of  tea  and 
coffee  per  lb. 

9.  A  page  of  print  contains  1300  words  if  in  lai^e  type  and 
1850  if  in  small  type.  If  an  article  of  18625  words  occupies 
exactly  12  pages,  how  many  pages  are  in  small  print  ? 

10.  The  graph  of  the  equation  axi-hy^l  passes  through  the 
two  points  (3,  -2)  and  (  - 1,  2).    Find  the  values  of  a  and  b. 
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11.  What  must  be  the  valaes  of  m  and  c  if  the  graph  of 
y  =»inx^-c  passes  through  the  two  points  (4,-2)  and  (—3,  2)? 

12.  Find  the  equation  of  a  straight  line  which  cuts  the  axis 
of  X  where  a;  =  3  and  also  passes  through  the  point  (4,  5). 

13.  Find  the  values  of  a,  &,  and  c  in  order  that  the  graph  of 
y^aa^-^-hx+c  may  pass  through  three  points  (  —  1,  2),  (3,  4), 
(2,  -2). 

14.  The  age  of  a  father  is  twice  the  sum  of  the  ages  of  his  two 
sons,  the  elder  of  whom  is  twice  as  old  as  the  younger.  Nine 
years  hence  the  father  will  be  three  times  as  old  as  his  younger 
son.    Find  their  ages. 

15.  A  man  buys  two  horses  for  £90.  By  selling  one  for  four- 
fifths  of  its  cost  price  and  the  other  for  five* fourths  of  its  cost 
price  he  makes  a  profit  of  £6  on  the  whole  transaction.  Find  the 
cost  price  of  each  horse. 

16.  If  3  be  taken  both  from  the  numerator  and  from  the 
denominator  of  a  certain  fraction,  the  resulting  fraction  is  equal 
to  2,  but  if  3  be  taken  from  the  numerator  and  added  to  the 
denominator  of  the  same  fraction,  the  resulting  fraction  is  equal 
to  \,    Find  the  original  fraction. 


CHAPTER  X 
MULTIPLICATION 

69.  It  has  already  been  shown  that  xy  ^  yx\  it  follows 
that,  when  there  are  more  than  two  factors,  the  multiplica- 
tions may  be  performed  in  any  order,  e.  g. 

abed  =  hade  =  bdac. 

70.  Suppose  it  is  required  to  multiply  together  two 
different  powers  of  the  same  quantity,  e.  g.  to  find  the 
product  of  a?  and  a^. 

01^  =z  \xXXXXXj 

x^=lxxxxxxxxxx. 
.-.  x^xsfi ^  Ixxxxxxxlxxxxxxxxxx 

=^lxlxxxxxxxxxxxxxxxx    by  §69 
= Ixxxxxxxxxxxxxxxx 
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Other  cases  could  be  done  in  the  same  way,  and  it  is  seen 
that  when  two  powers  of  x  are  miQtiplied  together,  the 
product  is  a  power  of  x  whose  index  is  the  sum  of  the 
original  indices. 

The  same  rule  applies  for  a  number  or  for  any  letter  or 
for  any  algebraical  quantity. 

6»x5*  =  5^  a^xcfi  =  a^  {x+afx{x+aY'  =  {x+a)\ 

71.  Each  of  the  two  powers  may  be  preceded  by  a 
coefficient. 

Sxample  I.  To  find  (he  product  of  Zx^  and  7  ijfi. 

«3x7  xx^xx"     by  §69 
=  21  ar^  by  §  70. 

The  same  reasoning  can  be  applied  to  all  cases. 

Example  II.  To  find  tite  product 

-2  a^b(?  X  3  a6V  x  4  a^hcK 

Product  =-2a«6c>x3oe>'c»x4a'6c* 

=  -2x3x4xa'xaxa'x&x6'x6xc'xc'xc* 

=  -24aVc». 


ILcamples  Xa. 

Find  the  following  products : 

1.2a;x3jr».                2.  2ax3a:\  3.  2a6c«x3al»»c*. 

4.  5j:»x3a?*.                5.  7a«x4a».  6.  4<w^x6a«jy. 

7.  2y'x7y'.                8.  92»x3ay^.  9,  dxt/^xba^y, 

10.  3jyx2y«xx2?.      11.  3Ty'x  5x«y\  12.  -2a6xa«>c». 

13.  4x"xl5a;\           14.  Zp\xl pq".  15.  3ax46x5r. 

16.  7  ar»y  X  8  jcy\        17.  ar»  x  x»*  x  x'\  18.  3  aW  x  4  a'6*  x  ( -  6«). 

19.  8a»x96»x6c».     20.  ZdbcxAxyz,  21.  21  a' x  2  fe*«  x  3  a«fe. 

What  must  2aV  be  multiplied  by  to    give  the    following 
products  ? 

22.  6aV.                  28.-8aV.  24.  4aV. 

72.  The  simpler  cases  of  Multiplication  have  already  been 
dealt  with  in  the  chapter  on  Brackets. 
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Example.  Multiply  Safl—2x^'^x^i  hy  2x. 

Product  =  2«(3  «»— 2  a;«+«— 4) 
=  6jc*— 4fl^  +  2a?— 8  a;, 

since  the  quantity  outside  the  bracket  multiplies  every 
term  inside.  The  work  can  also  be  set  down  as  follows 
very  much  in  the  same  way  as  in  Arithmetic. 

8a;3-2a:^+^-4  4  8  6  4 

2x  2 


6ic*-4a:3  +  2x2-4a:    Product.  8  7  0  8 


It  is  usual  to  place  the  multiplier  immediately  under 
the  left-hand  term  in  Algebra,  although  it  does  not  really 
matter  where  it  is  placed.  There  is  a  good  deal  to  be 
said  for  arranging  the  work  so  that  all  like  powers  come 
in  the  same  column,  as  follows: — 

8ic»-2x2+    a;— 4 
2x 


6  x^—4:  r*  +  2  a;2__4  ^,    Product 

73.  Mental  Multiplication.  It  is  shown  in  §  39  that 
{x-\-a){x-\-h)  =  x^'^(a-\'b)X'^ab;  it  should  be  noticed  that 
the  coefficient  of  a:  in  the  product  is  the  algebraic  sum  of  the 
two  constants  in  the  factors  (either  a  or  by  or  both,  may  be 
negative)  and  the  constant  in  the  product  is  the  product  of 
the  original  constants.  Hence  all  similar  multiplications  can 
be  done  mentally.  ' 

(x  +  8)(aJ  +  5)  =  a:2  +  (6  +  3)a:+5x8 

=  ir2  +  8x+16, 
(^.--8)  (a; + 5)  =  a;2  +  (-8  +  5)  a;  +  (-3)  X  5 

=  a;* +  2  a?— 15. 

The  process  is  easily  reversed. 

Example.  WJiat  ttco  nufnbef'S  mMplied  together  give  a 
product  : 

(i)  a?-8x+12,        (u)  x2-8x-20? 
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(i)  a;«-8x+12  =  a^^-(6  +  2)a;  +  (6x2) 

=  {a?— 6)(a;— 2). 
(ii)x2-.8a;-20  =  a;2  +  (_io+2)a;  +  (-10)x(+2) 

=  («-10)(x+2). 

Examples  X  b. 

Find  the  prodact  of: 

I.  a*-2x-'l   and  3a?.        2.  3y»-2y»  +  4y-l  and  2y». 
3.  8a»-3a«-2  and  4a«.      4.  «*-2^  +  4;?»-3;5  +  2and4«-\ 
5.  5a*-4a»  +  a-2  and  -3a».  6.  a:-a?'  +  2a:'-4  and  3a. 

7.  9a?*-3a:»  +  2-a:  and  4a^.    8.  A;*-fc»  +  ifc«-&  +  l  by  -A:". 

Find  mentally  the  products  of: 

9.  ar+5  and  a?+3.  10.  x-5  and  ar  +  3. 

II.  a?-2  and  x+T.  12.  y-3  and  y-4. 
13.  x-A  and  a?+6.  14.  x-6  and  «-8. 
15.  a?+5  and  «— 5.  16.  a?+5  and  x— 9. 
17.  ic  +  7  and  a;-7.  18.  y  +  3  and  y-3. 
19.  a  +  2  and  a  +  2.  20.  a  +  2  and  a-2. 
21.  x+12  and  x-10.  22.  a;-14  and  a;+7. 
23.  x-Q  and  a;  +  6.  24.  2ar-5  and  2x+b. 
25.  y-8  and  y-2.  26.  a- 15  and  a- 11. 
27.  2f-3  and  z-7.  28.  ar-1  and  a?+50. 
29.  ar-5  and  x  +  S.  30.  a:  +  6  and  x  +  9. 

What  quantities  multiplied  together  give  the  following  pro- 
ducts? 

31.  a;*  +  8x+12.  32.  a;*  +  7«+12. 

83.  aj«-8a:+12.  34.  a^-7a:+12. 

35.  a;*-10a?+9.  36.  a^  +  7x  +  10. 

37.  a^-3a;-4.  38.  a:*-5a:-14. 

39.  a^  +  3a:-4.  40.  a;* +  5 a?- 14. 

41.  ««-4.  42.  aj«-9. 

74.  Szample.  Multiply  3a;3— 2a?2  +  a;— 4  hy  2x— 3. 

Product  =  (2x-3)  (3a^— 2a:2+a:-4) 

=  2x  (8r»-2a:2+a:-4)  -8  (8ar»-2x2  +  ir-4) 
=  6a?*— 4x3  +  2a;2— 8  a; 

— 9jc3^e^_8x  +  12 
=  6a;*-13x»  +  8x2-lla;+12. 
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Either  of  the  following  arrangements  may  be  used : 

2a;—  3 


6a;*-.  4a;3  +  2ar*-  8a;. 
—  93fi-\-6x^'-  8a;+12 

6  a:*— 13  a:®  +  8  x^—  1 1  a:  + 12     Product. 


3a^''— 2a;2  +  a'— 4 
2  a;— 3 


ex*---  4a;3^2a;«-4a; 
—  9a:3  +  6a;2— 3a;+12 

6a;*-13;g3^8^2_7^^12    Product. 

Example.  Und    the   product    of   3— a;3  +  4a^2— 8  a;    and 
2a;3  +  ^_2a;2  +  a 

Before  multiplying,  both  expressions  must  be  arranged  in 
descending  powers  of  a;,  or  in  ascending  powers, 
(i)  Descending  powers.        2  a:*—  2a;*+    a; +8 

—     x^+  4a;«— 8a;+8 

— 2a;«+   2ar^—     a;*-  8a;3 

+  8a;«-  8a;*+  43i^  +  12x^ 

-  6a;*+  6a;3_    Sa^-9x 

+  6a;3—  6ar2  +  3a:-h9 

-2a-«+10a;'-15a;*  +  13a;»+  8a;2-6a;  +  9  Product 

(ii)  Ascending  powers. 
8— 3a:+   4a^2—      r^ 
3+    a;-  2a;2^.   2a^ 

9— 9a;+12a;«—  3a;=* 
+  3a:—  3a;2+   4a:3_     ^ 

—  6a^+   6a:8-  8a;*+   2a;« 

+  6af*—  6a;*+  Sa;^— 2x« 

9-6a;+  8 a;^  + 18 ar»- 15 x*+ 10 ar"^— 2a*    Product 
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Multiplication  sums  can  be  checked  by  giving  x  a  numerical 
value  and  working  the  resulting  arithmetical  sum.  In  the 
last  example,  put  x  =  1. 

Then  8—8 a? +4 «2-.  a:3  -  3_8  +  4-l  =  8, 
8+  a:—2a;«  +  2«8  =  8  +  l— 2  +  2  =  4; 
and  the  product  found  above  =  9— 6  +  8  + 13- 15  + 10-  2 
=  12  =  4x8. 

The  results  of  the  following  multiplications  are  so  impor- 
tant that  they  should  be  learnt  by  heart. 

a  +  h  a^+ab-^b^ 

a— 6  a— & 


a^  +  tOt 

a'+aH+ab^ 

—ah-h' 

-a'b-ab'-P 

a«        -&« 

«»                  -6^ 

a'^-ah+h^ 

a+b 

a^—a*b+db^ 

+o«6-oJ»2+6» 

a> 

+  ¥ 

The  formulae  to  be  recollected  are  therefore : 

(a-hb)(a-b)  =  a2-b«, 

(a-b)  (a^  +  ab+b*)  =  a^-b*, 

(a + b)  (a2-ab + b^)  =  a^ + b-^. 
There  is  no  formula  giving  the  factors  of  a^  +  b^. 

75.  Sometimes  only  one  term  is  wanted  in  a  product,  e.  g.    '^ 
find  the  term  containing  x^  in  the  product  of  8  o;^— 2  x*  +  x—  4 
and  2a;»-8ic«+4a;+5. 

Here  it  would  be  labour  'wasted  to  work  the  ram  in  full. 
Starting  with  2  a?',  it  ifl  seen  that  no  term  containing  «■  can  bo 
obtained  from  the  multiplication  by  2«';  going  to  -3  a:'  it  is 
seen  that,  in  order  to  obtain  a  term  involving  a:*,  -3  a:"  must  be 
multiplied  by  a  mere  number,  in  this  case  -4.    Proceeding  in 
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a  similai'  manner  with  the  other  terms,  the  whole  work  would 
appear  thus  :— 

Term  involvingar»  = +  12a:«  +  4a:«-10a:" 

Examples  Xc. 

Multiply  together : 

1.  3ar»-2a:'+a?-2  and  x-2, 

2.  4a?«-3ar»  +  2a:'  +  a?-2  and  3a;-4. 

3.  5a:'-2ar«  +  3a:-l  and  2a:-5. 

4.  3a:»-3a;H2a:-5  and  rc«-2a:-2. 

5.  7a:*-3a:+l  and  3ar'-3a?+4. 

6.  Sx^-'2x^y-\'Sxi/^-4:i/  and  a;-2y. 

7.  2a3-2a»  +  3a-4  and  2a«-3a  +  3. 

8.  4a*-6a'-2a  +  l  and  3a"-2a-4. 

9.  a-2aH3a'-5  arfd  2-a-^a^. 

10.  3aZ»+2&c  +  3«c  by  2a  +  3ft-4c. 

Find  the  term  involving  s^  in  the  products  of: 

11.  l+2x  +  da^  +  ix^  +  ba^  and  l-x+x^-x'+x*. 

tl-3a:  +  5a:»-7a?3  +  9ar*  and  l-2x  +  3a:*-4rcV5a;\ 
2-4a?4-6ar»  +  8ar»  +  10a;*  and  3-9ar+27a?H81ar^. 

14.  l-flw?+aV-aV  +  aV  and  2-3  6a?  +  46»a^-66»arl 

15.  rc*-2ar»  +  3af-4  and  a:'-43a:*  +  a:«-2«  +  3. 

Find  mentally  the  products  of: 

16.  a?— 2y  and  a?+2y. 

17.  a?  +  2y  and  a:*-2a?y  +  4y«. 

18.  p-Sq  and  p'+3pg  +  9g». 

19.  2a>3fr  and  2a4-3&. 

20.  2a  +  36  and  4a'^-6a6  +  96'. 

21.  3ar-5y  and  9a?»  +  15ay  +  25y'. 

22.  /?-4  and  i>«  +  4i;4-16. 

23.  Multiply  3a»-4a»  +  2a-7  by  2a«  +  3a-l. 

24.  Find  the  product  of  3-2ar-3a?«  and  2-3a?'-5a:». 

25.  What  must  be   multiplied   by   a;— 3   to    give  a  product 
a!»-8ar+15? 

26.  What  must  be  multiplied  by  ar  — 3  to  give  a  product  a:*— 27  ? 

27.  Multiply  aa^-^-bx  +  c  by  ba^'^cx—a. 

28.  Add  the  product  (a-l-&  +  l)(a-fr  +  2)  to  the  product 

(a+6-l)(a-6-2) 
and  verify  the  result  when  a  »  4,  6  «=  1. 
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29.  Multiply  together  (iF*  +  a:+l),  a;"-ip  +  l,  and  ar  +  l. 

30.  Find  the  product  of 

a(l+6)-l  and  aVl-6  +  «^')+a(l  +  6)  +  l. 

Multiply  together : 

31.  ia-^h  and  ia  +  ^h. 

32.  ia  +  ib-}c  and  ia-\b. 

33.  Ja^-Ja?  +  j  and  }a^-Sa:  +  }. 

34.  2a«-Ja  +  J  and  ia*-ja  +  }. 

35.  ^-g  and  ^  +  ^+^. 

Examples  X. 

1.  Find  the  product  of  the  three  factors  (x+y),  (y+«),  (aJ+ar). 
Arrange  the  answer  in  descending  powers  of  x. 

Test  your  result  hy  putting  a? «  - 1,  y=  2,  a?  =  3  in  the  factors 
and  in  the  product. 

2.  Multiply  4a-3&  +  5c  by  -6aV. 

3.  If  P=a?«+2ajy+2y»,   ^  =  a?'-2a;y+2y«,    iJ«a^-y*,    find 
thenJueof  P0-i?. 

4.  Multiply  S^'-a^-Ty*  by  a?*-4a:y  +  3y*.    Verify  the  result 
when  ar  «=  -2,  y  =  1. 

5.  What  is  the  product  when  (1  +x)  (1  +x*)  is  multiplied  by 
(l-a:)(l+a:«)? 

6.  Multiply  4a«-2a+l  by  4a*+2a  +  l. 

7.  Multiply  together  (a? + o  -  6)  (a:  +  6  -  c)  (ar  -  a + c),  collecting  in 
brackets  the  coefficients  of  the  powers  of  x. 

8.  If  2««a  +  6  +  c,  prove  that  2«(2s-2a)  +  (2»-26)(2«-2c) 
equals  4  ftc. 

9.  Simplify 

(y-2f)(2r-a:)  +  («-a:)(a?-y)  +  (a:-y)(y-2r)  +  (a:+y+2r)'. 

10.  Find  the  area  of  a  room  whose  length  is  a^  yards  x  feet 
4  inches  and  breadth  x  yards  2  feet  a^  inches. 

11.  What    quantities    multiplied    together    give    a    product 

12.  Multiply  «»+2(w?  +  2a«  by  a?2-2<?x  +  2a«. 

13.  Multiply  a?'-a:«-9a?  +  9  by  4a:»  +  4a:*-ir-l. 

14.  Multiply  9a:*+3«y+y«-6a?+2y+4  by  3a:-y+2. 

15.  What  will  a  oranges,  b  apples,  c  pears  cost  if  the  price  is 
(o  +  26-c)  pence  each  ? 

16.  Multiply  2-8it  by  8  +  12a?  +  18a?»+27it*. 
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17.  Multiply  5a»-3fl26  +  2a6«+5  6»  by  10a«  +  6a5-15  6«. 

18.  Multiply  I -2+ 1  by  | +2+ |- 

19.  Multiply  together  1  +af-y,  1  —x-¥y,  1  —x—y, 

20.  What  is  the  product  of  a  +  6  +  c  and  o^  +  t^-^i^-ah—ac—he'^ 

21.  What  are  the  factors  of  a:' -4a: -5? 

22.  Simplify 

(a-6)(a  +  6+2c)  +  (6-c)(6  +  c  +  2a)  +  (c-a)(c+a  +  2  6). 

23.  Multiply  together  y+3r-2x,  «+a?-2y,  and  it+y— 2ar. 
Put  07^1,  yssl,  srsslin  the  result,  and  hence  show  how  we 
could  tell  beforehand  that  the  algebraical  sum  of  the  coefficients 
in  the  product  would  be  zero. 

24.  If  a; -3  will  divide  a;'~5a7  +  c  without  remainder,  what  is 
the  value  of  c? 

25.  What  ia  the  coefficient  of  a?  in  the  product  of  {x—2a)^ 
(2  a; +  3),  (3  a; -4)?  What  value  must  a  have  in  order  that  this 
coefficient  shall  be  zero  ? 

26.  Prove  that  aTxaT^  a*^*. 

27.  Showthat    (o  +  c)  (a-c)-6(2a-6)  «  (a-6  +  c)  (a-6-c). 
Verify  when  o  =  1,  6  =  -1,  c  =  0. 

28.  Prove  that  {a-^h)c^ac  +  hc  when  a,  &,  and  c  are  positive 
whole  numbers. 

Simplify  (2a  +  36)(2a?^3y)-6(a+a:)(6-y). 

29.  Multiply  together  9a:»  +  7a?+3  and  3a?«  +  7ar+9. 
Hence  find  the  product  of  973  and  379. 

30.  Multiply  a?4-y-l  by  oi^+y^-^l+x-k-y-xy. 

31.  If  a  and  h  stand  for  any  numbers,  express  in  words  the  fact 
that  (a  +  6)(«-6)  =  o«-6*. 

32.  Simplify  by  two  different  methods  (5  a?  -  7)*  -  (a-  -  5)'.     • 

33.  If26  =  a  +  c,  Showthat  (a-6)«  +  2M4-(6-f)«  =  o«  +  c». 

34.  Simplify 

(a:  +  l)(a;-2)-2(a:  +  2)(ar-3)  +  (ar  +  3)(a:-l). 

35.  Simplify 

(5a:  +  3y)»-(4ar-5y)«  +  (3a:-4y)[2(ar-y)-(5ar  +  2y)]. 

36.  Find  the  sum  of  the  squares  of  a— 6  + c-<{  and  a—h—c-\-d, 

37.  Multiplyf«»-|a?"+J  by  |ar-2. 

38.  If /is=6  +  c— 2a  and  ^s=  c  +  a--2fr  show  that 

jp»+g»-2i)g«9(a-6)'. 

39.  Simplify  7a!*-(3-4aa?)-3ar(4a:  +  l){aa?+5) ;  and  re- 
bracket  the  result  according  to  descending  powers  of  x. 
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40.  Airange  a(h^^c)  +  b((^—a)  +  c{a^''b)  in  descending  powers 
oi  c ;  and  find  its  valae  in  terms  of  c  when  a  =  2  2)  «=  3  c. 

Solve  the  following  equations : 

41.  (8a:-5)(4a?-7)-2(3a?-l)(2a:-l)  =  ^^^. 

42.  4(2a:  +  3)(3a?  +  l)-12(ar  +  l)2=  (4a:  +  5)(3ar  +  l). 

43.  (a?-2)(:r-3)-6(a:-3)(a?-4)  +  5(a?-2)(ar-4)  =  16. 

44.  (a?-l)(a?-4)-(a?-2)(a?-5)  =  (ar  +  l)'-x(a?-3)-37, 

45.  2(x  +  2)(4x-5)-(4a?  +  l)(2a:-3)  =  8a:  +  3. 

46.  (x  +  3)  (a:-l)(2ar  +  5)  =  (a:-4)  (a?+2)  (a:-5) 

+  (ar  +  10)(ar-2)(a:  +  8). 

47.  (5a:-6na?  +  l)-(7-4a;)«8(l+a:«)-3(a:-2)«. 

48.  3(ar  +  l)(a:  +  3)-2(a:*-l)  =  (a?~l)«+3(5x  +  l), 

49.  Prove  the  identity 

(o-6  +  c)  (a«  +  &*  +  c«+6c-ca+ofc=  a»-6'  +  c'  +  3a5c. 

50.  Prove  the  identity 

{a-6)(ap-a-6)  +  (6-c)(ar-6-c)  +  (c-a)(a:-c-a)=0. 


CHAPTER  XI 
DIVISION 

76.  DiviflioN  is  the  process  that  reverses  Hultiplioation, 
so  that  'Divide  a;  by  ^'  is  only  another  way  of  sa3ring 
*  What  quantity  when  multiplied  by  y  gives  a  product  x?\ 
or  *  What  quantity  must  y  be  multiplied  by  to  give  a  pro- 
ductar?' 

The  quantity  to  be  divided  is  called  the  dividend,  the 
quantity  which  divides  is  called  the  divisor,  the  result  is 
the  q^notient.  Hence  dividend  =  divisor  multiplied  by 
quotient, 

77.  The  rule  for  Division  follows  at  once  by  reversing  the 
rule  for  Multiplication. 

Buus.  When  one  power  of  a  quantity  is  divided  by 
another  power  of  the  same  quantity,  the  quotient  is 
a  power  whose  index  is  obtained  by  subtraoting  the 
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index  of  the  divisor  from  the  index  of  the  dividend,  a  g. 

a^  -r  ir®  =  x^'^  =  2^. 
Example.  Divide  18  a^lfic'  hy  8  o»6V. 
Quotient  =  18  a*6V  -r  3  a^^^c* 

=  6  a}flc\ 
78.  A  fraction  bears  the  same  relation  to  division  that 
brackets  do   to  multiplication,    for     — ^ means 

8  x^—bx-\rl  divided  by  2  x,  and  each  term  in  the  numerator 

may  be  divided  separately  by  2  x. 

Example.  Divide  x^'-4:X^  +  2x  by  2x. 

^     ..     .      8x^^4tx^+2x 
Quotient  = 

a  X 

=  4a?— 2a?+l. 
Or  a  method  similar  to  short  division  in  Arithmetic  may 

be  used: 

2x\Sofi'^^x^-\-2x 

4  x^—  2  a;  + 1        Quotient 


79.  In  Arithmetic  there  are  two  ways  of  expressing  the 

fact  that  the  divisor  is  not  contained  exactly  in  the  dividend  : 

37  .^  5  gives  quotient  7  and  remainder  2,  or  87  -r  5  gives 

quotient  7f .     Both  methods  say  that  5  is  contained  in  37 

seven  times,  and  that  when  the  seven  fives  are  taken  from 

87    there    remains   2   still   to    be  divided.     Similarly  in 

Algebra:  40^— 2x+10-7-22r  gives    quotient  2x^1    and 

remainder  10  or 

/.    o    «       ^.vv      «         4a?2— 2a?+10       ^       ,      10 

(4x2— 2a:  +  10)-7-2a;= ^ =2x-.l+5-. 

^  '  2x  '  2x 


Examples  XI  a. 
Divide : 

1.  Qa'b*  by  3o6«.  2.  -9a'ft»c»  by  Zabe, 

3.  21a?y«'  by  -7ay*«.  4.  Tx^V  by  -xV*. 
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5.  -36a*6Vy  by  -4rt«&c.  6.  13«»ary  by  13  ooj'y'. 

7.  U(^x^y'^  by  -2a'V-  8.  - 15  a^ft^c*  by  -5(i»&V. 

9.  12aftc  by  ^abe.  10.  7a*6V  by  3a'6c»» 
Simplify : 

2;r 
-„    9  a*>f  27  (i»-6a'  +  3ff  -,     6y«4-3y»  +  9y«  +  3/ 

^'^-  3^^  ^^-  ^^3v: 

15.  s— 5r-5 1^-  3a;'x2yV-f6xW2r. 

3  a'oc' 

17.  J-(4a?-6;r'+8*).  18.    _  !^±l£z6^*. 

2a?  X 

,^    a:*-6«»y  +  12a:y-3ary»         „^    7a?*-14a;'-21a;'-7 

0?  7a; 

Find  the  quotient  and  remainder  when 

21.  8  (i»J»  -  6  a'ft'*  +  5  a6  is  divided  by  3  aV. 

22.  6a^y*+4a;*y»  +  8ay«  is  divided  by  2xi^. 

23.  4(i*-6(i»+8rt«-10a  +  3  is  divided  by  2a«. 

24.  36a^-24a:«y  +  16iry'-y»  is  divided  by  8a:". 

25.  7  ai*y*  - 14  ar'y'  +  35  xY  -  56  ary"  + 13  y«  is  divided  by  7  a-y. 

80.  It  was  shown  in  the  preyious  chapter  that  such 
multiplication  sums  as  (x— 4)  x  (a;+2)  can  be  done  mentally; 
the  product  being  a^  +  (—4  +  2)  a?  +  (— 4)  x  (2),  i.  e. 

ic2— 2  a:— 8. 

H^nce  reversing  the  process 

(a:* --2a?— 8)  -r  (x-4)  =  a;+2. 

In  working  division  by  this  mental  method,  we  must  see 
whether  the  result  obtained  by  subtracting  the  coefficient  of 
X  in  the  divisor  from  the  coefficient  of  x  in  the  dividend  is 
the  same  as  the  result  obtained  by  dividing  the  constant 
in  the  dividend  by  the  constant  in  the  divisor.  If  these 
results  are  not  the  same,  the  division  is  not  exact. and  there 
is  a  remainder. 

Example.  Divide  jt^— 8  a?— 14  hi^  a?— 10. 

[Mental  work 

-8-(-10)=  -8  +  10  =  +2;  (-10) X  (  +  2) -=-20. 
.-.    there  is  a  remainder.] 

PATXHOa  H 
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=  (a;-10)(a?  +  2)  +  6; 
.'.  when  a?' -8  a: -14  is  divided  by  a: -10,  the  quotient  is  a? +  2 
and  the  remainder  is  6. 

Or         ^ — »=a:  +  2  + 


a:-10  *""""^a?-10* 

Examples  XI  b. 

Find  the  quotient  mentally  in  the  following  cases : 

1.  (a:«-7a;  +  12-r(a:-3). 

2.  (a?»  +  7a:-18)-=-(a:4-9). 

3.  (ar«-4ar-12)4-(ir-6). 

4.  (y«  +  9y  +  20)-r(y  +  4). 

5.  (y»-16y  +  48)-5-(y-12). 

Is  there  any  remainder  in  the  following  divisions  ? 

6.  (p..4i>-7)^(p-5). 

7.  (a»  +  3a-6)-5-(a-3). 

8.  (x•-3ic+4)-^(a:-4). 

9.  (a:H2a?-8)-5-(ar  +  4). 

10.  (y»-3y+6)-r(y-3). 

Find  the  remainder  when 

11.  (a'-6a+4)  is  divided  by  a-8;   and  put   a«8   in  the 
dividend. 

12.  a'-5a-8  is  divided  by  a-7;  and  put  a  =  7  in  the  divi- 
dend. 

13.  ar'  +  3ar-l    is  divided  by  a? +4;  and  put  a:  =  -4   in  the 
dividend. 

14.  ar'-2af+15   is  divided  by  a;  +  6;  and  put  a?  =  -6  in  the 
dividend. 

15.  y'-y-l  is  divided  by  y-4;  and  put  y^i  in  the  divi- 
dend. 

Find  mentally  the  values  of : 

16.^*.  17.^.  18.  ^V 

a-i  a-2  xi-a 

19.  ?!4?.  20.^-1=1.  21.  #t». 

y  +  4  p  +  1  p^-pi^l 

22.  ^Z^.  23.  '^:±l±*. 

ar— 1  x-2 

24.  J^+'^.  25.  ^,. 
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8L  Division  can  be  done  in  Algebra  by  a  method  exactly 
similar  to  Long  Division  in  Arithmetic 

Example. 
Divide  ir«  +  4a;*— 2fl:»  +  ar2— 4a;+6  by  a^—Sx-^-b, 
ar^  +  7a?2  +  i4x+8    Quotient 

x'^-Sj^  +  bx^ 

7jt:*-  7x3+     ^2 


+  Ua;3_34^2_  4^ 
+  14x^-4:20^ +  70  X 

+  8x^—74cx-k-  6 
+  3a;2-24a?+40 


— 60  X—  84    Eemainder. 


Note.  Care  must  be  taken  that  the  divisor  and  dividend  are 
both  arranged  in  ascending  powers  of  x,  or  both  in  descending 
powers.  If  any  power  does  not  occur,  a  gap  should  be  left  where 
that  power  woold  have  come.  The  division  must  be  continued  as 
long  as  possible,  that  is,  so  long  as  the  first  term  of  the  divisor  will 
divide  the  first  teim  of  the  remainder.  Hence  the  greatest  index 
in  the  final  remainder  is  always  less  than  that  in  the  divisor. 

82.  Homer's  Method  of  Long  Division.  In  the  work 
of  the  last  section  it  is  seen  that  the  first  term  in  any 
remainder  is  obtained  by  a  number  of  subtractions^  e.  g.  to 
obtain  14  o:^,  bafl  is  subtracted  from  — 2x^,  and  — 21a;^  is 
subtracted  from  the  result.  For  each  subtraction  a  mental 
change  of  sign  is  made.  Homer's  method  has  the  following 
advantages: 

(i)  The  continual  .mental  change  of  sign  is  avoided  by  actually 
changing  the  signs  at  the  beginning  of  the  work. 

(ii)  The  work  is  so  arranged  that,  instead  of  several  subtrac- 
tions, only  one  algebraic  addition  is  necessary. 

The  successive  steps  of  Horner's  method  should  be  care- 
fully studied;  with  a  little  practice  the  method  will  be 

h2 
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found  to  be  not  only  neater  and  shorter,  but  also  easier 
than  the  method  of  §  61. 

Example. 

Divide  rr«+4a^— 2a:8  +  a;2— 4a?+6  by  a^— 3fl;+5. 

Step  1.  Change  the  sign  of  all  the  terms  in  the  divisor  except 
the  first  and  write  them  down  in  a  vertical  column. 

Step  2.  Obtain  the  first  term  in  the  quotient  bj  dividing  the 
first  term  in  the  dividend  by  the  first  term  in  the  divisor  and 
place  the  quotient  under  the  first  term  of  the  dividend.  The 
first  column  is  now  finished  as  shown  below. 

Step  3.  Multiply  the  terms  in  the  divisor  by  the  first  term  in  the 
quotient,  placing  each  product  in  its  proper  column,  viz.  a^  under 
4^,  a^  under  a^,  &c.  and  in  the  same  line  as  the  corresponding  term 
of  the  divisor.    The  work  then  stands  as  follows : 


x" 


+  3a? 
-5 


a? 

Step  4.  Add  up  the  first  incomplete  column  and  divide  the 
result  by  the  first  term  of  the  divisor ;  this  gives  the  second  term 
of  the  quotient,  and  being  placed  in  the  bottom  line  completes  the 
second  column. 

Step  6.  The  multiplication  proceeds  as  in  Step  3  and  the  work 
now  stands : 


+  3a? 
-5  . 


-  5ar»-35a:« 


Step  6.  Proceed  as  in  Steps  4  and  5,  and  the  completed  work 
will  be: 


a?' 

a?*+4a?*-  2a:»+      x^-  4a;  +  6 

+  3a? 

+  3ar*  +  21a:»  +  42ir^  +  24a? 

-5 

-  5a:»-85ar«-70a?-40 

3^  +  lx^-\-\\x-{-%    Quotient. 

Step  7.  We  cannot  divide  any  further ;  adding  the  two  remaining 
columns  we  obtain  the  remainder,  viz.  —50  a?  —84. 

Homer's  method  is  particularly  usefiil  when  the  divisor 
contains  only  two  terms. 


DIVISION  117 


Divide  a*^— 6ar5  +  4ar3— 3a:+6  by  a?+8. 


X 

-3 


x*  — Gar^  +  4a:»  —     3a;+     6 

-  8  ar«  +  9  a:^- 9  a:*  +  27  it^- 93  r2+279  a»- 828 


a4i_8  a^  +  8  jc*— 9  5:3  4.31^2^^3  J.  ^276    Quotient 

—823  Remainder. 
The  following  example  is  important : 
Divide  ar^+y^  +  jf^— Sa^^r  by  x-\-y-\-z. 
Long  Method. 
ar+y  +  -er)a^  .    .    .    —^yz-\-y^-{-z'^{x'—xy'-'XZ-\'y^—yz-\-z^ 

3(^-\'X'y-\-Qt^Z 


-X^Z              - 

-ar^jer+a?^*— 

-3ayjer 
-    ^Jfi 

'2xyz 

■   xyz—xz^ 

■ 

xy^^ 
xy^ 

'   xyz  +  xz^ 

^_ 

xyz-^xz^ 
xyz 

~ 

—yz^ 

+  xz^ 
-^xz^ 

^yz^-k-z^ 
-k-yz^-k-z^ 

Homer's  Method. 
x\x^-{-Ox^y-k-OT^Z'{-Oxy^—Sxyz-\-Oxz^-k-f  +  Oy^Z'^Oyz^  +  z^ 

-+-£? !  —  a:2;er  +    xyz+    xz^       —   y*^+    yz^^z^ 

a:*—     ay—  arjer  +      y^—     yz-^-      z*    Quotient 


Examples  XI. 

Divide : 

f?3l>"  +  16y-33i>»  +  14p«  by  ii»  +  7jp. 
2.>»  +  5a?*-9a:»-38;r«-a?  +  6  by  ar'-7a?-3. 

3.  -4a*6-3aJ^  +  5  6c  by  -46. 

4.  2ar»+22a?*+127ar«-127ar  +  80  by  ««  +  llar-6. 

5.  12-8ar  +  2ar»-7a:»  +  a?*  by  2-3a?+a:*. 
6)l6ar^-4«»-8a-Har+l  by  4a^-2a--l. 
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7.  l+3a:-24«»  +  8ar*  by  2a:»+3a?-l. 

8.  8aJ^-12ar»  +  35a:'  +  16a?-7  by  2a:«  +  3ar-l. 
9^5a:«-6a:»+l  by  l-2aj  +  a^. 

10;)5a:*-4«"  +  3a:»  +  22a:+55  by  3C»-3a;  +  5. 

11^14 aj»  +  33ar»+25a:«+51-68ir-34ar*  by  23c»  +  3-4ar. 

12.  a:^  + 18 a:»- 216a? -3888  by  ar«  +  12rr-108. 


13.  Prove  that  the  suin  of  the  cubes  of  two  numbers  divided  by 
their  sum  equals  the  sum  of  their  sqa&res  diminished  by  their 
product. 

14.  What  is  the  quotient  when  a^—j^  is  divided  by 

(ir-y)(a:«+iry  +  y*)? 

15.  Find  the  quotient  and  remainder  when 
6a?*-5a:»y+4a:y-5a?y»  +  6y*  is  divided  by  a^-2ay-7y*. 

16.  Find  an  expression  such  that  when  it  is  divided  by  &'  -  a& + a' 
the  quotient  is  1^-2ab  +  a^  and  the  remainder  2  a^{b—a). 

17.  Divide  each  of  the  following  expressions  by  a  —  h: 

(i)  o'-6«  +  a-6;  (ii)  «» -&»  +  «& (a-5) ; 

(iii)  a?(a-&)+y(a-&). 

18.  If  2a?*  +  ar*-6a:«-(ia:-2  is  exactly  divisible  by  x«+2t+1, 
find  the  value  of  a. 

19.  Divide  each  of  the  following  expressions  by  x-y: 

(i)  a(ic-y)  +  6(a:-y)  +  c(ar-y); 
(ii)  a(x'-'y^)  +  b(x^^2xij  +  f/); 
(iii)  a:*  +  a:'  +  ir-y^-y*-y. 

20.  Add  together  l  +  4x-12a:*,  12a^-2  +  6ar,  -  10rr-13a:*  +  2, 
and  3  a? -20 a:* -4.  Multiply  the  result  by  3-2 t  and  divide  the 
product  by  1  —  a:  + 1 1  a:'. 

21.  Find  the  quotient  and  remainder  when  a^^-y^-^-S  is  divided 
by  a?+y+2. 

22.  Divide  a:«-4y*a:*-y'a?«+4y«  by  x^-y. 

23.  If  a:— 3  will  divide  a:*— ca:  + 27  without  remainder,  what 
is  the  value  of  c? 

24.  Divide  a:'*  +  3ay+y'-l  by  ar+y-1. 

or    o-      TXL.     a?*-3a:''  +  4a;'-x  +  5 
^^•^^"^P^^     a:'-h2x-3  ' 

26.  Divide  2a:»+4a:'+8a?  +  18  by  ar+2. 
What  is  the  value  of  the  dividend  if  a7+2  «  0  ? 

27.  Divide  a^-4a?'»-12a— 9  by  a?'-2ar-3. 
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28.  Divide  a^-l  by  «*-ar+l. 

29.  Find  the  qaotient  and  remainder  when 

ar*-3ar'-f5a;*  +  13a:-4  ia  divided  by  a?«-2ar+l. 

80.  Simplify    5^ ^^^^,  ^  . 

31.  Solve  a{»-2b)  +  b{x-2a)  ^  (a-by. 
S2.  Solve  a(a:  +  a-fe)  =  fe(a?-a+5). 

83.  Solve  (6  +  c)(a?-a)-(c  +  a)(a?-fe)«  (a  +  5)(ar-c). 

84.  Solve  a(a:-a)-5(a:--5}  =  a-6. 

35.  Solve  a(a?-36)+26(ar^a  +  6)-:2(a«+26«). 

36.  Prove  that  a?'*-rir*  =  a?"*""   when  m  and  n  are  positive 
integers  and  m  is  greater  than  n. 

,37.  Find  the  remainder  when  ai'+pa^  +  qx+r  is  divided  by 
x+a.    What  does  the  dividend  become  when  ar  +  a  =  0?       ^113, 

38.  Divide 

l-j:+y-a?y-a:*y'--icV+^V*  +  ^y   ^T    l-ar  +  ary-arV- 

39.  Solve  ax-cff^ab-c*  ) 

ex— by  =  (^  —  ab  J  * 
(^.  Divide  ar'-ar"  +  a{6  +  c)a:-a5c-6a?'-ca:'  +  6ca?  by  or-a. 

41.  Solve    a:-«y  =  (l-n')a. 

ax—by  ■*  a^—l^, 

42.  Show  by  division  that    ^^^  =  1  -3ar  +  6ar»-12ir»  +  &c. 
^  ^  1  +  2  J? 

43.  Solve  fcr-oy  =  2a  +  6  =  2a?+y. 

44.  Divide  x*-hQx  +  lb  by  ar'  +  4 a:  + 15  and  verify  your  answer 
when  a?  Bs  10. 

45.  Solve  a(x-l)  +  6(iP-a)  «=ar(&-l). 

(46.  Find  what  12a^-20a?*-13;t»  +  32x'-5a?-3  must  be  divided 
by  in  order  that  the  quotient  may  be  3x''-5ar  +  2  and  the  re- 
mainder 4a?-l. 

47.  Divide 
««^2aj»-(a«-l)a?«+2aV  +  a«(o'-l)a?*-2a^a?+a*  by  a:«-2«  +  l. 
(48,  Prove  that  ax^  +  bx*-hcix^  +  ca^  +  bx  +  a   is  exactly  divisible 
by  ap+ 1 ;  and  is  divisible  byap-1  if  a  +  b  +  c^O. 

49.  Divide 

8{ci«(6+c)  +  6»(c+a)  +  c«(a  +  6)}-2(a5  +  6»  +  c»)-12flftc 

by  6+c-2a. 

50.  Divide  ar»y  +  «y*-a?'-y*-3a?y  +  2ar  +  2y-l  by  a?+y-l. 
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CHAPTER  XII 
INVOLUTION  AND  EVOLUTION 

83.  Involution  is  the  process  of  finding  powers  of 
quantities. 

Examples.    {Sjc'^)^  =  Sx^xSx^xSx^xSi^ 

=  81rc8. 
(-3^:2)3  =  (-8)x(-3)x(-3)Xir2xx2xar2 
=  +32x(-3)xa;2+2+2 

Examples  XII  a. 

Find  the  value  of: 
h  (2a?)'.  2.  (-2x)\  3.  (-2 a:)*.  4.  (2ar)«. 

5.  (2a:»)».  6.  (-2a:V.  7.  (-2a:«)«.  8.  (2a*/, 

9.  (SaH)*.  10.  (-3ai»)».  11.  (-SpV)*- 

12.  (2p')^x{dp^)\  IB.  (-2afc)».  14.  (a?»y')»», 

15.  (a:«y)*  x  (ay»j».  16.  ( -  8  oi*  c")*.  17.  (4  o«  6c»)«. 

18.  (2  a»  &)»  -r  (2  aby.  19.  3»  20.  2~. 

21.  What  is  the  quantity  whose  square  is  49  x*  ? 

22.  What  is  the  quantity  whose  cube  is  -27  a:^  ? 

28.  What  is  the  value  of  ( - 1)"  ?  What  is  the  value  of  ( -a?^)'*  ? 

24.  Find  the  value  of  (2ar*'A  {-2xy,  and  (ar^)'. 

25.  What  is  the  value  of  {-x^  ? 

84.  The  student  will  now  have  found  out  the  following 
rules: 

(i)  An  even  power  of  a  negative  quantity  is  positive,  an 
odd  power  of  a  negative  quantity  is  negative. 

(ii)  {x^Y  =  ^  or  in  words :  When  a  power  ia  itself 
raised  to  a  power,  the  result  is  a  power  whoee  index  ia 
the  produot  of  the  two  original  indices. 
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(iii)  To  raise  a  single  term  to  any  power,  determine  the 
sign  of  the  result  by  rule  i,  raise  the  coefficient  to  the 
required  power  by  multiplication,  and  multiply  the  index  of 
every  factor  in  the  term  by  the  index  of  the  required  power. 

85.  If  rr**  =  y^  then  x  is  said  to  be  the  ffi^  root  of  y.  That 
is,  the  ffi^  root  of  a  quantity  is  a  quantity  whose  n^^  power 
equals  the  first  quantity.  Thus  since  7^  =  49,  7*  is  the 
second  or  square  root  of  49 ;  since  (x^f  ^afi^  x^v&  the  third 
or  cube  root  afi ;  similarly  as  (2  x^^  =  16  a^,  therefore  2  x^ 
is  the  fourth  root  of  16  o:^. 

The  symbol  ^  is  used  to  denote  a  root,  e.  g.  V8  means 
cube  root  of  8,  V^i^^^  means  the  fifth  root  of  243  x^^. 
The  small  figure  placed  before  the  symbol  is  called  the 
index  or  exponent  of  the  root ;  the  symbol  itself  is  called 
the  radical  sign. 

In  the  case  of  the  square  root  the  index  is  omitted  ;  and 
when  there  is  no  index  mentioned  the  word  root  is  always 
taken  to  mean  square  root ;  thus  Vx  is  read  root  x,  and 
means  square  root  of  x. 

Evolution  is  the  process  of  finding  any  root  of  a 
quantity. 

As  evolution  is  the  exact  reverse  of  involution,  the  rules 
for  evolution  are  the  reverse  of  the  rules  for  involution. 

Examples  Xllb. 

Find  the  values  of  the  following  roots  and  in  each  case  prove 
the  answer : 


1.  ^Ax\ 

-  47- 

2.  y^y", 
8.  V-4a:". 

3.  -$^16x«y*. 
^'  •</8x9" 

7.  U^)*. 

13.  (-2)«« 

14.  (-2)»- 

9.  4^-21p\ 

11.  -{^-243ar'». 

4,  what  is  ^i  ? 
-8,  what  is  ^-8? 

12.  ^/81rt^6«. 
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15.  (4  2)«  =  4,  what  is  V'4? 

16.  (+2)»«8,  what  is  v^? 

17.  Find  a  quantity  which  when  multiplied  by  itself  equals  —1. 

18.  Between  what  whole  numbers  does  'v/741  lie  ? 

86.  From  the  last  set  of  examples  the  following  rules 
may  be  discovered. 

(i)  An  even  root  of  a  positive  quantity  may  be  either 
positive  or  negative;  thus  ^/Z  may  be  +2  or  —2;  this 
is  usually  written  -/i  =  +  2. 

An  even  root  of  a  negative  quantity  cannot  be  found, 
and  is  said  to  be  an  impossible  or  imaginary  quantity. 
The  only  thing  known  about  </— 2  is  that  its  square  is 
-2. 

An  odd  root  of  a  positive  quantity  is  positive,  an  odd  root 
of  a  negative  quantity  is  negative. 

(ii)  A  root  of  a  power  is  a  power  whose  index  is  found 
by  dividing  the  index  of  the  original  power  by  the 
index  of  the  root. 

(ill)  A  root  of  a  number  must  be  found  by  trial.  It  is 
shown  in  Arithmetic  how  to  find  the  square  and  cube 
roots  of  any  number.  It  will  be  shown  in  a  later  chapter 
how  any  root  of  a  number  may  be  found  approximately. 

(iv)  To  find  a  root  of  any  single  term,  determine  the  sign 
by  rule  i,  the  coefiScient  as  suggested  in  rule  iii,  and  divide 
the  index  of  every  letter  factor  of  the  term  by  the  index  of 
the  root. 

Involution  of  the  Stun  or  Difference  of  Two  Terms. 

87.  By  actual  multiplication  it  can  be  shown  that 

and  (a;— y)2  =  x^ — 2  ay + y*. 

These  are  formulae  and  must  be  learnt  by  heart  It 
is  useful  also  to  recollect  the  corresponding  rules  in  full. 

The  square  of  the  sum  of  two  quantities  is  equal 
to  the  sum  of  the  squares  of  the  quantities  increased 
by  twice  their  product. 
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The  square  of  the  difference  of  two  quantitieB  is 
equal  to  the  sum  of  the  squares  of  the  quantities 
diminished  by  twice  their  product. 

88.  The  two  formulne  of  the  previous  section  are  really 
only  one,  and  either  of  them  can  be  regarded  as  a  particular 
case  of  the  other. 

y  may  stand  for  any  quantity  ;  we  may  therefore  replace 
it  by  —y.     The  formula  then  becomes 

i.  e.  {x—yY      =  ic^  —    2xy     +    y^. 

89.  There  are  two  simple  formulae  for  the  cube  of  the 
sum  or  difference  of  two  quantities. 

(^+#  =  (ar+y)2x(a*+y)  X  -^    y 

=  a^  +  3ir2y+3ay2  +  3^.         x^  +  2x'^-{-    onf 

if3  +  3a:"2y  +3iry2-|-yS 

Similarly  or  by  substituting  — ^  instead  of  y  we  have 
{X'-yf  =  :^—Zx^y  +  3  xy^-y^. 

There  is  another  form  for  the  'cube'  formulae  which  is 
often  more  useful. 

(x+yf-T^-k-Zx^y^Zxy^'^y^ 

and  similarly 

(x—yf  =  a:5— /— 8  xy  (x^-y). 

90.  Any  higher  power  of  the  sum  or  difference  of  two 

quantities  must  be  found  by  actual  multiplication,  which  can 

often  be  shortened  by  using  the  index  law  for  multiplication. 

Thus  (a-6)*  =  (a-hf  (a-hf 

=  (a2-2a6  +  &2)2 

=  a*-4  a% + 6 a^V^-i  ah^  +  6*    (see  §  91), 
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(2a  +  36)«  =  (2a  +  86)M2a  +  36)2(2a+8&) 
=  (4a2+12a&  +  9&2)2(2a  +  36) 
=  (16  a* + 96  a^h  +  216  a^h^  +  216  ah^ 
+  81&«)(2a+86)    (see  §91); 
and  the  work  can  now  be  finished  by  multiplication. 

Examples  XII  o. 

Find  the  valne  of 

1.  (2a7  +  3)«.  2.  {x-Sy)\  3.  (3 a +  26)'. 

4.  (2ar  +  3ff)'.  5.  {Sx-2a)*.  6.  (3jp+4g)'. 

7.  (x^-y^)\  8.  (3a:«  +  2y»f.  9.  [4abc-2ry)\ 

10.  (3a:H4y«)«.  11.  (x-'2pq)^  12.  (3ai  +  5&r). 

13.  (a-6)».  14.  (a  +  6)».  15.  (p-2g)'. 

16.  (2i)  +  g)».  17.  (3i>-ifl)».  18.  (2x  +  3y)». 

19.  (<rf»-3)».  20.  (2a:-50)».  21.  (2abSxy)\ 

Find  by  a  graphical  method  : 

22.  {a  +  h)\  23.  (a?  +  3)».  24.  (2a?  +  8y)«. 

25.  (a:-y)«.  26.  (a:-4)«.  27.  (a  +  6+c)«. 

Find,  if  possible,  the  square  root  of 
28.  p*  +  2pq  +  q\  29.  4 j)'  -  ^pq  +  $«. 

30.  4a:»+12ay  +  9y«.  31.  4ir«-12ay  +  9y*. 

.  32.  4a»-16a6  +  9i»».  33.  9a«-30(i6  +  256». 

34.  9a?«+14y«-12a^.  35.  16ar*  +  40ay  +  25y'. 

What  must  be  added  to  the  following  expressions  to  make  them 
exact  squaj'es  ? 
36.  a«  +  2fl*.  37.  a*  +  6».  38.  4a:'-4ay. 

39.  a?«-6ar.  40.  9ar«  +  4y«.  41.  a»6«  +  2(ilr»c. 

Use  the  formulae  for  (a  +  &)'  and  {a-hj'^  to  obtain 
42.  101*.  43.  997».  44.  96*. 

45.  57«.  46.  72«.  47.  89«. 

Find  the  value  of 
48.  {x-Vyy.  49.  (2a:-y)*.  50.  (a?  +  2y)«. 

91.  The  formulae  of  §  89  are  true  for  any  quantities ;  we 
can  therefore  deduce  a  formula  for  the  square  of  the 
algebraic  sum  of  any  number  of  quantities. 

We  have  (a?+y)*  =  (a:*+2iry+y»). 

Put  opasfl,  y  =  5+c+rf; 

then  (a  +  6  +  c  +  rf)*«=a*  +  2o(6  +  c+d)  +  (Z»  +  c+d>».  (i) 
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In  exactly  the  same  way  it  can  be  shown  that 

(6  +  c  +  d)»=6«+26(c+d)  +  (c+d)«. 
Hence  substituting  in  i,  we  have  the  formula 

+  6«  +  26(c  +  d) 
Hence  we  have  the  rule. 

The  square  of  the  snm  of  any  number  of  terms  equals 
the  square  of  the  first  term+twioe  the  first  term 
multiplied  by  each  of  the  following  terms  +  the  square 
of  the  second  term + twice  the  second  term  multiplied 
by  each  of  the  following  terms + the  square  of  the  third 
term + twice  the  third  term  multiplied  by  each  of  the 
following  terms,  and  so  on  till  we  come  to  the  square  of 
the  last  term. 

Thus  (2ic+8y— 4;er)2  =  4ic2+i2rry— 16a"jer 

Garefiil  attention  must  be  paid  to  the  sign  of  each  of  the 
products. 

Examples  XII  d« 

Find  the  square  of  each  of  the  following  expressions : 

1.  a-^b—c,  2.  a:— y— ar.  8.  ^x—y^z, 

4.  2a  +  36  +  l.  5.  2^+3y-42r.  6.  3y-4a:+2ar. 

7.  «•  +  «-!.  8.  aj*-a?-2.  9.  3a:»  +  2a;  +  5. 

10.  2a  +  86-c+2rf.  11.  a:»-2a:'  +  3a?+l.  12.  3i>  +  2g+r-5*. 

When  x^ia-h)  and  y  »  (a  +  &),  find  the  value  of  each  of  the 
following : 

13.  2jj«  +  3y».  14.  8«*-2y».  15.  4x«-9y«+«y. 

16.  a:«-y».  17.  8«*+4y».  18.  (3«  +  2y)«. 

Find  the  values  of  the  following  eipressions  when 

xmi  a^y^  (6-c): 

19.  (8a:-2y)l  20.  (a;+2y)«.  21.  (2a:-3y+a-26y. 

22.  Simplify  (a?  +  y)«  +  («-y)*  and  (aj  +  y)«-(a;-y)». 

23.  Prove  that  (9ar-iy-2(7«+3)»  equals  («-9)«-2(3a:  +  7)». 

24.  If  p  ->  &  +  c-2a  and  q  a>  c+a— 26,  show  that 

p»  +  3»-2;)g=9{a-6)». 
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Evolution  of  expressions  containing  more  than  one  term. 

92.  It  is  shown  in  §  87  that  (a  +  6)>  ==  aH  2  al>  +  h\  hence 

reversing  the  operation  Vo?  +  2  a6  +  6^  =  a + 6.  Therefore 
if  an  expression  consists  of  three  terms  of  which  two  are 
exact  squares  and  the  third  is  twice  the  product  of  the 
square  roots  of  the  other  two,  then  the  square  root  of 
the  whole  expression  can  be  found. 

Examples.  16  a;^ + 24  j-y  +  9  /  =  (4  xf  +  (3  yf  +  2  (4  a;)  (3  y) 

.-.  '/16x2  +  24zy-l-9/  =  4aj  +  3y. 

4  a2  +  25  h^- 20  ah  =  (2  af  +  (6  2;)2-2  (2  o)  (5  h) 

.\  v^4 a^  +  25  &•-*- 20 ad  =  2 0-6 6. 
The  sign  ±  should  be  placed  before  each  square  root^  but 
it  is  often  omitted. 

93.  In  a  similar  way  by  reversing  the  rule  of  §  91  it  is 
sometimes  possible  to  find  the  square  root  of  expressions 
containing  more  than  three  term& 

Example.    Find  the  square  root  of 

4a^+  12ay-  16a»  +  9y'-24y2:  +  \%z\ 

We  lee  that  there  are  three  square  terms,  ix\  9y^  IB^i'.  This 
suggests  that  the  square  root  is  2x±%y±^z.  Squaring  this  last 
expression,  we  get  the  right  product  terau  by  taking  the  second 
term  positive  and  the  third  term  negative. 

Hence  the  square  root  =  2a;+3y— 42r. 

The  solution  can  also  be  arranged  thus : 
Expression  =  (2  ic)* + 4  a;  (3  y— 4  ^)  +  (3  y— 4  z)\ 
.'.  sq.  root  =  2a;  +  8^— 4jer. 

Examples  XII  e. 

Find  when  possible  the  square  roots  of  the  following  expressions : 
1.  p'^-'2pq^^.  2.  4a:»-4a:+l.  3.  9a^  +  12ay+4y». 

4.  9a?'  +  16y^  5.  a:»  +  2ay-y*.         6.  4«*-8a;r  +  4a«. 

7.  4a«-12a&4  9ft?.    8.  y"-10y«  +  25«".    9.  49a'+112a6  +  646\ 

10.  a«  +  46*-4a6.       11.  8ai+46>  +  4a*.     12.  a?*-10a)»  +  l. 

13.  a*  +  4  +  4a'.  14,  l-2a:+a:».  15.  2«-2«r+aJ». 
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16.  (i^-6a»65  +  96\        17.  j)W-18i>»  +  81.        18.  6*  +  6'+l. 

19.  {x-hyy-2{x+y)(a  +  b)  +  {a  +  bf. 

20.  aj»-2jy+y'  +  2(ap-y)a+a«. 

21.  a'-2a6+6*-2ac  +  c'  +  26c. 

22.  4a*  +  96*  +  16c'  +  12al>-16flc-246c. 

23.  a?^+4ay-6a»+4y*-12y«  +  92?. 

24.  a»+6'  +  c»+2a5-2&c  +  2(W. 

25.  4a:*-12a:»+13a:"-6a:+l. 

26.  9|>"-6;)<|r  +  g*-24jp  +  8g+16. 

27.  a?«+y"+«»-2ay-2a»-2y«. 

Examples  XII  f. 

1.  If  «  =  >v/3,  y  «=  a/S,  what  is  the  value  of  3:^^29   ^^^t  is 
the  value  oi  xyl 

2.  What  is  the  square  of  each  of  the  following  : 

(i)  V7;  (ii)  v^;  (iii)  i/5oi7. 

3.  Prove  that  v^x  Vy  «  y^. 

4.  Show  that  (2  -  y3)«  «  7  - 4-/3. 

5.  Find  the  value  of  (v^5  +  2)  (V^-2).     _ 

6.  Find  correct  to  two  decimal  places  (V'l7)'-(\/l5)'- 

7.  What  must  >/7  be  multiplied  by  to  give 

(i)  7  ;  (ii)  -/21 ;  (iii)  14  ? 

8.  If  a:  «  ^lWl3^  ^j^^^  ^^^^  ir«  +  a:-3  ==  0. 

9.  If  ^  s  5  and  y  »  3,  find  the  value  of 

a:Va?'-8y+y\/«*+8y. 

10.  If  a  =  3,  6  =  -2,  find  the  value  of  ^/a^-hh^, 

11.  If  a  «B  1,  6  s=  3,  c  «  -5,  d  =»  0,  find  the  value  of 

12.  If  a:  =a  8,  y  «  6,  «  «=  0,  «  =  4,  find  the  value  of 


4»      52^        N     «» 


13.  Show  that  a;  ^  12  is  a  root  of  the  equation 

-/2iC+l-v^i»  +  4'=  1. 

14.  What  is  the  value  of  a^y  when  x  -  3,  y  -  2  ?  Hence  show 
that  -/is  «=  3^2. 
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15.  Show  that  ^/bO  «  5  V^. 

16.  Which  18  the  greater  3v^  or  2v^  ? 

17.  What  must  »/x^^y  be  multiplied  bj  to  give  x-^y  as 
product  ? 

08.  Find  the  value  of  V^  when  x  has  the  following  values: 
0,    1,   1-21,   144,    1-69,   1*96,   2*25.    Hence  draw  the  graph   of 

y  =  j/x  from  a;  =  0  to  x^  2-25.    By  means  of  the  graph  find 

\/l*8  and  verify  by  calculation. 

19.  Draw  the  graph  of  y  =  x*  from  y  =  0  to  y  =  4 ;  and  use  it 

to  find  the  value  of  V^  and  '/2. 

7  —  *>  fi  —  *i 

20.  Simplify   —r-. +  —j-. rr,  and  hence  find  correct  to 

v^7  +  -v/5     76-^/5 

2                   1 
two  decimal  places  the  value  of  —ri +  —7= . . 

^/7  +  V^      -v/6-v^5 

Examples  XII. 

1.  A  regiment  can  be  formed  into  a  solid  square  with  x  men  in 
each  rank.  How  many  men  are  there  in  the  regiment?  How 
many  additional  men  are  required  to  form  a  solid  square  with 
5  more  men  in  each  rank  ? 

2.  A  man  who  is  x  years  old  has  a  son  y  years  younger  than 
himself.  He  leaves  the  son  as  many  pounds  for  each  year  of  his 
son's  age  as  there  are  years  in  the  son*s  age.  How  much  does 
the  son  receive  ? 

^.  Prove  that  the  difference  of  the  squares  of  any  two  consecutive 
odS  numbers  can  be  divided  by  8. 

4.  A  man  buys  x  articles  at  x  pence  each.  If  he  spends 
40*-  12a5  +  96'  pence,  what  is  the  value  of  a;  ? 

5.  A  man  has  x  gold  coins  and  y  silver  coins.  Each  gold  coin 
is  worth  as  many  shillings  as  there  are  silver  coins,  and  each  silver 
coin  as  many  pence  as  there  are  gold  coins.  What  is  the  value  of 
the  coins  in  shillings  ? 

6.  The  area  of  a  field  is  4a-+12a6  + 96^  square  yds.  What  is 
the  length'  of  a  side  ? 


7.  Simplify  (y"r(ay)~**-5-(^T(-) 

^X' 

8.8in.pUfy(J-.)-(5.)- 
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9.  Find  the  square  root  of  a?^«(««-2)«+4(a;«-l)2. 

10.  Extract  the  square  root  of 

4a^  +  16a?»  +  28aJ*  -  89a;«  -  36«  +  36. 

11.  Extract  the  square  root  of 

6aa:(ar'-a«6)+a*(a?*-2(i«6a?+9a«)  +  a^6». 

12.  If  a:  =  8,  y  «  -2,  «  «  5,  find  the  value  of 

yy/?Z4p-5y«  (3a:»-2y»)-16a^y». 

13.8unpUfy(f)MS^(^'/. 

Find  the  square  root  of  each  of  the  following  expressions :    §  9  3. 

14.  4a?*-20a:'  +  13a^  +  80a:+9. 

15.  16a*-8a'-55a«  +  14a+49. 

16.  9a<-12a»+22a'-12a+9. 

17.  16a?«-24a^y-7a?V  +  12a^+4y«. 

18.  4(x-l)(a^-l)  +  9««. 

19.  9a?*-6a^y-lla:»y«+4V+V- 

^0.  To  the  square  of  double  the  product  of  any  two  consecutive 
numbers  add  the  square  of  the  sum  of  the  numbers.  Prove  that 
the  result  is  always  a  perfect  square. 

21.  Simplify  (a-6  +  c)»  +  (a+b-c)«-4(&-c)*. 

^2.  Express  in  algebraical  symbols :  The  difference  of  the  cubes 
of  any  two  numbers  exceeds  the  cube  of  their  difference  by  three 
times  their  product  multiplied  by  their  difference.    Prove  that  the 

statement  is  true.  

23.  Find  the  sum  of  (a  +  b  +  c-df,  (a  +  6-c-d)«,  (a-i»  +  c+rf)« 

and  {-(«-.&) +(c+d)}«. 
^4.  Represent  the  following  statement  symbolically : 
The  n*>>  power  of  a  certain  number  exceeds  the  n^  root  of  the 
number  by  the  g*^  root  of  its  p^  power. 

25.  If  x^  -p±  /p*-42,  find  correct  to  two  places  of  decimals 
the  value  of  a?  when 

(i)l?«     1,  (?«-2;  (iv)jp«5,  g  =  3; 

(ii)jp«-l,  g«-2;  WjP--^.  ff-7; 

(iii)jp--2,  g=*-8;  (vi)jp-«10,  g--10. 

@.  If  a  line  of  length  x  inches  is  cut  from  a  line  whose  length 
is  a  inches,  what  is  the  length  of  the  remainder  ? 

What  is  the  answer  when  a  =  1,  a?  —  — 5 —  ? 


In  this  case  prove  that  a(a— «)  ■»  «*• 

PATBtSOir  I 
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CHAPTER  Xm 

BEVISION  CHAPTER 

84.  DefinitiozLB.  The  words  tenn  (§  4)  and  factor  (§  5)  must  be 
carefully  distinguished.  Note  that  a  term  may  contain  several 
factors  and  that  a  feustor  may  contain  several  terms,  e.g. 

2db  +  Zax-^bc 

where  each  term  consists  of  three  factors  and    (3a+&)(a  +  3&) 
where  each  factor  consists  of  two  terms. 

An  expression  consisting  of  one  term  is  called  a  monomial  ex- 
pression, of  two  terms  a  binomial  expression,  one  of  three  terms  is 
a  trinomial,  and  of  more  than  three  a  multinomial  expression. 

The  definitions  of  '  power  *  and  '  index '  (§  ^2)  must  be  known 
thoroughly.  The  two  are  often  confused,  but  it  ought  to  be 
easy  to  recollect  that  the  '  power '  is  the  result  of  the  multipli- 
cation, and  that  the  '  index '  merely  shows  how  many  &ctors  are 
multiplied  together.  Thus  s^  is  the  third  power  of  x  and  equals 
Ixxxxxx;  the  index  is  3  and  shows  that  there  are  three  &ctors 
equal  to  x.  Each  letter  factor  of  a  term  is  called  a  dimension,  and 
the  number  of  dimensions  is  the  degree  of  a  term ;  thus  ha^b 
which  means  5aaa5  is  of  four  dimensions,  i.e.  is  of  the  fourth 
degree. 

The  degree  of  an  expression  or  equation  is  determined  by  the 
degree  of  the  term  of  highest  dimensions  in  the  expression  or  equa- 
tion.   Thus  2a?'-3a?'+4a?+7  is  of  the  third  degree. 

A  homogeneous  expression  is  one  in  which  all  the  terms  are  of 
the  same  dimensions ;  the  expression 

is  homogeneous  since  each  term  is  of  the  fourth  degree. 

Equations  and  expressions  of  the  first  degree  are  often  said  to  be 
linear ;  if  of  the  second  degree  they  are  said  to  be  quadratic,  if 
of  the  third  degree  cubic. 

85.  Signs  of  equality  and  inequality : 
=  means  '  equals '. 
>  means  '  is  greater  than '. 
<  means  '  is  lees  than '. 
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If  these  signs  are  crossed  out  they  have  the  negative 
meaning,  thus 

^  means  '  is  not  equal  to '. 
>  means  '  is  not  greater  than '. 
<  means  ^  is  not  less  than '. 

=  is  often  used  to  signify   '  identically  equals ' 
and  shows  that  the  equation  is  an  identity. 
Note    that    both  >  and  <  point    towards    the    smaller 
quantity. 

86.  Positive  and  Negative  Numbers.  The  whole  of 
Chapter  III  is  important.  Note  the  three  ways  of  regarding 
negative  numbers : 

(i)  as  the  result  of  subtracting  positive  numbers  from  nothing ; 

(if)  as  obtained  by  counting  irom  nothing  in  a  direction  opposite 
to  that  in  which  positive  numbers  are  counted ; 

(iii)  as  having  a  meaning  exactly  opposite  to  the  meaning 
attached  to  positive  numbers. 

These  three  points  of  view  are  quite  consistent  and  all 

lead  to  the  result  that 

+  a+(— a)  =  0. 

This  may  be  regarded  as  the  essential  property  of  negative 
numbers. 

The  fact  that  x  is  positive  is  often  denoted  by  a;  >  0 ; 
similarly  a;<0  is  another  way  of  saying  that  x  is  negative. 

87.  If  a  and  h  are  two  numbers  such  fchat  a— &  is 
positive,  then  a  is  said  to  be  greater  than  &,  i.  a  if  a—h  >  0 
then  a>h. 

It  follows  that  any  positive  number  is  greater  than  any 
negative  number,  e.  g.  -OOOOl  >  — 1000000. 

Fundamental  Lawa* 

88.  Algebra  may  be  divided  into  two  divisions,  Arithmetical 
Algebra  and  Symbolical  Algebra.  In  Arithmetical  Algebra  letters 
are  used,  but  the  letters  are  supposed  to  have  such  values  as  make 

*  Sections  98-101  may  be  omitted  at  the  first  reading. 

l2 
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the  operations  arithmetically  int<elligible.  This  is  the  kind  of 
Algebra  we  have  used  in  Chapters  I  and  II.  In  Arithmetical 
Algebra  the  letters  are  supposed  to  stand  for  positive  numbers, 
also  in  such  an  expression  slb  x-y  it  is  understood  that  x  stands 
for  a  greater  number  than  y. 

By  our  knowledge  of  Arithmetic  it  is  fairly  easy  to  prove  the 
simple  laws  of  Arithmetical  Algebra,  such  as  a+b^b+a  and 
ab  ^ba.  In  Symbolical  Algebra,  these  laws  are  assumed  to  be 
true  for  all  values  of  the  letters ;  by  these  assumptions  extended 
meanings  are  found  for  the  operations  of  addition,  multiplication, 
subtraction,  and  division.  When  once  these  extended  meanings 
have  been  grasped,  there  is  no  need  to  keep  up  the  distinction 
between  the  two  kinds  of  Algebra. 

In  Chapter  IV  we  considered  special  cases  and  so  found  extended 
meanings  for  the  simple  operations,  but  it  was  pointed  out  that 
general  rules  cannot  be  proved  by  taking  a  few  numerical  examples. 
We  will  now  show  how  these  same  extended  meanings  can  be 
found  by  assuming  that  the  laws  of  Arithmetical  Algebra  are  to  be 
true  whatever  values  the  letters  may  have. 

89«  Laws  of  'A88o<dation,  e.g.  a  +  ib^c)  ^a  +  b-c  and 
a-(ft-r)  1=  a  —  b  +  e. 

Arithmetical  Algebra. 

a,  b,  c  must  all  be  positive  and  b  must  be  greater  than  c. 

a  +  {b'-c)  means  that  to  a  we  are  to  add  the  excess  of  b  over  c. 

If  we  have  a  +  5  we  have  added  c  too  much,  therefore  c  must  be 

subtracted. 

.-.    a  +  (6-c)a«a  +  6-c  (i) 

Again  a  —  {b—c)  means  that  from  a  we  are  to  subtract  the  excess 
of  b  over  c.  If  we  have  a — &  we  have  subtracted  c  too  much,  there- 
fore c  must  be  added. 

.'.    a-(6— c)  =  a-6+c.  (ii) 

In  exactly  the  same  way  we  can  prove  that 

a+(&+c)  =  a+6  +  c  (iii) 

and        a-(&  +  c)  =  a-&— c.  (iv) 

These  four  formulae  together  form  the  Law  of  Association  for 
Addition  and  Subtraction, 
(ii)  Symbolical  Algebra. 

Assume  the  Law  of  Association  to  be  true  for  all  values  of  the 
letters,  and  accept  as  true  the  results  this  leads  to. 
e.g.  assume  a+(6-c)ss:o+5-c. 
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Put  6  =  0,  then  a-^(—c)  » a-c.  (i) 

Again,  assume  a  —  {b  —  c)=a''b-^c. 

Put  &  =  0,  then  a  — (-c)  =  a  +  c.  (ii) 

Hence,  if  the  Law  of  Association  is  always  to  be  true,  the  result  (i) 
shows  that  the  addition  of  a  negative  quantity  must  be  equiva- 
lent to  the  subtraction  of  the  corresponding  positive  quantity; 
while  result  (ii)  shows  that  the  subtraction  of  a  negative  quantity 
must  be  equivalent  to  the  addition  of  the  corresponding  positive 
quantity.  These  meaning^  which  must,  therefore,  be  attached  to 
the  operations  of  adding  and  subtracting  negative  quantities,  agree 
with  what  we  had  already  found  out  by  experiment  in  Chapter  lY. 

They  can  also  be  deduced  by  assuming  the  Law  of  Commuta- 
tion, viz.  a  +  h  =  b-\-a. 

100.  Law  of  commutation  for  addition  and  BUbtraotion, 

i.e.  a  +  fc  +  <j  +  d  =  a  +  c  +  d  +  6=s +c  +  cf  +  fc+a,  &c. 
It  is  sufficient  to  discuss  the  case  of  two  quantities,  viz. 

Arithmetical  Algebra.  If  a  and  b  are  positive  integers  (i.  e. 
whole  numbers),  a  +  b  implies  that  there  are  two  groups  of  objects, 
one  containing  a  objects,  the  other  b  objects,  and  that  we  wish  to 
find  what  number  we  should  reach  if  we  count  the  number  of 


O  A  B 

Fio.  25. 

objects  in  the  two  groups  together.  It  is  clear  that  the  number  is 
the  same  whether  we  start  counting  the  a  group  or  the  b  group. 
Hence,  when  a  and  b  are  positive  integers,  a  +  ft  ~  5  +  a. 

Qraphioal  method.  Draw  OA  a  units  long  and  produce  to  B 
so  that  AB  is  b  units  long. 

If  we  measure  from  0  the  length  of  OB  is  a  +  &  units,  but  if  we 
measure  from  B  the  length  is  b  +  a  units. 

But  the  length  of  the  line  is  the  same  whichever  way  we 
measure. 

.*.    a  +  b^b-^a. 

This  method  applies  even  if  a  and  b  are  not  integers,  provided 
they  are  both  positive. 

We  can  now  prove  the  law  for  more  than  two  quantities. 
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rt  +  &  +  <;  +  d  =  a  +  c  +  cf  +  fc  changing  two  letters 
=  <;  +  a+(i  +  6  „  „ 

=c+rf+a+&  „  „ 

■     =c  +  <i  +  6  +  a  „  „ 

Bymbolio  Algebra.    Assume  a  +  &  =  &  +  a  as  true  for  all  values 
of  a  and  b. 
Suppose  ft  =  -a?  where  x>0  but  < a ; 
then  a  +  (— a?)  = -a?+a, 

but    a  =  x+(a— a?)  by  the  Association  Law. 

a  +  (-»)  =-a?+{a?+(a-a?)} 

s=  —  a? + »  +  (a — a?)  by  the  Association  Law 
^a—x,  (i) 

Suppose  b  =  —x  where  x>a  and  a > 0 ; 
then  a  =  x-{x—a)  by  the  Association  Law. 

.*.    a-i-{-x)  ^-x-\-a 

=  -a?+{a?— (ar-a)} 

^—x  +  x—(x—a)  by  the  Association  Law 

=  -(a:-a).  (ii) 

Results  (i)  and  (ii)  give  us  the  meaning  to  be  attached  to  the 

addition  of  a  negative  quantity,  and  agree  with  the  meaning  found 

from  the  Association  Law  in  §  99  and  with  the  meaning  found  by 

experiment  in  §  22. 

Since  a^x  =  a  +  {—x)f  and  since  the  Commutation  Law  has 
been  assumed  to  be  true  for  all  values,  it  follows  that  it  is  also 
true  for  combined  addition  and  subtraction,  e.  g. 

a  +  (-&)  +  (-c)  +  ci«=  (-c)  +  rf  +  (-6)  +  a. 
.•.    a-b-c  +  d  =-<;  +  d-6+a, 

assumed  by  (i)  above. 

101.  Law  of  Commutation  for  multiplioation,  i.  e.  a5  =  ba, 

Arithmetioal  Algebra.    This  law  has  been  proved,  when  a  and 
b  are  positive,  by  the  graphical  method  in  §  11,  Ex.  5. 
Bymbolioal  Algebra.    Assume  ab=ba  in  all  cases. 
Suppose  ab  means  a  multiplied  by  6, 
and  that  a  »  -x,  where  x  is  positive ; 
then  (^x)b  means  —a?  multiplied  by  2» 

=  (-aj)  +  (-ar)  +  (-a?)...  6  terms 
^— a;— a?— a?..,  b  terms 

«-&a:;  (i) 

but  since  ab  «  &a  in  all  cases, 
••.    (-«)6-6(-a?), 
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i  e.  &  multiplied  by  ( -a?)  «=  (-ar)  h 

=s-te    by  (i). 

Hence  we  have  the  meaning  to  be  attached  to  multiplication  by 
a  negative  quantity,  viz.  multiply  by  the  corresponding  positive 
quantity  but  change  the  sign  of  the  product. 

This,  again,  agrees  with  the  rule  already  found  in  Chapter  IV, 
§29. 

In  a  similar  way  when  other  laws  *  of  Arithmetical  Algebra  are 
assumed  to  be  true  in  all  cases,  they  can  be  shown  to  lead  to  the 
same  interpretation  of  the  meaning  of  addition,  multiplication,  &c., 
of  negative  quantities  as  have  been  found  in  Chapter  IV. 

102.  Brackets.  Be  careful  to  notice  that  brackets  are 
not  neceesarily  to  be  removed  whenever  they  occur.  When 
brackets  are  used  to  enclose  the  coefficient  of  a  power  of  x 
they  are  usually  to  be  kept ;  when  any  power  of  x  comes 
inside  them  it  is  usually  more  convenient  to  remove  the 
brackets. 

Example.  Divide  x^—{a  +  b+c)  x^+(hc+ca+ah)  x--abc 
by  a?— a. 

Keep  the  brackets. 

A—aj^— (a+6  +  c)x*+(6c+ca+a6)j:— a6c  [x^— (6+c)x+6c 


— (6  +  c)a:*  +  (6o  +  ca+a6)x 
— (6+c)fl:*  +  (    +ac    db)x 

+  6c     X      —abc 
+  be     X      —abc 


Quotient  ar^— (6+c)fl?+6c!i 

Examples  XIII  a. 
Revision  Exakples  on  Chapters  I — ^V 
1.  When  a? «  2y  «  -2,  prove  that 

(..!)(„  1) -(.- i)  (,.  1) .  (It.l^fct)'. 

*  The  rule  in  §  88  is  called  the  Law  of  Dibtribution  for  Multiplica- 
tion and  is  trae  for  any  number  of  factoni. 
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2.  In  the  expression 

(2a  +  3)a^-(4(i>-2a)«»  +  (a'-2a+l)a:-«S 
find  the  coefficients  of  the  different  powers  of  a ;  and  determine 
the  nnmerical  valne  of  the  whole  expression  when  a  =  3,  a?  ==  -5. 

3.  If  a  s  1,  &«|,  c  «  0,  d^^—jf  find  the  numerical  value  of: 

(i)  iab^Sbc-2bd''Sad; 

(ii)  a»(6  +  c  +  e0+a(6»  +  c'  +  <?)+  -(&»  +  c»  +  d'). 

4.  Simplify 

8[a»-2{-{a*a:*-8)  +  3ar+7a:»  +  6aJ*}]-6a«a?'(l-aa?); 

and  arrange  the  answer  in  ascending  power  of  x. 

5.  Simplify 

-5{a-3[a-(&-c)]}+30{6-(<r  +  a)}. 

6.  Find  the  numerical  value  of 

aj*(a?  +  l)  +  a?{3y*-y(3a;-2)}-y{2a;+y*-(a:-y)}, 
where  a?s»4|,  ^^51. 

7.  Find  the  sum  of 

-(c-a)a?+(a-6)y+(6-c)«,    -(a-&)a?-(fc-f)y+(c-a)2r, 
and        (6-c)»+  (c-a)y-(a-5);zr; 

and  calculate  what  it  becomes  when 

a=6+lJ=c+2J 

8.  Simplify  the  expressions : 

(i)  -7a  +  9&-{-(5a+4c)+4a-(46-».c)} 
(ii)  -(4a+56)-{(56-3a)  +  8c-(76-5a)}; 
and  find  the  difference  between  them. 

9.  If  a  «  0,  &  »  2,  c  »  4,  d  »  8,  find  the  value  of 

4y6?-3^S»d+2-v/fl*+  ytcS. 

10.  Simplify  {x  -  y)«  +  (a?  +  y)«  -  2  (a?  -  y)  {x + y). 

11.  Find  the  value  of 

a^  yz  «* 

(a?-y)(x-"5)      (y-«)  (y ^)      («-x)  (« - y) ' 
when  a?s=2,  y  =  l,  2r  =  ~3. 

12.  Divide  a»(6-c)+6'(a-c)  +  c*(6-a)  by  6-c. 

13.  Divide  a'(6  +  c)  +  t"(<J  +  «)  +  cM«  +  ^)  +  3fl*c  by  a  +  6  +  c. 

14.  Simplify  2a-[36- {5c-(8a-56)-(2c-5a)} +26]  +  3c. 

15.  Simplify 

[(ir  +  y)(a:-2y)-(j-2y)(x-3y)  +  (ar  +  3y)(x-y)]-f(x+y). 

16.  If  a,  5,  c  be  any  positive  integers,  prove  that 

(a-\-h)c^ac'\''bc^ 
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17.  Find  the  sum  of 

and  snbtract  Sa^tf —2x1/^  from  the  result. 

18.  Express  by  means  of  algebraic  symbols  the  following  direc- 
tions: 

'  Subtract  the  product  of  2  a  +  3  &  and  3  a + 4  6  from  the  product 
of  3  a +2  6  and  4a  +  3&,  and  divide  the  di£Perence  by  three  times 
the  sum  of  a  and  &.' 

Find  the  result. 

19.  Prove  as  clearly  and  as  simply  as  you  can  that 

5-(-2)«5+2. 
Apply  the  same  method  to  prove  that  a-(-&)sa  +  6. 

20.  Prove  that  a^+b^'^2ab  whatever  a  and  b  may  be.  (Use  the 
fact  that  all  squares  are  positive.) 

Verify  in  the  following  cases : 
(i)  a=3,  6-2;  (ii)  rt=3,  6«3;  (iii)  a  =  3,  6  =  -2. 

21.  Which  of  the  following  expressions  are  homogeneous,  and 
which  IB  of  the  highest  degree  ? 

(i)  3«»-a*  +  4a?-2;  (iv)  3a«6'-2<rf^  +  3y'; 

(ii)  2a'6-3a5«  +  a»;  (v)  2a»-36»+2c»-4aic; 

(iii)  4a6-6a«6-2a*-&»;  (vi)  3aj'-2y«  +  4ay. 

22.  Divide  dba^  +  {ac-bd) a^ -{af-\-cd) x+c^f  by  ax-d. 

23.  Divide  a?-k-[a-{-h-c)3^-\'{ah-aC'-hc)x''abc  by  a:  +  a. 

24.  Prove  that  cfixa^^  a^  What  is  the  formula  for  dividing 
a  power  by  another  power  of  the  same  quantity  ? 

Find  the  simplest  forms  for : 
(i)  »'-f«»;  (ii)  a^^x'';  (iii)  a?'-5-y«;  (iv)  3^-f  8«;  (v)  6»■^3^ 

25.  Explain  why  a  -  (6  -  c)  =  a  -  6+ c. 
Hence  show  that  a-{-c)  '^a-^c, 

26.  What  do  you  understand  by  the  terms  positive  and  negative 
as  applied  to  numbers  and  algebraical  quantities?  State  and 
justify  the  rule  for  multiplying  a  positive  by  a  negative  quantity. 

27.  Simplify  4a-{3a-(2a  +  l)}. 

Give  reasons  to  justify  each  step  in  the  process  of  removing  the 
brackets. 

28.  Define  a  factor,  an  index,  and  a  homogeneous  expression, 
and  give  an  example  of  each. 

103.  The  ftinotional  notation.  As  stated  in  §  48  any 
expression  whose  value  depends  on  the  value  of  a;  is  called 
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a  function  of  x.  Just  as  we  use  the  letters  x^  y^  &c.,  when 
we  are  talking  about  numbers  in  general  or  about  some 
number  whose  value  is  unknown,  so  we  use  the  symbols 
f{x\  F(x\  ff>(x)  to  denote  functions  of  x.  Thus,  whenever 
any  form  of  the  letter /comes  before  a  bracket,  it  is  generally 
not  to  be  regarded  as  a  coefficient,  but  simply  as  a  short 
way  of  writing  *  function  of. 

This  functional  notation  is  often  used  to  save  the  repeated 
writing  of  some  definite  function.  Thus,  supposing  the 
function  3  a;*— 5  a; +6  were  going  to  occur  frequently,  then 
it  would  save  time  and  space  to  write  /(:c) ;  we  might, 
therefore,  write:  *  Let  f(x)  represent  8a;'^— 5a?+6'  or  *let 
f(x)^Zx^—bx-\-b\  Throughout  that  piece  of  work  or 
example /(:r)  would  then  have  this  definite  meaning. 

Again,  if  f(x)  =  Sic*— 6a;  +  5, 
then    /(a)  =  3a2— 5a+6; 
for  if  X  is  replaced  by  a  on  one  side  of  the  identity,  the 
same  change  must  be  made  on  the  other  side. 

Example.  ^/(x)  =  4a:*— 8ic+2,'>ui  the  values  off(% 
/(2),/(l),/(0),/(-l). 

By  question  f(x)  =  4a;2— 8a;  +  2. 

.-.      /(3)  =  4. 82-3.  8  +  2  =  29, 

/(2)  =  4.2«-8.2  +  2=12, 

/(I)  =  4. 12-8. 1  +  2=    3, 

/(0)  =  4.  02-3-0+2=    2, 

/(-I)  =  4 .  (-1)2-8 .  (-l)  +  2  =  9. 

104.  QraphB.    All  the  sections  on  graphs  should  be  revised 
carefully. 
Note  the  three  kinds  of  graphs. 

1.  Graphs  of  statistics  or  of  observations  taken  at  long  intervals. 
These  graphs  should  be  a  saccession  of  sti-aight  lines.  Inter- 
mediate values  cannot  be  found  with  this  kind  of  graph. 

2.  Graphs  of  observations  taken  at  small  intervals.  If  it  is 
found  that  a  small  change  in  x  produces  a  small  change  in  y 
we  are  justified  in  drawing  a  carve  through  the  various  plotted 
points.     If  the  observations  are  correct  and  are  correctly  plotted, 
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it  is  almost  always  found  that  the  graph  is  a  neat-looking  curve 
with  no  awkward  bends  in  it.  With  such  a  curve  intermediate 
values  can  be  found  with  considerable  accuracy. 

3.  Graphs  of  algebraical  functions  or  equations.  These  are 
very  much  the  same  as  the  second  kind,  but  are  more  regular  in 
shape ;  and  the  accuracy  of  values  intermediate  to  the  plotted 
values  depends  entirely  on  the  skill  of  the  person  drawing  the 
graph. 

The  process  of  finding  intermediate  values  is  called  inter- 
polation. 

105.  The  connexion  between  an  equation  and  a  graph  must 
be  kept  clearly  in  view. 

(i)  If  simultaneous  values  of  x  and  y  satisfy  an  equation,  tho 
corresponding  points  lie  on  a  straight  line  or  curve  which  is  called 
the  graph  of  the  equation. 

(ii)  If  a  point  lies  on  a  straight  line  or  curve,  its  co-ordinates 
satisfy  an  equation  which  is  called  the  equation  of  that  straight 
line  or  curve. 

(iii)  If  a  pair  of  values  of  x  and  y  satisfy  two  distinct  equations, 
the  corresponding  point  will  be  the  intersection  of  the  graphs  of 
the  two  equations. 

(iv)  If  a  point  is  the  intersection  of  two  graphs,  its  co-ordinates 
will  satisfy  the  equations  of  both  those  graphs. 

Note  that  one  equation  is  sufficient  to  draw  a  graph,  but  that  two 
equations  are  necessary  to  fix  the  position  of  a  point. 

106.  Formiilae.  One  of  the  most  useful  applications  of 
Algebra  is  seen  in  the  use  of  formulae.  We  give  here  a  few  which 
occur  in  elementary  work. 

Arithmetic. 

P=  principal,  r  «  rate  per  cent,  t  =  time  in  years,  /  =  interest, 
A  a  amount. 

Simple  Interest         "^  "*  ioo '  ^  =  P  (l  +  jg^)  • 

(r  \t 
1  + jQ^j  • 

Algebra. 

a»-6^=(a+6)(a-5). 
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Mensuration. 

Area  of  rectangle  =  base  x  height,  i.e.  ^  =  hh. 

hK 

Area  of  triangle  =  i  base  x  height,  i.e.  ^i  =  -g-* 

Gircnmference  of  circle  =  2ir*  x  radius,  i.e.  C=2'nr, 
Area  of  circle  =  tt  x  sqaare  of  radius,  i.e.  ^  =  jrr*. 
Surface  of  cylinder  =  circumference  x  height,  i.  e.  -4  =  2  tt  rfc. 
Surface  of  cone  =  \  circumference  of  base  x  slant  height,  i.e. 

Sur&ce  of  sphere  =  4  jt*-*. 

Volume  of  cylinder  =  area  of  base  x  height,  i.e.  V=  nf^h. 

Volume  of  cone  —  J  area  of  base  x  height,  i.e.  F  =  J  iri^h. 

Volume  of  sphere  =  J  irr*. 

Volume  of  prism  =  area  of  base  x  height,  i.e.  Fs  Ah, 

Volume  of  pyramid  ==  }  area  of  base  x  height,  i.e.  F=  }  Ah, 

If  a,  b,  c  are  sides  of  a  triangle  and  2«  =  a  +  &  +  c,  then  area  of 

triangle     =  v'«(«-a)(«-6)(«-c). 

Examples  XIII  b. 

Find  the  value  of/(0),/(l),/(-l),/(3),/(-5)  in  the  following 
cases: 

1.  When  fix)  =  3a;«-4a?-5. 

2.  When/(«)=:2a3-9a?+2. 

3.  When  /(a?)  =  a;(a?-l)  (aj-2). 

4.  When /(a?)  =  3  (a: +  !)(«- 3)  (a: +  5). 

5.  When/(a:)  =  2-3a?+4a?*-a:». 

6.  Find  the  value  of /(a-a?)  +f{a-hx)  when  f(x)  =  a:'+a?  + 1. 

7.  Find  the  value  of  <^  (a + a?)  -  <^  (a  -  a;)  when  </>  (a;)  =  a' + oa?  +  x\ 

8.  Find  a  function  of  x  of  the  first  degree  which  equals  5  when 
a:  =  1,  and  equals  7  when  a?  =  —  1. 

9.  If  4)(x)  =  aa^  +  2bx  +  c,  find  the  value  of 

<j!>{a;+l)  +  0(a:-l)-2  0  a?). 
10.  If  if' (a?)  =  a; +  5,  find  the  value  of 

F(x-^2)xF(x-2)'{F{x)}\ 

*  ir  is  defined  as  being  the  number  of  times  the  diameter  of  a  circle 
is  contained  in  the  circumference.  It  is  not  an  exact  number.  For 
practical  purposes  ir  may  be  taken  as  8^,  or  more  accurately  8<1416. 
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11.  What  can  you  say  about  f{x)  if /(a?)  «/(-«)  ? 

12.  Draw  the  graph  of  y=/(i)  if  fix)  «  3-2ar». 

13.  Draw  the  graph  of  y  =  o^  from  a? »  0  to  a;  =:  3,  and  from  the 

graph  find  the  values  of  (.75)«,  (2.6)',  VT9. 

14.  A  man  starts  walking  at  noon ;  he  walks  at  the  constant 
rate  of  4  miles  per  hour  and  rests  5  minutes  at  the  end 
of  each  fourth  mile.  Draw  a  graph  by  means  of  which  the 
distance  he  has  walked  at  any  time  before  4  p.m.  can  be  found. 
How  far  has  he  walked  at  a  quarter-past  two  ? 

15.  The  area  of  a  triangle  is  6  sq.  ft. ;  draw  a  graph  to  show 
how  the  height  varies  as  the  base  changes  from  1  to  12  feet. 

16.  Taking  ir  as  3},  draw  a  graph  by  means  of  which  the  cir- 
cumference of  any  circle  may  be  found  if  the  radius  is  not  greater 
than  5  inches. 

17.  Find  the  volume  of  a  sphere  whose  radius  is  3-6  centimetres, 
taking  n  as  3*14.  {The  answer  should  be  given  correct  to  two 
significant  figures*} 

18.  Find  the  area  of  the  base  of  a  cone  6  feet  high  if  its  volume 
equals  the  volume  of  a  sphere  4  feet  in  diameter. 

19.  A  cylindrical  jug  8  inches  high  holds  1  quart  of  milk; 
find  the  radius  of  its  cross- section.  {1  c.  ft.  of  water  weighs 
1000  oz.,  1  gallon  weighs  10  lb.} 

20.  Find  correct  to  one  decimal  place  the  area  of  a  triangle 
whose  sides  are  13, 15, 16  centimetres  respectively. 

21.  A  circular  lawn  of  radius  10  yds.  is  surrounded  by  a  path 
6  feet  wide ;  find  the  area  of  the  path. 

22.  Find  the  simple  interest  on  £105  at  4}  %  for  3  years. 

23.  Find  the  number  of  yean  £210  must  be  invested  at 
simple  interest  before  it  amounts  to  £252 ;  the  rate  of  interest 
being  4  per  cent. 

24.  Find  the  area  of  a  triangle  whose  sides  are  13,  12,  5  inches. 

25.  Find  the  area  of  a  triangle  whose  sides  are  5  ft.  5  in., 
5  ft.  3  in.,  and  1  ft.  4  in. 

(|6.  If/(ar)  =  ar"  +  te+c,/(l)  =  -5,/(2)  =  -2,and  /{-2)  =  10, 
find  the  values  of  a,  5,  and  c. 

(27.  If  <^(a:)  =  aaj»+ to+c  0(2) »  12,  <^(3)  -  26,  and  i^(-l)  «  6, 
find  ii(x), 

(28.  If /(or)  contains  only  odd  powera  of  x,  show  that 

/W+/(-»)«=o. 
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29.  Draw  the  graphs  of 

y  =  3a?-l,  2a:-3y  =  -4,  and  3a?+4y=  11. 

Hence  show  that  there  are  values  of  x  and  y  which  satisfy  all 
three  equations. 

(30.  Draw  the  graph  of  y  =  a?' +  6 a:"  +  3a? -10.    At  what  points 
does  it  cut  the  axis  of  a;  ?    Hence  solve  the  equation 

aj»  +  6«»  +  3a?-10  =  0. 

31.  Plot  the  points  given  by  the  following  table,  taking  1  inch 
as  the  unit,  and  drawing  a  small  circle  round  each  point  plotted. 

a?       -.5        0  -5        1  1-5 


—5 

0 

.5 

1 

-.15 

.25 

.8 

1.35 

y       -.15        .25        .8        1.35      1.75 

32.  Make  a  table  giving  the  values  of  a^  — 3  a?  when  x  has  the 
values  -1,  0,  1,  2,  3,  4.  Then  draw  a  curve  that  will  show  how 
a?*  —  3a?  varies  while  a?  varies  from  —  1  to  4.  Find  from  your  figure 
the  value  of  a?*  — 3  a?  when  a?ss2J,  and  verify  your  result  by 
substituting  this  value  of  a?  in  the  given  expression.  Find  also  for 
what  value  of  a?  the  expression  is  equal  to  2. 


Eqnations. 

107.  The  distinction  (§  5)  between  an  ordinaiy  equation  and 
an  identity  is  important.  As  a  rule  ordinaiy  equations  have  to  be 
solved,  that  is,  the  values  of  a?  for  which  they  are  true  have  to 
be  found.  To  verify  that  the  solutions  are  correct  the  values 
found  must  be  substituted  in  succession  on  both  sides  of  the 
original  equation  (§  57). 

In  practice  the  coefficients  in  an  equation  are  often  decimals. 
Unless  the  decimals  are  equal  to  very  simple  fractions  they  should 
not  be  replaced  by  vulgar  fractions ;  they  should  be  kept  as  they 
are,  or  may  be  removed  by  multiplying  throughout  the  equation 


Bzample  I. 

Solve 

.7ar- 

-.6a?+.875- 

-.3a?«= 

•6 

Transpose 

.7«-.6a?- 

■•3a? « 

.6 -.875 

Collect 

- 

-.2a?« 

-275 

Divide  by  —.2 

a?«s 

-.275 

-2 

1.375    Answer. 
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Bzample  n.  Solve  3*23  -  ^7  (-35  —Sx)  ^  -24  {x  -  -3) 
Remo?e  brackets  3-23  -  -245  +  •21  a;  =  -24  a;  -  -072 
TranepoBe  21  a: -.24a?  =  -3.28 +  .245 --072 

«  -3.802 +  .245 
Collect  -.03a? «  -3.067 

Divide  by  -  .03  a? «  -"-ttq— 

c=  101*9   Answer, 


108.  We  know  that  4x0  =  0  and  6x0  =  0;  therefore 

4x0  =  5x0. 

If  we  now  tiy  to  divide  both  sides  by  0,  we  obtain  4  =  5 
which  is  untrue.  Hence  we  see  that  if  both  sides  of  an 
equation  are  divided  by  nothing,  the  result  obtained  is 
not  neoessarily  true. 

Now  if  a  common  factor  contains  the  unknown  quantity 
we  do  not  know  whether  the  value  of  that  factor  is  zero  or 
not ;  we  must  therefore  never  divide  by  a  factor  containing 
the  unknown  quantity  unless  we  are  sure  that  the  factor  is 
not  asero. 

Bzample  L 

Solve  3a?(a?-2)-2(a?-2)=3(a?-l)(a?-2). 
Notice  that  x.-2  is  a  factor  throughout. 

Wrong  Method. 

Divide  by  a?-2  8a:-2«  3(a?-l). 

Remove  brackets    *     3a;-2  «  3a?-3. 

Transpose  0  =  -  1. 

And  we  have  not  found  the  value  of  x  and  have  got  an  impossible 
result. 

Bight  Method. 

Either  ap-2  «  0,  in  which  case  a?  ~  2. 

Or        X— 2:9£:0,  and  we  may  divide  by  it,  and  the  same  work 
as  above  leads  to  0  «=  - 1. 
So  we  have  this  result 

either  a:  =  2  or  0  »■  - 1. 
The  first  alternative  gives  us  the  required  valne  of  a?. 
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Example  II» 

3a?(a?-2)-2(a?-2)  =  2  (a:-l)(ar-2). 
Either  a:-2  =  0,  in  which  case  a?  =  2. 
Or        a?— 2  ^fc  0,  and  we  may  divide  by  it. 
Divide  by  a;-2  3a:-2  =  2(a?-l). 

Remove  brackets         3a;-2s=2x~2. 
Transpose  a? »  0. 

Hence  we  have 

either  a?  =  2  or  a?  =  0. 

Both  alternatives  are  possible,  so  we  have  two  values  of  x  which 
satisfy  the  equation. 

Verification. 

If  a? -2,  L.H.S.-:6(2-2)-2(ar-2)  =  0, 

and  R.H.8.  «2(2-l)(2-2)  «0. 
If  aj=0,  L.H.S.  =  0(0-2)-2(0-2)  =  4, 

and  R.H.S.  =  2(0-1)  (0-2)  =4. 
Hence  both  solutions  are  correct. 


Problems. 

108.  In  all  problems  the  following  points  should  be 
noticed : 

(i)  Read  the  question  very  carefully  and  make  quite  sure  what 
is  given  in  the  question  and  what  is  required  to  be  found. 

(ii)  Recollect  that  x  stands  for  a  number,  and  that  if  a  concrete 
quantity  is  to  be  found  the  units  must  be  clearly  stated,  e.  g. 

Let  £x  be  the  sum  required. 

Let  X  be  the  number  of  cows. 

Let  X  years  be  the  man*s  age,  &c. 

(iii)  Do  not  give  up  because  the  equation  cannot  be  found  at 
once ;  very  often  half  a  dozen  steps  or  more  are  necessary  before 
the  equation  can  be  found. 

(iv;  If  the  equation  is  not  obvious,  write  down  in  symbolic  nota- 
tion the  various  quantities  that  are  given  in  the  question ;  it  will 
soon  be  found  that  two  different  symbolic  expressions  can  be  found 
for  the  same  quantity ;  hence  an  equation  can  be  written  down. 

(v)  Recollect  that  as  many  equations  must  be  found  as  there 
are  unknown  quantities. 

(vi)  If  there  are  more  unknown  quantities  than  there  are  equar 
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tions,  it  does  not  follow  that  the  problem  cannot  be  solved ;  on 
the  contrary  it  can  be  solved  in  a  large  number  of  ways,  see  §  60. 

llO.  Typical  Problem  questions.  We  do  not  intend  to 
work  these  fuUy,  but  give  a  few  hints  which  should  enable 
the  student  to  solve  them  without  difficulty. 

Number  and  Digit  Problems.  A  number  of  iico  digits 
is  increased  by  45  when  its  digits  are  reversed;  what  is  the 
number? 

Recollect  that  the  number  68  (for  example)  means  6x10  +  8  and 
that  365  «  3  X  10«  +  6  x  10  +  5. 

Similarly,  if  a,  b,  c  are  the  successive  digits  of  a  number,  the 
number  is  100  a  + 10  b  +  c. 

The  digits  are  called  the  units  digit,  the  tens  digit,  the  hundreds 
digit,  &c. 

In  this  particular  question  there  are  two  unknowns,  viz.  the  two 
digits,  but  we  are  told  only  one  fact  and  can  obtain  only  one 
equation.  By  the  nature  of  the  question,  however,  the  unknown 
quantities  are  positive,  integral,  and  less  than  ten.  Hence  all  the 
solutions  can  be  found. 

Clock  sums.  At  what  time  between  3  and  i  do  the  two 
hands  of  a  watch  coincide  ? 


Fig.  26. 

Recollect  that  the  minute  hand  moves  twelve  times  as  fast  as 
the  hour  hand. 
Suppose  the  hands  coincide  at  x  minutes  past  3. 
Then  since  3  o'clock  the  minute  hand  has  moved  through  x  spaces. 
But  the  hour  hand  has  moved  through  only  x—lb  spaces. 
/.    a?  =12  (a: -15), 

PATXMO*  K 
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Fraction  Problems.  Find  a  fraction  tohich  equois  ^  when 
1  is  subtracted  from  the  numerator,  and  equals  ^  when  1  is  added 
to  both  numerator  and  denominator. 

Here  there  are  two  unknownB,  viz.  the  numerator  and  de- 
nominator. We  are  told  two  facts,  therefore  two  eqaations  can  be 
found. 

Ck>in  Problems.  A  man  has  20  coins  in  his  pockety  some  of 
which  are  shillings  and  some  are  pence ;  their  value  is  d&  dd. 
How  many  shillings  has  he  ? 

Distinguish  carefully  between  the  number  of  coins  and  the 
value  of  the  coins.  If  two  unknowns  are  used,  two  equations  can 
be  found ;  one  depending  on  the  number  of  coins,  one  on  their 
value.  In  the  value  equation  all  the  values  must  be  expressed  in 
the  same  denomination,  e.g.  if  there  are  x  shillings  the  number 
of  them  is  x^  but  their  value  is  12  a?  pence. 


Examples  ZIIIc. 

Solve : 

5~3ag  5^      3      3~5a? 

4  3"'2'"      3' 

^    aja-'X)  b(b  +  x) 

0  a 

o    a(a—x)  b(a-x) 

4.  aia?=  a*(a-a?)  — 6'(6+a?). 

5.  i{x-l)-i{x-l)+i{x-i)^h 

^    2         15/,      a;  +  l\   ,  19      9 /x  +  l      1\ 
^-  5"^  +  2-(^-  -3~)  +  l0  =  5  (-6"  "  ?> 

7.  4{x  +  a)ix'-b)+lab^(2x+a){2x-b)  +  {a-\-b)\ 

8.  ^(a?  +  a+2)-i(a;  +  2a-6)  =  3J(a;  +  8a-4). 

9.  34a:-.17  (x-2)  =  51  (|  -  3). 

10.  .3  (x-'2)  +  3  (.7a?  +  5)  =  3-6  (^  -  g). 

11.  What  values  of  x  will  make  the  following  statements  true  ? 
(i)  4(a?-.3)  =  5(a:-8); 

(ii)  6(a?-6)-=6; 
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(iii)  xix-l)  =  10(j;-l); 
(iv)  (x-'2){x-7)  =  (2a:-3)(ar-7); 
(v)  (ar-5)(ar-2)=  (a?-5)(a?-4). 

12.  What  values  of  x  will  make  the  following  statementB  true  ? 
(i)  3(a?-5)  =  4(a:-5); 

(ii)  7(a:-2)  =  x(a:-2); 
(iii)  a(a?-6)=  a; 

(iv)  (x-l)(3a?-4)  =  (2a?-l)(a:-l); 
(v)  (2a?-3)(a?-2)  =  (a: +12) (2 a; -3). 

Solve  (and  in  each  case  verify  the  solutions): 

13.  7a?  +  9y  =  a?-y«4. 

14.  ^-^  =  2J,4*«3y. 

15.  aa?+6y=2((i«+6«), 

?-  ?=■?  +  ^ 
a     6      &      a 

16.  a?+2y==8a-6, 
2a:+y   ^da+b, 

17.1  +  1  =  1,  «_Z= -J. 

18.  ?  +  ^-c+i.^^:^=d-i. 

«      y  a?y 

19.  3aj  +  4y«  Hay,  5a?-2y  =  ajy. 

20.  2«+i(6a?-2y-l)  =  l+i(2y-l), 

l(4«+3y)«Ay+l. 

21.  .12a?+.23y  =  -857, 
14 a: -81  y« -7.98. 

22.-<2-1.3-i5. 

a;  X 

23.     2a?+  4y»  1-2, 
8-4a:--02y  =  .01. 

^-  35"*"  5^"  9* 

1  +  1-1 

5a;  ^  3y     4* 

25.      3aj-7y+4«»=    1, 

-5a?+9y-   «»22, 

a?-2y+    «=   0. 

k2 
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26.  1  +  1+1=12, 

2      3      6  ~  ' 

27.  a?y=3(a?  +  y),  xz=8(x  +  z)y  7tfz^9(ij+z). 

28.  5ar-iy  +  l2r=    7, 

Ja?-Jy  +  l2f=    5. 

29.  ar+8«  =  2y  =  2r  +  20  =  20y-a?. 

30.  i(a;-5)-J(y~J)  =  J(y-i)-M^-i)  =  i. 

31.  What  do  you  mean  by  the  term  graph?    Draw  figures 

giving  on  any  convenient  scale  the  graphs  of 

(i)  y  =  -1 ;  (ii)  y  =  I  -2  from  a?  =  0  to  a:  =  4. 

Hence  obtain  the  solution  of  these  equations  if  treated  as 
simultaneous. 

Solve  graphically  and  algebraically : 

82.  3y  =  a:+2,  y«  3 -2a:. 

33.  2a?+3y-19  =  0,  3a?-2y-9  =  0. 

34.  3a:+4y  =  5,  3y-4a?«10. 

35.  2y  «  3(a?-4),  3y  =  1  -5a?. 
86.  5a?  +  3y=7,  7y-8a?  =  6. 

37.  2ar+y«0,  Jy-3a?  =  8. 

38.  y-lJ  =  3a?-2,  2a:-li  =  3-y. 

39.  7a?-9y  s=  12,  4a?  +  5y  «  10. 

40.  3a:+2y  =  5,  7a;-6y  =  8. 

41.  Find  the  fraction  which  becomes  |  if  1  be  added  to  its 
numerator,  but,  if  1  be  added  to  its  denominator,  becomes  \. 

42.  Find  that  number  of  two  figures  to  which,  if  the  number 
formed  by  changing  the  places  of  the  digits  be  added,  the  sum  is 
121 ;  and  the  difference  of  the  same  two  numbers  is  9. 

43.  A  bill  of  £21.  IO9.  was  paid  with  half-crowns  and  half- 
sovereigns,  and  the  number  of  half-sovereigns  exceeded  three  times 
the  number  of  half-crowns  by  4 ;  how  many  were  there  of  each  ? 

44.  A  farmer  sells  to  one  person  9  horses  and  7  cows  for  JC300, 
and  to  another  6  horses  and  13  cows  for  the  same  sum ;  find  the 
price  of  a  cow. 
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45.  A  purse  contains  £2,  12«.  made  up  of  pence,  shillings,  and 
half-crowns.  The  number  of  shillings  is  three  times  the  number 
of  half-crowns,  but  is  only  one-fourth  the  number  of  pence.  Find 
the  number  of  each  coin. 

46.  A  bill  of  ^5  is  paid  partly  in  English  shillings  and  partly  in 
French  francs.  If  the  number  of  shillings  were  decreased  by  one- 
third,  the  number  of  francs  would  have  to  be  increased  by  one-half. 
Find  the  number  of  each,  assuming  that  twenty-five  francs  equal  £1. 

47.  The  garrison  of  a  town  has  provisions  for  a  certain  number 
of  days  and  it  is  known  that,  if  a  thousand  men  were  to  leave  the 
garrison,  the  provisions  would  last  two  days  longer  but  that,  if 
a  thousand  more  men  were  to  join  it,  the  provisions  would  last 
one  day  less.    Find  the  number  of  the  garrison. 

48.  A  father  is  30  years  older  than  his  son  ;  in  20  years*  time  he 
will  be  double  the  8on*s  age.    Find  the  present  age  of  the  son. 

49.  A  grocer  buys  eggs  at  6«.  6d.  per  hundred.  He  sells  all  but 
69  of  them  at  the  rate  of  11  for  a  shilling,  and  then  finds  that  he 
has  received  30^.  more  than  he  gave  for  the  whole  number.  How 
many  eggs  did  he  buy  ? 

50.  A  bag  contains  a  certain  number  of  gold  coins.  Half  its 
contents  and  half  a  sovereign  more  are  removed.  Half  of  what 
remains  and  half  a  sovereign  more  are  then  removed,  leaving  £b 
in  the  bag.    Find  how  much  the  bag  contained  originally. 

51.  A  boy  bought  104  apples  for  five  shillings.  The  large  ones 
he  got  at  the  rate  of  two  for  three-halfpence  and  the  small  ones 
two  a  penny.    How  many  of  each  sort  did  he  buy  ? 

52.  A  train  leaves  London  for  Brighton  at  9  a.m.,  travelling  at 
the  uniform  rate  of  a  miles  an  hour.  Another  train  leaves  Brighton 
for  London  at  10  a.m.  and  travels  uniformly  at  b  miles  an  hour.  At 
what  time  will  they  meet,  and  at  what  distance  from  London,  the 
distance  between  the  two  towns  being  taken  at  50  miles  ? 

53.  At  what  time  between  8  and  9  o'clock  are  the  hands  of 
a  clock  in  the  same  straight  line  ? 

^4.  The  dial  of  a  clock  shows  24  hours,  so  that  the  hour  hand 
makes  only  one  revolution  per  day  and  points  straight  upwards  at 
midnight.  At  what  time  between  5  and  6  p.m;  do  the  hands 
coincide  ? 
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Zdentdties. 
IIL  The  two  udes  of  &n  identity  are  really  the  same 
flzpression  written  in  different  forms,  so  that  an  identity  is 
true  for  all  values  of  x.  It  is  often  asked  to  prove  that 
a  given  equality  is  an  identity.  This  should  be  done  by 
one  of  the  following  methods : 

(i)  Start  with  either  aide,  and  bj  removing  bmckets  or  by  other 
algebraical  processeB  tmiiBforni  it  into  the  other  side. 

(ii)  Take  the  two  sides  separately  and  prove  them  both  equal  to 
some  third  form. 

Example.     Prove  that  a*(6— c)  +  6'{c— (i)  +  c*(a— 6) 

=  lK{b— e)  +  ca{e—a)  + ah  {a— h). 
Method  I.     L.H.S.  =  o^d— a*c+6"c-6'o  +  c*o-c''fc 

=:  &c(6— c)  +  ca(c— o)  +  a6(a— ft) 
=  E.H.S. 
and  identity  is  proved. 
Hethod  n.    L.H.S.  =  a^-a'c  +  b^c-b^a+^a~c'b 
=  o»(6-c)-a(6*-c»)  +  bc(fc-c) 
R.H.S.  =  6c{6-c)+c»a-rt«c+rt''6-a&» 
=  a^b-c)-a(b''~c*)+bc(b-c). 
.-.  L.H.S.  =  R.H.S. 

and  identity  is  proved. 
The  following  very  common  method  should  never  be 
used: 

aJ((,_c)  +  6*(c— o)  +  c*(a— fc)  =  bc{b—c)  +  ca{c—a)  +  ab(a—b). 
Itemove  brackets : 

at  ^  o'c  +  6'c  ~  i*o  +  A  -  (^  -  6'c  -  fcc*  4  f'n  -  ni' + o'ft  -  ofc*. 
Transpose  and  collect :  0  *=  0- 

Tbis  method  is  bad :  (i)  it  begins  by  assuming  what  has  to  be 
proved ;  (ii)  it  does  not  prove  what  was  asked,  hut  proves  that  0  =  0. 

112.  The  following  is  a  common  type  of  example. 
If  possible,  find  values  <ifAandBso  that 

A{x~2)  +  B(x-8)=Zx-& 
shall  be  an  identity. 
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Kethod  I.    The  equality  will  be  an  identity  if  the  coefficients 

of  X  on  each  side  are  the  same,  and  if  the  constants  are  also  the 

same. 

^(a?-2)  +  -B(a?-3)  =  3a:~5, 

if  Ax-2A  +  Bx-ZB^Zx'-h; 

i.e.  if         (.4  +  5)a:-(2ii+3B)  =  3ar-5; 

i.e.  if  ^+    B  =  3, 

and  2^  +  3B»5, 

solving  ^  Bs  4,    B  «=  - 1. 

Method  II.    If  the  equality  is  an  identity  it  will  be  satisfied 

by  any  value  of  a;  we  like  to  substitute. 

-4(ar-2)  +  5(ar-3)  =  3ar-5. 

Puta:-8.  -4(3-2)  +  B(0)       «=9-5; 

A    -4-4. 

Puta?-=2.         ^(2-2)  +  B(2-3)«6-5; 

.-.    B«-l. 

If  what  is  asked  is  possible,  these  are  the  values. 

Verify    L.H.S.  =  4(ar-2)-(ar-3)  =  3a?-5«B.H.S. 


The  Remainder  Theorem. 

118.  In  an  Algebraic  division  sum  the  final  remainder  is  of 
lower  degree  than  the  divisor ;  hence,  if  the  divisor  is  of  the  first 
degree  in  or,  the  remainder  is  of  no  degree  in  or,  i.  e.  the  remainder 
does  not  contain  x. 

Suppose  a  fnnction  of  Xy  viz.  /(x),  is  divided  by  or  — a  and  that 
the  quotient  is  Q  and  the  remainder  B,  Then  Q  will  usually 
contain  x^  but  B,  as  has  just  been  shown,  will  not  contain  x. 


fM^-       ^ 


C  + 


a?-a  a?— a  see  §  79 

This  statement  is  true  for  all  values  of  x,  that  is,  it  is  an 
identity. 

Multiply  by  a?  -  a,  f(x)  =  Q(x^a)  +  B. 

Being  true  for  all  values  of  x,  this  is  true  when  a? »  a. 

Put  x^Of  f{a)  =  0+i2,  since  x-a^  0. 

Rewrite  this  kist  result,  B  ^f(a)  when  a? «  n. 

But  since  B  does  not  contain  x,  it  will  have  the  same  value 
whatever  be  the  value  of  x. 

.\  Whatever  be  the  value  of  a?,  B  ^f(a). 
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Henoe  when  f(x)  is  divided  by  x—a^  the  remainder  is 
/(a).  This  result  is  so  important  that  it  should  be  recollected 
in  full : 

When  an  expression  containing  x  is  divided  by  x—a^ 
the  remainder  may  be  fonnd  without  division  by  sub- 
stituting a  instead  of  a;  in  the  dividend. 

The  Factor  Theorem. 

114.  If  there  is  no  remainder  in  a  division  sum,  the 
divisor  is  a  factor  of  the  dividend.  Hence  it  follows  from 
the  remainder  theorem  that,  if /(a)  =  0,  x^a  is  a  factor 
of  f(x). 

Or,  in  fiill : 

If,  when  a  is  substituted  for  x  in  an  expression,  the 
result  is  aero,  then  x^a  is  a  factor  of  that  expression. 

Suppose  X  »  a  is  a  solution  of  the  equation 

/(*)«0, 
then  /(a)  =  0. 

It  follows  from  the  Factor  Theorem  that  if  x  »  a  is  a  solution  of 
/(x)«0,  then  x— a  is  a  factor  of /(x);  and  conversely,  if  x— a  is 
a  factor  of  /  (x) ,  then  x  =  a  is  a  solution  of  /  (x)  =  0. 

Example  I.  Find  the  f-emainder  trhen  x*  —  2a^  +  x—Z  h  divided 
hff  X'-2. 

Here  /(a?)  =  ar*-2a:»+ar-3 

/(2)  =  2*-2.2»  +  2-3 

.*.    required  remainder  is  —  1. 
Example  II.    Are  x-'2  and  x-^Z  factors  of  x^-1  J^^l^x-^f 
Here  /(x)  =  a:»-7x»  +  13a?-6, 

/(2)=2»-7.2«  +  13.2-6 
=  8-28+26-6 
»34'-34 
=  0;      . 
x-2  isa  factor. 
f(-3)«(-3)»-7(-3)«  +  13(-.3)-6 
« -27-63-39-6 

.'.    x-(-8),  ie.  07  +  8,  is  not  a  factor. 
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Examples  XIII  d* 

Find,  if  possible,  values  of  A,  B,  C,  such  that  the  following 
equations  shall  be  identities ;  verify  in  each  case. 

1.  A{x-2)+B(x-S)  =  Sx^S, 

2.  A{x-l)  +  B{x-l)(x-2)  =  Sx''-7x  +  i. 

3.  ^{a:+l)  +  B(2ar-l)  =  a?+4. 

4.  ^(2a?  +  l)+5(3a?+2)  =  7a:-13. 

5.  ^(«-2)+B(rc-3)  +  C(ar-4)  =  3a?-4. 

6.  x^-2x  +  l^A(x'^  +  l)-^B{x-2)  +  a 

7.  (x-l)(x-2)^{Ax'^B)(x-S). 

8.  3x-4  =  ^(2ar-3)+B(3a?-4). 

f.  ^(«-l)(ar-2)+B(a?-2)(a?-3)  +  C(a:-8)(a?-l)  =  a:. 
(Jp.  ^(a?-l)(x-2)  +  B(a?-2)  +  C  =  3a?-2.     ^v'  L. 
Prove  the  following  identities : 

11.  (6-c)(a:-a)4-(c-a)(a:-6)4-(a-6)(«-.c)  =  0. 

12.  (x-l)  (x-'2)  +  (x-2)  (x-S)  =2{x-'2)\ 

13.  (2«-3)«-(8a?-5)«  +  (x-2)«=(2a?-3)(4-2ar). 
(L4.  8(a:-2)+4(x-3)=(Ja:-9)«-(5ir-10)«  +  l. 

15.  (a?-l)«-2(a:-l)(a:-2)  +  (a:-2;"  =  l. 
Without  actual  division  find  the  remainder  when 
J6.  a^-Sa^+x-l  is  divided  by  x-2. 
(TT.  a?*  +  l  is  divided  by  a?-3. 

18.  a^-bx  +  A  is  divided  by  x  +  l. 

19.  af*-3a^  +  2a:«-3x+l  is  divided  by  x-2. 

20.  a*-2a:»-3  is  divided  by  x+S. 
!1.  a^-x+2  is  divided  by  a?  +  l. 
!2.  a?«-2a?«''  +  aj*-2a:"+ar»-a:»  +  4  is  divided  by  a?-2. 

23.  a:*-3«»+2a!*-l  is  divided  by  x-a, 

24.  a?' +  6  a:*  — 3  re* +4  is  divided  by  a?+>>. 

25.  y'-3y'+4y-a  is  divided  by  y-ar. 

26.  Show  that  or- 1  is  a  factor  of 
(i)  a?«-3«'  +  5a;*-4ar+l; 

(ii)  3aJ*-aj»+2a:-4; 
(iu)  «»»-14a:»*  +  13. 

27.  If /(a?)«x'+2ir*-5a?-6,  find  the  values  of 

/(-3),  /(-2),  /(-I),  /(O),  /(I),  /(2). 
Hence  find  the  factors  of  f{x). 

By  finding  the  values' of /(a;)  for  different  values  of  Xy  find  the 
factors  of  f(x)  when  /(«)  = 

^.  ^•+af-2.  29.  «»-8««+2a?. 

(80.  «*-4«*+ir+6. 
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Multiplication  and  Division. 

115.  The  importance  of  mental  work  cannot  be  too  strongly 

insisted  upon.      Such  sums  as  (a?+5)  (a:-2),  5 — ,  should 

be  worked  mentally  as  explained  in  §  73  and  §  80.  Mental  work 
is  quite  as  accurate  as  written  work,  saves  time  and  space,  and 
looks  neater. 

The  rules  contained  in  the  formula  (a  +  &)(a-2»)  «  a'-5^  are 
extremely  useful  both  in  Arithmetic  and  Algebra. 
Example  I. 

(3a-46  +  5c)(3a+46-5c) 
=  {3a-(46~5c)}  {3a  +  (46-5c)} 
=  (3a)«~(46-5c)« 
=  9a*-16fe«  +  40dc-25c". 
Example  II. 

(a?*-2«»  +  3a:»-4)(a?*  +  2ar'  +  3a:*+4) 
=  {(ar*  +  3a:*)-(2:c»  +  4)}  {(a?*  +  3x»)  +  (2arH4)} 
=  (a?*  +  3ar»)»-(2x»44)» 
=  arV6ir«  +  9a:*-4ar«-16a:»-16 
=  a?«+2arH9ar'-16a^-16. 
Notice  that  the  terms  whose  signs  are  the  same  in  both  factors 
are  placed  in  the  first  bracket,  those  whose  signs  are  different  in 
the  two  factors  are  placed  in  the  second  bracket.  Thus  in  Algebra 
the  formula  is  used  to  work  out  the  product  of  a  sum  and  difference 
as  the  difference  of  two  squares ;  in  Arithmetic  it  is  more  generally 
used  the  reverse  way. 
Thus,  4934«-2562« 

=  (4934  +  2562)  (4934  -  2562) 

=  7496  X  2372  7496 

=  17780512.  2372 

14992~ 
22488 
52472 
14992 


17780512 


If  this  had  been  worked  by  squnring,  there  would  have  been  two 
long  multiplication  sums  and  one  subtraction ;  whereas  by  this  method 
there  are  one  long  multiplication,  one  subtraction,  and  one  additioh. 
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Betaohed  ooeffloients. 

116.  If  in  the  expression  52^  +  8j?  +  4  we  put  x^  10,  we 
obtain  5  x  10*  + 3  x  10  +  4  =  534.  We  see,  therefore,  that  any 
arithmetical  nomber  can  be  obtained  from  an  algebraical  expres- 
sion, arranged  in  descending  powers  of  x,  having  as  coefficients  the 
respective  digits  that  form  the  number.  Hence  all  arithmetic 
same  can  be  worked  in  the  same  way  as  algebra  sums,  powers 
of  10  taking  the  place  of  powers  of  x. 

Compare  the  two  ways  of  finding  the  product  of  237  and  569. 

Arithmetic.  Algebra. 

569  5xl0*  +  6xl0  +  9 

237  2xl0*+3xl0  +  7 


1138 
1707 
3983 

10*  +  10*4-3xl0»+8xl0' 

10*  +  7xl0H0xl0'  +  7xl0 
3xl0''+9xl0«  +  8xl0  +  3 

134853 

10»  +  3xl0*+4xl0»+8xl0'  +  5xl0  +  3 

i.e.  134853. 

It  is  seen  that  the  Algebraic  method  is  much  longer  owing  to 
the  continual  repetition  of  the  tens.  The  Arithmetic  method 
shows  that  the  index  of  10  has  been  increased  by  one  by  placing 
the  coefficient  of  the  power  in  a  column  one  step  further  to  the 
left.  Exactly  the  same  thing  can  be  done  in  Algebra,  thus 
enabling  us  to  omit  the  x\  and  to  put  down  only  the  coefficients. 
It  is  advisable  to  write  the  powers  of  x  at  the  top  of  the  columns, 
just  as  we  write  £.  s.  d.,  or  tons,  cwt.,  qr.,  lb.,  in  Arithmetic. 

Long  method.  Short  method. 

a^  ofl           a^          X 

6a^+  6«+  9  5+6  +  9 

2x^+  Sx-\-  7  2+8  +  7 

10ir*  +  12a:8  +  18ic2  10     +12     +18 

+  lbx^  +  lSsfi  +  27x  +15     +18     +27 

+  85a:«+42a;+68  +35    +42  +68 

10a?*  +  27a:3  4.7i^2^.e9a;  +  68       10  x*  +  27  a;^  4. 71  ^2  ^59  3. 4. 68 
This  ishort  method  is  called  the  method  of  Detaobed 
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ooeffloientSy  and  can  be  applied  to  addition,  subtraction, 
multiplication,  or  division. 

We  will  now  give  an  example  of  the  application  of 
detached  coefficients  to  Horner's  method  of  long  division. 

Divide  5a:*-4a:"  +  3a:"  +  22ifc  +  55  by  x*-3ar  +  5. 


a?*     a^    ar'    a? 

1 

5-  4+  3+22  +  55 

+  3 

+  15  +  33  +  33 

-5 

-25-55-55 

5a:*  + 1  lar  + 1 1        Quotient 
Find  the  remainder  when  ar"— 3a;*  — 5  is  divided  by  a: -3. 

Q^  X       Sr        or  X 

1  -3  -5 

+3     +9     +27    +72+216 


1 

+  3 


ar*  +  3aj»  +  9aj«  +  24a?  +  72 


Remainder  211. 

Verify  by  remainder  theorem. 
Remainder  =  3" -3«- 5 
=  243-27-5 
=  211 

Note.  It  is  often  found  that  the  easiest  way  of  calculating  /(a)  is 
to  find  by  Horner's  method  the  remainder  when  /  (x)  is  divided  by 
X— a ;  thus  reversing  the  use  of  the  remainder  theorem. 

Examples  XIII  e. 

1.  Multiply  2a-3  6  +  c  by  2a  +  3&  +  c. 

2.  Findtheproductof  3aj»-2a?-l  and  3a:«  +  2a-  +  l. 

3.  Find  as  shortly  as  possible  the  product  of 

a:»  +  2a:»-a?  +  2  and  a:»-2aj»  +  ar  +  2. 

4.  Simplify  (a?^+a?«-3a?-4)'-(a:*-a:*-3a?-4)«. 

5.  Calculate  as  shortly  as  possible  9987* -9887*. 

6.  Find  the  area  of  a  circular  racing  track  of  which  the  outer 
radius  is  259  ft.  and  the  inner  radius  238  ft.  (fr  =  V)« 

In  the  following  examples  use  the  method  of  detached 
coefficients : 

7.  Multiply  a'+2a:*+4a:+8  by  a?+2. 

8.  Multiply  a^  +  2«"  +  8a:+4  by  a^-8aF+2. 


KEVISION  CHAPTER  157 

9.  Multiply  3ir»  +  3a:*-a?+2  by  2aj»-.3a:+l. 

10.  Add  3a:»-2(M:  +  5a«,  Sax-7a*+hx\  Za^-la^-4ax;  and 
sabtract  a^-^4ax-^a^  from  the  sum. 

11.  Pindthesumof  5a:»-3a:-2a,  ix  +  ^a-Sx^,  a-2«'-5a?. 

12.  Divide  6a?*-19«»+15a;«4-8a;-12  by  2a;-3. 

13.  Divide  2a^-3a^-9a:*+48a:+16  by  a^-4. 

14.  Multiply  a^-Sa^  +  Sx-l  by  ir*-8«+12. 

15.  Divide  2a:»-6a;*+ar'  +  7«"-4  by  a?'-3a?+2. 

16.  Divide  ic*+a:"-5a:^  +  18a:-8  by  ic'»+3a;-2. 

17.  Divide  6a?'-lla:>  +  20a:*+23a:-38  by  2a?»-4a?  +  5. 

18.  Divide  ar*  +  18a:^-216ar-3888  by  a:*+12a?-108. 

19.  Multiply  iC*-2aj»+4«»-8a;  +  16  by  x  +  2, 

20.  Divide  a"-6  by  «»-l. 

XIII.  Beyiflion  Ejainples. 

1.  Add  together  2a:+3y-42',  5«  +  5a?-4y,  and  7y-3a?-8«; 
from  the  sum  of  these  subtract  2a;~y  — 6«. 

2.  Multiply  a;^  +  3a;  +  2  by  a; -8,  and  prove  the  answer. 

3.  If  ;r  B  3,  y  «  0,  2r «  -2,  find  the  value  of 

(i)/5qyT4?-f-^^; 


(ii)  a^'^a^-xz-^Sz". 

4.  Prove  that  if  a>h>c>0  then  tf-(6-c)  «  a-6•^c 

5.  Solvei(9-2a:)«f-:Ay(7ar-18). 

6.  A  post  is  a  quarter  of  its  length  in  the  ground,  a  third  of  its 
length  in  water,  and  rises  10  feet  above  the  water ;  what  is  its 
whole  length  ? 

7.  Compare  the  meaning  of  59  in  Arithmetic  with  that  of  ab  in 

Algebra;  also  the  meaning  of  5}  and  a-  • 

c 

8.  Find  the  value  of  7— 7^; ;— r  x  (ab-^bc  +  ac) 

4a(36c-4a)      ^ 

when  a  =  8,  h^  -2,  c  ■*  -4. 

2a'-3a6-46'^ 

9.  Divide  6a*-13a»6-4a'6'  +  5afc»-46»  by   ^—^^ 

10.  Show  that,  if  unity  be  added  to  the  product  of  any  four  con- 
secutive numbers,  the  sum  is  a  perfect  square. 
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11.  Solve  H*x+4) +2-^^  =  1(1-1). 

12.  ^  is  twice  as  old  as  B ;  twenty-two  years  ago  he  was  thx^e 
times  as  old.   What  is  A^^  present  age  ? 


13.  Multiply  (w?-(a-2)  by  flwc-(o+2). 

14.  What  should  be  the  price  of  7  eggs  when  a  dozen  cost 
X  pence  ? 

15.  Simplify  l-[24-{3-(l4-2)-3}  +  l]-2. 

16.  Simplify  -^ J-  +  — —' 


17.  Solve   (i)  y-^-=2J,4a?=3y; 


,...    a?— 1    .  3a:— 1      5a?-l      5a?-7 

18.  What  is  the  meaning  of  f{x)  ? 

It  fix)  =  a*-8a?+2,  what  are  the  values  of /(0),/(l)»/(2),/(3), 
^W,/(5)? 
Draw  the  graph  of  y  «  a;*  — 3a?  +  2  from  a:  =  — 1  to  a?  =  +6. 


19.  When  a  »  1,  6  s  5,  c  «=  - 1,  find  the  value  of 

(i)  (6  +  c)(c+a)(a  +  6); 
(ii)  3aJc-a»-5»-c». 

20.  Multiply  a^+4y«  +  9«"  +  6y«+3«»-2ay  by  a:+2y-3«. 

21.  Find  the  square  root  of 

a?«-6aV  +  8a:»y*+9a:V*-24ajy»+16y«. 

22.  Solve  a;-y«3(a?+15), 

a:+y  =  5(y-9). 
Verify  by  a  graphical  method. 

23.  A  square  of  carpet  is  cut  up  into  strips  so  as  to  cover  a 
border  (a  +  h)  feet  wide  round  the  floor  of  a  room  whose  length  is 
10  a  feet  and  breadth  10  h  feet.  What  was  the  length  of  the  side 
of  the  square  of  carpet  ? 

24.  Prove  that  f(a)  is  the  remainder  when  f{x)  is  divided 
by  x—a,  

25.  Subtract  (l+2a?)  (l  +  2a?-a;*)  (1 -2a:)  (1-2 a? -a^)  from  the 
product  of  l-2a;(l-2a;  +  a;»)  into  l+2a:(l4-2a:  +  a:»). 

26.  Write  down  an  expression  for  the  number  of  which  the 
first  digit  is  a  and  the  second  digit  h* 
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Write  down  also  the  six  numbers  that  can  be  formed  with  the 
three  digits  a,  b,  c  ia  various  positions,  and  find  the  sum  of 
these  six. 

27.  If  a  and  b  be  any  positive  integers,  prove  that  abss^ba  and 
a+6  «=  6+a. 

28.  Given  2y  a  5a;-6,  find  the  value  of  y  when  x  »  3*2  and 
when^B  —2-4. 

Hence  represent  graphically  the  equation  2y  «  5a;-6. 
What  will  the  equation  2y  »  5  a;— 8  represent  ? 

29.  Solve  (a?-4)(y-3)=:ajy-84i 

6a?-5y-27s=0 

30.  A  sum  of  £5  is  divided  between  two  men  so  that  one 
receives  eight  times  as  many  pence  as  the  other  shillings.  What 
sum  does  each  receive  ? 


! 


81.  Subtract  l£-^  +  «  from  x^  i^"l-^ 

6  2 

82.  Prove  that  the  square  of  the  sum  of  any  two  numbers 
together  with  the  square  of  their  difference  is  equal  to  twice  the 
sum  of  the  squares  of  the  two  numbers. 

83.  Extract  the  square  root  of 

4a:^-12a?"y4-17a?y-12ar»y»+4«^y\ 

84.  Solve  ^Z^=y-6  =  ^. 

a  b 

35.  Divide  ar'-a;*+8a?«-14a?+15  by  «"-a?+3. 

36.  A  man  has  five  sons  whose  united  ages  are  just  equal  to  his 
own.  In  twelve  years*  time  the  united  ages  of  the  sons  will 
be  double  that  of  their  father.    What  is  the  £ftther*s  age  now  ? 


87.  Multiply  a«-3a'6+4oV-18(i5»-126*  by  a»  +  3fli-2J'. 

38.  Add  together  5(a-26)x6{8-5(c-2)},5(6-2)(c-3),  and 
(a  +  8)(c-4)-(a-2)(c  +  l). 

89.  A  person  who  has  c  shillings  buys  a  things  each  costing 
h  pence ;  how  many  pence  will  he  have  left  ? 

it\  a  ^      a?— 4     3— X      5— a? 

40.  Solve -g- + -g- - -gQ- • 

41.  What  ifl  meant  by  the  graph  of  a  function  ?  Plot  the  points 
(-2,  6),  (1,  -3)  and  draw  the  line  which  joins  them.  Find  its 
equation. 


160  REVISION  CHAPTER 

42.  I  bought  some  engravings  at  35«.  each  and  some  books  at 
16j).  each.  The  total  cost  was  £16. 158.,  .and  the  number  of  books 
was  5  more  than  the  number  of  engravings.  How  many  were 
there  of  each  ? 


43.  Prove  the  identity  {ac  -  W)«  +{ad+bc)= (a«  +  6")  (c'  +  d^). 

44.  If  1  be  divided  into  any  two  parts,  prove  that  the  results  of 
adding  each  part  to  the  square  of  the  other  are  equal. 

45.  Solve  .15a?+.2-.875a?+-875«^625a?-l. 

46.  A  and  B  begin  to  play  with  equal  sums,  and  when  A  has 
won  30«.  his  money  is  ^  of  B^b  ;  find  how  much  each  started  with. 

47.  Multiply  a:'  +  4y*  +  2^-2y2f  +  2a;  +  2ay  by  x-2y-«. 

48.  If  8  men  do  a  piece  of  work  in  10  days  working  x  hours 
a  day,  and  12  men  do  the  same  amount  in  8  days  working  y  hours 
a  day,  prove  that  5  a:  »  6y. 


49.  Divide  a^^-V^y'  +  JV  +  iy*  by  a?«  +  2ay  +  Jy». 

50.  Find  the  values  of  (3oaj»««)«,  (-5a»ferY,  (-10-)* . 

51.  Solve  J(a:-a)-J(2a?-36)-i(a-a:)-  lOa  +  lU. 

52.  Solve   3^-^^y^3,2..f7-y^^^y^^ 

lU  15  5 

9y-f5a?--8      x+y  ^  7a?+6 
12         ~     4     ^     11    ' 

53.  A  messenger  starts  on  an  errand  at  the  rate  of  4  miles 
an  hour ;  another  is  sent  1^  hours  afterwards  to  overtake  him ; 
the  latter  walks  at  the  rate  of  4}  miles  an  hour.  When  will  he 
overtake  the  first  messenger  ? 

54.  Prove  the  following  rule : 

To  find  the  price  of  an  oz.  avoirdupois  when  the  price  per  pound 
in  shillings  is  known.  Deduct  one-fourth  from  the  price  in 
shillings  and  the  result  gives  the  answer  in  pence. 


55.  When  a  =  4,  6  a  ^,  c  »:  1,  find  the  value  of 

(a"  +  6*-c«  +  2a6)^(a«-.6"-c«  +  26c). 

56.  Multiply  4a:»  +  3ajc-Ja»  by  2a:»-ajc-ia». 

57.  Find  the  square  root  of  1  +  2a:+7x'  +  6a!»  +  9a?*. 

58.  Solve  1  +  ^^-31=5. 
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59.  Solve  graphically  and  algebraically : 

4a?-2y-  1-2, 
•02a?+8-4y»  --Ol. 

60.  The  price  y  in  pence  of  a  dish  x  inches  in  diameter  is  given 
in  the  fallowing  table : 

X    10      11      12      13      U      15      16      17 
y    U\    lh\    16}    18|    28}    80}  51 

Draw  a  graph  and  obtain  an  approximate  price  for  the  16  in. 
dish. 

61.  Prove  the  following  rule:  If  the  square  of  half  the 
difference  of  two  numbers  is  subtracted  from  the  square  of  half 
the  sum,  the  difference  is  the  product  of  the  numbers. 

62.  Divide  ic»''-123«»  +  l  by  a:«-8x+l. 

63.  If  a  +  6  =  X  and  a-6  =  y,  express  n'-M  in  terms  of  ar  and  y. 
Hence  find  the  value  of  5002' -4998'. 

64.  Solve      (i)  a:+y  +  39  =  3ar-y  +  43  «  2y-x+48; 

(ii)  }(a:  +  l)  +  }(5-2ar)-}(2  +  5a-)  +  l(10-2:r)  =  0. 

65.  A  greengrocer  has  a  certain  number  of  apples.  He  sells 
one-third  of  them  at  three  for  twopence,  two-thirds  of  the 
remainder  at  ten  for  sixpence,  and  the  rest  go  bad.  On  the 
whole  he  receives  twenty-two  shillings.  How  many  apples 
had  he  ? 

66.  Draw  the  graphs  So?— y^l,  a?-fy«s7.  Hence  solve  the 
equations  and  verify  by  calculation. 


67.  Simplify 

(a  +  6)(a«-6«+c«)  +  ((?-a)  (6'-a*-c»)-l-(a  +  6-c)  (6*-c«-o»). 

68.  Find  the  value  of + +  

y— «      z^x     x—y 

when  X  «  4-6,  y  -=  84,  «  »  2*2. 

69.  Solve    (i)  9  (a:-9)  -=  ^  («-9)-(x-9) ; 

^"^      15     ""     20    *"        8       "40' 

70.  Find  the  square  root  of  9a^-6a:'-llx'  +  4ar  +  4. 

Find  correct  to  two  places  of  decimals  the  value  of  rr+y+:iy 

when  X  —  ^2,  y  •«  v^. 

71.  What  is  the  distinction  in  meaning  between  a^ip  —  e)  and 
{a'-h)'\-c'i    Prove  that  they  are  equal. 

PATSBtOV  L 
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72.  In  a  physical  expex^ment  the  times  a  body  took  to  finU 
through  certain  distances  were  noted.  Plot  the  following  obser- 
vations on  squared  paper  and  draw  the  graph : 

Height  of  fall,  ft.       4*5    4        3        2      1      -5     2  5 
Time  of  fall,  sees.     15    14-1     12-2    10    7.1    5    11-2 


CHAPTER  XIV 
FACTORS 

117.  Facility  in  resolving  expressions  into  factors  is  so 
important  that  we  repeat  in  this  chapter  the  various  hints 
and  rules  that  have  already  been  given.  All  examples  on 
resolving  into  &ctors  should  be  mentally  verified ;  in  &ct 
the  methods  for  mental  multiplication  and  for  resolving 
into  factors  should  be  studied  together. 

118.  Case  I.  Whenever  all  the  terms  of  an  expression  con- 
tain the  same  factor  that  factor  can  be  placed  outside  a  bracket, 
and  the  quotient  obtained  by  dividing  by  that  factor  must  be 
placed  inside  the  bracket 

Examples  of  this  are  given  in  Examples  V b. 
Harder  Example.    Find  two  factors  of 

(ar+a)«"-(ar  +  a)  (a  +  6)  or  +  (a?  +  a)  aft. 
Expression  =  (ar  +  a)*"  — (ar+a)(fl  +  6)a;+(a:  +  a)aft 

119.  Case  II.  It  often  happens  that  one  factor  will  divide 
part  of  an  expression  and  another  factor  the  rest  of  the  exprea- 
sion,  the  two  quotients  being  the  same.  When  this  is  the  case, 
the  factors  of  the  whole  expression  can  be  found  as  shown  in  the 
following  example. 

Example  I.  Factorw  flkr*+2ly*+2fta?+ay*,  . 
It  is  seen  that  a  divides  two  of  the  terms  and  2&  the 
other  two. 
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Expression  =  or'  +  a  y^  +  2  &ic*  +  2  6y* 
«=a(a:«+y'^)+26(ar»  +  j^«) 

At  once  verify  mentally  to  avoid  making  mistakes. 
Estample  n.  Find  the  factors  of  a;'— Sx^— ic+3. 

Expression  «  x*  -a? - 3ic*  +  3 

=  a?(«»-l)-3(««-l) 

This  could  also  have  been  arranged  as  follows : 
Expression  «  a^  —  Ss^—x  +  S 

=  (a:-3)(x*-l}. 


Examples  XIV  a. 

Resolve  each  of  the  following  expressions  into  as  many  factors 
as  possible : 

1.  aB*-2a»a?+2a'.  2.  ^xi^-ixi/  +  bxyz. 

3.  ^px-Bpy  +  Bpq.  4.  Sab*'-I0abc  +  I2h3^, 

5.  bsc^-lbxfj+20i/.  6.  ar(ic-3)+y(a:-3)-a?  +  3. 

7.  7a'(a-l)-3crf>(a-l)  +  6»(l-«)- 

8.  xtja*'-2xyah+xyll^.  9.  a^-3a*  +  ay-3y-a  +  3. 

10.  ic*(a  +  6  +  c)-a:y(a  +  6  +  c)  +  y*(a  +  6+c). 

11.  25a^y-40xy+16ary.  12.  ac  +  al»-6c-c*. 

13.  4(ar-2)«(a?-3)-(a:-2)\  14.  a«+6*  +  2(a6  +  ac+6c). 

15.  a6(c«  +  «?)  +  a2(a*  +  6»).  16.  a«~2afc  +  6«-a  +  6. 

17.  ^•-a  +  («P-a?.  18.  a^  +  ab  +  ac  +  bc, 

19.  2ar  +  3fec-4ay-6Jy.  20.  6mp-9mg-4im  +  6«^. 

By  mental  work  only  find  the  product  of : 

21.  a?-4  and  x+2.  22.  »+3  and  a?  +  5. 

23.  a:-2y  and  a:-4y.  24.  a-36  and  rt  +  2&. 

25.  a  +  26  and  o-26.  26.  3a?+4y  and  3a?-4y. 

27.  a+b+1  and  a  +  6-1.  28.  9i>  +  10g  and  9|>-10g. 

29.  8*-5/  and  Zk-^-bl,  30.  a?+y+a  +  fcand  x+y-a-ft. 

120.   Gate  m.  By  actual  multiplication  it  can  be  shown  that 

(a  +  6)(a-6)  =  a*-5*. 

l2 


164  FACTORS 

This  is  one  of  the  most  important  formulae  in  Algebra  and  the 
two  corresponding  rules  should  be  learnt  thoroughly. 

The  product  of  the  sum  and  difference  of  two  quantities 
is  equal  to  the  square  of  the  first  minus  the  square  of 
the  second.' 

The  difference  of  the  squares  of  two  quantities  is 
equal  to  the  first  plus  the  second  multiplied  by  the  first 
minus  the  second. 

It  should  be  noticed  that  the  quantities  may  be  numbers, 
single  terms  or  multinomials  (§  94).  In  applying  these  rules,  the 
formulae  for  squaring  binomial  and  multinomial  expressions  will 
be  continually  used,  and  should,  therefore,  be  revised  (§§  87,  91). 

Note.    Binomials  of  the  form  z*+y*  have  no  factors. 


Examples  XIV  b. 

Find  the  factors  of : 

1.  4a:»-y*.  2.  9a»-166«.  3.  I6p*-2b^. 

4.  9ar«-25a«.  5.  64a*-81ar«.  6.  49a?V*-86aV. 

7.  y-121g«.  8.  10i>«-40:r«.  9.  12a«-75fc*. 

10.  100«-2«.  11.  79*-21».  12.  84* -68*. 

13.  (a:+y)'.  14.  (a-V-^*-  15.  (2a'-3l»)*-4a». 

16.  (3ar  +  4y)«-16y*.  17.  (3a-66)2-81c«. 

18.  (2a  +  36)»-(tt-2  6)».  19.  (4x-5y)*-9««. 

20.  (2ar-3a)»-(a-2x)*. 

Find  the  product  of: 

21.  ar+2y  and  a^-2y.  22.  2x-3y  and  2ar  +  3y. 

23.  ic+y  +  l  and  ic+y-l.  24.  2x-3y-l  and2a:  +  3y-l. 

25.  a  +  b  +  e  and  a-h-rc,  26.  2a-fc+3<;  and  2a  +  2»  +  3r. 

27.  a  +  h-^cd  and  a-Z»+c  +  c7.  28.  198  and  202. 
29.  91  and  109.  80.  78  and  82. 

Factorize : 

31.  a*  +  2crf>  +  6«-c».  32.  4a«  +  4ad+6«-9ar«, 

83.  a»-2ac  +  c*-6«+2M-rf«.  34.  ar*+2ajy+y"  +  l. 

35.  a*+6a6-f  96*.  36.  aar*+2aay  +  ay»-a'. 

37.  a*-3a-66-46«.  88.  a^-^x-y^^-p. 
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39.  a^-h^-<^  +  (P''2ad  +  2bc.  40.  4^»-9y*+25af«-20ar^. 

41.  2j:(2aj  +  a)-yfy  +  a).  42.  l+2aft-a«-6^ 

43.  l-3ar-3ay^y«.  44.  a«  +  26c-(c*  +  2a6). 

45.  a5»-4a?.  46.  a?*-a?«. 

Write  down  the  quotients  in  the  following  cases : 

47.  (a:«-a«)4-(a?  +  a).  48.  (1-1>')-^(1+1>). 

49.  (3»«-3y*)~(a:-y).  50.  (10aj«-106«)-r2(a:-6). 

51.  (27x*-12y»)-r(3x  +  2y).         52.  (16a:*-25a«)-J-(4a?-5a). 

.«    25a«-496»  ^.    12p^-b0q' 

^^-   5"ar+7y~-  ^'  ■i2^ioy 

16-49a*  16 -49a' 

57.  {a*-(6-c)«}-r(«  +  6-t). 

58.  {9a«-16(6-c)*}H-{3a  +  46-4c). 

59.  {(a:+2y)*-(a-36)}-r(a?  +  2y-a  +  36). 
g^    (l-a?)«-(3  +  2^)« 

4  +  x 
Solve : 

61.  (af-a)(«-a:)=(6-j;)(x-6). 

62.  a(a-«)«6(a;  +  6). 

63.  »(a-ar)-a'  =  x(6-;c)-l»». 

64.  a(a+a?)«6(6-ar). 

65.  a?(2-ar)-e»2«a?0y-x)-4. 

121.  Case  IV.  First  method.  We  have  seen  in  §  39 
that  (ir+a)(a:+6)  =  ir*+(a+6)x+a6, 

which  is  the  same  as 

In  applying  this  it  must  be  rememl>ered  that  a  and  b 
need  not  be  positive,  and  therefore  either  a -\-b  or  db  or  both 
may  be  negative.     The  four  possible  forms  are  shown  by 

a:*  +  6;c+  8  =  (a; +4)  (a; +2), 
a;2_ex+  8  =  (x-4)(a;-2), 
x2  +  6j;-16  =  (a;+8)(;r-2), 
ar»-6jc-16  =  (x-8)(x+2). 

In  all  four  cases  we  have  to  find  two  numbers  whose 
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product  equals  the  constant  term  (the  term  that  does  not 
contain  rr,  sometimes  called  the  third  term)  and  whose 
algebraic  sum  equak  the  coefficient  of  the  first  power  of  x. 

Careful  attention  must  be  paid  to  the  laws  of  signs.  Thus  if  the 
third  term  is  positive,  the  numbers  are  both  positive  or  both 
negative ; 

if  the  third  term  is  negative,  the  numbers  are  of  unlike  signs ; 

if  the  second  term  is  positive,  the  numerically  greater  number 
is  positive ; 

if  the  second  term  is  negative,  the  numerically  gpreater  number 
is  negative. 

Ezamplea  XIV  o. 

Find  the  factors  of : 


1.  a:'+5a?+6. 

2.  a:'  +  6a:  +  5. 

3.  a^-Bx+b. 

4.  a?'  +  6a?+9. 

5.  a«-7afc  +  106«. 

6.  o«+7a  +  12. 

7.  y  +  9i)  +  18. 

8.  y«-12y  +  32. 

9.  y«  +  12y  +  85. 

10.  a:»-6a?  +  9. 

11.  y«-7y  +  10. 

12.  a«-6a+5. 

13.  x»-6x-.7. 

14.  y»-7ay-18x'. 

15.  a* -6a -108. 

16.  a^-lOxy  +  l^t/, 

17.  a^+9a:+8. 

18.  a?«  +  3«-10. 

19.  a:«+5a?-U. 

20.  a"+a6-26«. 

21.  a«-166«. 

22.  y»-6y. 

23.  ««-9xy-10y*. 

24.  12-4a:+«*. 

25.  12-'4x-x\ 

26.  ar»-16a:+48. 

27.  x»-13ay+86y«. 

28.  a* -20a +  36. 

29.  a*+12a  +  36. 

30.  a«-37a  +  36. 

31.  a«-5ar-36ar». 

32.  y«  +  9y-36. 

33.  y«-16y+64. 

34.  a:«-36y-36. 

35.  y«+5y-36. 

36.  p«-36. 

37.  a^—ip-qix^pq. 

38.  a*- 

a-42. 

39.  a«  +  a-56. 

40.  x"- 

x-72. 

41.  x''-xtj-lS2f/. 

42.  x"- 

x-600. 

43.  x«-;c-12. 

44.  x»4ar-20. 

45.  1+3x-2jc*. 

46.  x-"- 

3jrH2a:. 

47.  ar'  +  2a?-15. 

48.  x"- 

7a: -30. 

49.  k^-Sk  +  2, 

50.  2  a?' 

-ax-a^. 

51.  (a?-2)«  +  x«-5x 

f  6.                52.  (x- 

-3)*+(a:-3)(a:-4). 

53.  (a?  +  4)  +  «»-3a:- 

-28.               54.  16- 

-6a?-a;». 

Simplify  the  following  fractions : 

^^'       x-2      ' 

56.^'- 

17a +  72 
a-9        • 
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„   g*-17o  +  72  «*-aa!-56a» 

"'•  a»-14«+45*  ^-        «+7a 

„   y'-iexy-lTx'  „   y«-24ay+63x* 

17a:-y  y'  +  15a?y-54a:" 

122.  Case  IV.  Seoond  method.  If  the  constant  term 
is  large  it  is  not  easy  to  find  the  factors  ;  in  such  cases  the 
following  method  may  be  used. 

=  (a:-l  +  8)(a;-l-8) 
=:(a;  +  7)(a;— 9). 

It  is  seen  that  a  number  is  added  which,  together  with  the 
first  two  terms,  will  make  an  exact  square ;  in  order  that  the 
expression  may  be  unaltered  in  value,  the  number  added  must 
also  be  subtracted ;  if  the  resulting  number  is  also  an  exact  square, 
the  original  expression  is  reduced  to  the  difference  of  two  squares 
and  can  be  factorized  by  Case  III. 

123.  Case  V.  First  method.  To  factorize  expression 
of  the  form  ax^-^bxi-c 

We  have  to  find  two  expressions,  px-^-q  and  rx  +  s,  such  that 

(px+q){rx+8)  E<w?*+6a?+c. 
Comparing  the  two  sides  it  is  seen  that 

pr  «  a, 

qs-c, 

ps  +  rqtsh. 

Examples.  To/actorize  20«2+9a;— 18. 

From  the  earlier  part  of  this  section  we  know  that  we  have 
to  find  two  numbers  whose  product  is  20  and  two  others  whose 
product  is  — 18,  such  that  the  sum  of  the  cross  products  is  9. 

The  factors  of  20  are  20  x  1,  10  x  2,  5x4. 

The  factors  of  18  are  18  x  1,  9  x  2,  6  x  3. 

Since  the  third  term  is  - 18  the  constant  terms  in  the  factors 
must  be  of  different  signs,  so  that  the  algebraical  sum  of  the 
cross  products  is  an  actual  difference. 

(20a? +  18)  (a: -1)  gives  -2  as  coefficient  of  a?,  (i) 

(20a;  + 1)  (a?  - 18)  gives  -  359  as  coefficient  of  x,  (ii ) 
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(10a?-9)(2a?  +  2)  gives  +2  as  coefficient  of  ar,     '  (iii) 

(5  X + 6)  (4  a?  -  3)  gives  +  9  as  coefficient  of  x ;  (i v) 

and  these  are  therefore  the  required  factors. 

There  are  nine  possible  arrangements  of  the  factors  of  20  and  18, 
and  allowing  for  the  diiferenoes  of  sign  there  are  eighteen  possible  co- 
efficients of  X.  But  it  is  not  necessary  to  try  all  these,  as  oombinations 
like  i  and  iii  are  obviously  not  the  correct  factors ;  for  i  has  a  numerieal 
factor  2  and  iii  has  also  a  factor  2,  while  the  original  expression  has  not 
got  a  numerical  factor  (if  it  had  it  should  be  removed  at  once  and 
put  outside  a  bracket  as  in  Case  I).  Also  number  ii  and  similar 
arrangements  need  not  be  considered  as  they  obviously  give  too  big 
a  coefficient  for  x. 

The  actual  work  is  done  mentally,  but  the  working  of  the 
correct  pair  should  be  put  down  at  the  side  to  show  how  the 
factors  are  obtained. 

The  work  should  be  set  down  somewhat  as  follows : 

20»«  +  9ar-18  =  (5a:  +  6)(4a?-3)        20x1     10x2    5x4 

18x1      9x2    6x3 
6x4  -5x3      =9. 

This  method  is  complicated  when  the  coefficient  of  a?'  and  the 
third  term  have  several  pairs  of  factors,  as  in  the  example  worked 
above.  When  they  each  have  only  one  or  two  pairs  of  &ctor8,  or 
when  they  involve  letters  and  not  numbers,  the  method  is  quite 
simple. 

39a:«  +  371ar-58=(13a:-2)(3a:+29)        39x1     13x3 

58x1    29x2 
13x9-  2x3  =  371. 

bxa, 

124.  Case  V.  Second  methocL  With  numerical  co- 
efficients the  following  method  often  takes  less  time  as  it 
does  not  require  so  much  trial  work  : 

cr.   .    r.       .«      20V~9x  20  a:- 18x20  18  x  20 

20a;^9.r~18  = ^ ^^  ^ 

(20 a? -US) (20 a:- 24)  12x  30 

"20  3  X 120 

=  (4a;  +  3)(5:r— 6).  15  x  24 

Step  1.  Multiply  and  divide  by  the  coefficient  of  x\ 
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Step  2.  Treat  20>;z;  as  a  single  qaantitj ;  we  then  have  Case  iv, 
since  the  numerator  is  of  the  form  y*  ~  9  y  — 18  x  20.  Find  factors 
of  18  X  20  whose  difference  is  9 ;  the  trial  work  is  shown  at  the 
side. 

Steps.  Cancel  any  factors  common  to  the  numerator  and 
denominator.  It  will  be  found  that  the  denominator  always 
reduces  to  unity. 

In  the  following  examples  expressions  of  the  form 
ax^'hhX'hc  should  at  first  be  factorized  by  both  methods. 
Experience  will  teach  which  is  the  better  method  to  use 
in  particular  cases. 

Examples  XIV  d. 

Find  the  factors  of : 

1.  a:"-42a:  +  432.  2.  a?»-16j;-377. 

3.  a:"  +  12ar-748.  4.  9 a?'- 27 a: -2736. 

5.  2a^-a?-3.  6.  ap^-apq-72a^. 

7.  36«»-42a:  +  12.  8.  12a*  +  7(rf>-126^ 

9.  5y«-2y-7.  10.  10a»-9a-7. 

11.  10a^-13a:-9.  12.  15a«  +  32a  +  9. 

13.  4ar»-15a;y-4y«.  14.  18a?«  +  53a?-35. 

15.  12a:"+lla?-15.  16.  2iP«  +  3ar-35. 

17.  2a^+a?-15.  18.  3a:»-5a?-2. 

19.  3a:'  +  5ajy-2y2.  20.  12ar»-a?-20. 

21.  14 ar*- 93 a? +13.  22.  6a:»-49a?+65. 

23.  8a:"-22a?  +  15.  24.  ofca? -  (a* - 6")  x  +  aft. 

25.  4(i^-6(a«-&»)ic  +  9a6.  26.  6apjB'-(4a*-9i>*y*ay-6ai>y. 

27.  (ia:*-(3a6  +  2)a?+66.  28.  6aV-5a6a?-26«. 
29.  10i>^-(5p*  +  2g«)a:+i>gr.  30.  6aV-15<My  +  3y*. 

31.  9ar*  +  14ar-8.  32.  30a?* -45a? -30. 

33.  aa?*-{9a  +  2)a?  +  18.  34.  12aj?»-(4a»-36)ay-12ay'. 

35.  4a^+a;-3.  36.  6«*-19a?  +  15. 

37.  27a;»-48a?  +  16.  38.  6a?«-7ajy-5y». 

39.  i>(ar«-l)-a;(p»-l).  40.  2a«  +  3a6-26». 

41.  6a?«-5a?-6.  42.  6a^-7a?-20. 

43.  aft  (a^+y«)+ ay  («•+&«).  44.  8a?«  +  13a;-6. 

45.  16ar«-24a?+9.  46.  12a?«-23aj-24. 
47.  (a«-l)a!»  +  «(<»*  +  l)«+«'-l-      48.  (a«-l)a?«-4aa;  +  l-a». 
49.  (a*+l)(a?«-l)-a*(o*+2)a?.        50.  (a«+l)a?«+a*a?+a«-l. 
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125.  Case  VI.  To  resolve  the  sum  or  difference  of  two 
cubes  into  factors. 

It  was  shown  in  §  74  by  actual  multiplication  that 

and      aH6^  =  (a  +  5)(a2-a^  +  6^; 
or  in  words — 

The  difference  of  the  cubes  of  two  qpiantlties  equals  the  first 
quantity  minus  the  second  multiplied  by  the  sum  of  the 
squares  of  the  quantities  increased  by  their  product. 

The  sum  of  the  cubes  of  two  quantities  equals  the  sum 
of  the  two  quantities  multiplied  by  the  sum  of  the  squares 
of  the  quantities  diminished  by  their  product. 

As  in  ths  case  of  the  difference  of  two  squares  the  quantities 
may  be  numbers,  single  algebraical  terms,  or  multinomial 
expressions,  e.  g. 

512-125a;»«8»-(5ar)» 

«(8-5a?)  (64+40  a?  +  25a^). 


(a  +  ty+(a?+y)'  =  (a-6+a?-y){(a  +  6)*-(a+6)(a:+y) 

126.  Case  VII.  The  division    sum   worked  at  the  end   of 
§  82  provides  the  means  for  resolving  into  factors  expressions 
of  the  form  a^'+y'  +  a:'— Sayar. 
It  is  there  shown  tha4i 

ic'+y"+«^-3ipy«ea  (a?+y+«)  {a^-^-^^-^^s^-yz-zx-xy) 

or  {x'¥y'¥z){ai^--xy'-xz-\-^-'yz-\'S?), 
In  using  this  formula  or  any  other  formula  containing  the 
third  power  the  student  must  recollect  that  {—yY^-jf- 

Find  ihefactm  of  a;»-8y3  +  27+  ISxy^. 

Expreasion  =»  x^  +  (-2y)'  +  3'-3a;  (-2y)  x  3 

=  (a:-2y  +  3)(a?'  +  2jcy-3a;  +  4y«  +  6y  +  9). 

It  is  worthy  of  notice  that 

a?»+y«  +  a*-yaf-5a:-ay  =  i  {(y-ar)'-f  («-a?)*  +  (x-y)«}. 

Examples  ZlVe. 

Find  the  factors  of : 

1.  8-64y».  2.  l-216a?». 

3.  125  +  8aj^.  4.  8a»  +  276». 

5.  343-««y».  6.  a:>-8. 
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7.  108a»-500.  8.  27y»  +  1000«». 

V     9.  a»-6»  +  c"  +  8a6c.  10.  a»-6'-c»-3a6c. 

.    11.  a»-6»  +  l+3a6c.  ^    12.  a»  +  6»-l-.3a*. 

13.  aj»  +  8y».  14.  24a«-36». 

15.  8:K»-y».  16.  16a!»-54y». 

17.  27a:»-64y».  18.  64«»-125. 

'     19.  8a!«+27y»-l  +  18ary.  v20.  64-8«»  +  125y'4  120xy. 

21.  a»-64a6*.  ^     22.  a:»+y'*+3a!y(a?+y). 

23.  a»a:»-646»a:».  24.  3pgr-i)'»-g«-f^. 

What  is  the  quotient  when 
.    25.  a:*  +  3ajy+y»-l  is  divided  by  x  +  y-l? 
.    26.  a»-6a5-6»-8  is  divided  by  a-6-2? 

27.  8«»  +  125y»  - 8  +  60ay  is  divided  by  2a?+ 5y -2  ? 
'    28.  What  is  the  value  ef  a^  +  Sxyz+^-s?  when  a;  ^^  42,  y  «  61, 
audita -103? 

29.  Divide2(a:"4y'4r'-3ay2r)  by  (y -«)*  +  («- a?)*  +  (a: -y)*. 

30.  If  2a;+3yB52r,  prove  that  8ac'  +  27y*-1252!'  +  90a:y;i'»0. 
81.  Find  the  factors  of  (a;-y)*  +  (y-2f)». 

32.  What  value  of  x  will  make  (2r-7)'  +  (x-3)'  equal  to 
nothing? 

^ '  33.  Show  that  (2  a  +  3  d  -  4  c)'  -  (8a  -  2  &  +  c)<  is  equal  to  nothing 
if  o-56  +  5c  =  0. 

EzpressioiiB  of  higher  degree  than  the  eeoond. 

127.  There  is  no  general  rule  for  resolving  into  &ctors 
ezpreesions  which  contain  the  third  or  higher  powers.  The 
methods  already  mentioned  are  often  effective^  and  the 
following  examples  show  how  they  can  be  used. 

By  using  the  facts  that  a^  «=  (a;*)',  «*  »  (a^f^  &c.,  expressions  of 

higher  degree  can  often  be  reduced  to  one  of  the  forms  already 

given. 

a?*-y*  =  (x>)«-(y«)« 

-=(a:»  +  y>)(a*-y»)  Case  III. 

«(a:»  +  y»)(a:+y)(«-y). 

a:*  +  7a^  - 18  =  (xy  +  7(a:»)  - 18 

=  (a:"  +  9)(ar«-2).  Case  IV. 

a;*  +  ar*y«  +  y*  =  ar*  +  2xy +y*-a^' 

=  (a^ + y')'  -  (xyy  Case  III. 

«  (x*  +  ajy+y«)(«'-^  +  y«). 
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» 

This  result  is  important,  and  it  is  advisable  to  recollect  it  as  a 
separate  formula. 

a:^-17a:y +  16y*  =  a:*  +  8jrV'+16y*-25a:y 

=  (a?*  -  Say  +  4y')  (a^  +  hxy  +  4y')         Case  III. 
=  (a:-y)  (a?-4y)  (a?+y)  (a?  +  4y).  Case  IV. 

This  last  example  eould  have  been  resolved  rather  more  easily  by  the 
method  for  Case  IV  : 

X*  -  17a:V'  +  16y*  =  (x^)^  - 17  (ar»)  (y«)  + 16  (y7 

=  (x'^-y«)(a:«-16y«) 
=  (a?-y)  (a?+y)  (a?-4y)  (a?  +  4y). 
a;'-3a?*y-3ay2+y»  =  x»  +  y'*-3ic*y-8a?y« 

«  (ar+y)  (a:'-a?y+y')-3a?y(a?  +  y)        Case  11. 
=  (a:  +  y)(a?'--a^+y*-3a?y) 
=  (a:  +  y)(a:'-4ajy  +  y^. 
Notice  the  resemblance  of  this  expression  to  the  expanded  forms  of 
(a:+y)'  and  (x— y)',  and  also  notice  the  differences. 

a:»-y«  =  {a:»/-(y»)« 

=  i^+t^K^^-y")  Case  III. 

«  ix  +  ij)(a^''Xif  +  if^)(x-y){x^'^xy-\-y*);      Case  VI. 

or        ar«-y»  =  (aTV-(yV 

=  (a?*-y')  (a?*  +  a?V*  +  y*)  Case  VI. 

=  (ic  +  y)  (x-y)  (a?*+a?y +y*)  (x^-xy+y^). 

128.  Intelligent  use  of  the  Factor  Theorem  <§  114)  is 
often  useful, 
Consider  a:» -  Sa:*  -  lOa?  +  24. 

If  there  is  a  factor  of  the  form  x-a^a  must  be  a  factor  of  24 ; 
therefore  possible  values  for  a  are  1,  2,  3,  4,  6, 12, 24,  or  —1,  —2, 
-3,  -4,  -6,  -12,  -24. 

Denoting  the  original  expression  by /(a?),  we  have 

/(1)=  1-3-10  +  24  TffcO;  .-.  ar-lis  not  a  factor. 
/(-l)  =  -l-3  +  10  +  24:9tO;  ,-.  a:  +  l  „ 

f(2)  =  8-12-20  +  24  =  0;  .".  a?-2  is  a  factor. 
The  other  factor  may  be  obtained  by  division. 


1 
2 


1-3-10  +  24 
+  2-  2-24 


a?*  -  a?  - 12        The  other  factor. 
This  last  is  Case  IV.         a=a=— ass— i 
Hence  Ax)  =  (a: -2)  (a: -4)  {a:+  3). 
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Instead  of  dmsion  the  following  procesR  may  be  used  when  we 
are  certain  of  one  factor. 

f{x)  =  a?*(a:-2)-x(a:-2)^12(a?-2). 
=  (a: -2)  (a:* -a? -12) 
=  (a;-2)(a:-4)(a?+3). 

Here  we  begin  by  writing  <s'  (x— 2).  This  has  taken  into  acoount  x', 
but  aoooants  for  —  2aE*  only ;  henoe  there  is  left  "xK  Therefore  there 
must  follow  —  ac(x— 2)y  for  this  makes  the  x*  term  correct.  But  we 
have  now  brought  in  a  term  +2x  so;  in  order  to  make  — 10«,  12 x 
must  be  subtracted.  Hence  we  finish  with  — 12  (x— 2)  ;  this  makes 
the  correct  coefficient  for  x,  and  at  the  same  time  brings  in  the  right 
constant,  Tiz.  +24.  With  a  little  practice  this  method  can  be  used 
very  quickly,  and  it  looks  neater  than  the  division  sum. 

Instead  of  dividing  by  the  factor  a;* 2,  the  other  factors  could 
be  found  by  continued  use  of  ihe  factor  theorem.  The  objection 
to  this  is  that  sometimes  the  remaining  quadratic  factor  cannot 
be  resolved  into  factors  of  the  form  x—a,  and  so  the  time  given  to 
tiying  the  factor  theorem  would  be  wasted,  e.  g. 

/(a:)  =  ar»  +  5aj»  +  lOa*  +  8. 
a  may  be  +1,  +2,  +  4,  +8. 

/(I)  =     1+5  +10  +  8:5ifcO,  /.  a?-l  is  not  a  factor; 
/(-I)  =  -1+5  -10  +  8. -jfcO,  .'.  a?+l  is  not  a  factor ; 
/(-2)  = -8+20-20  +  8  «0,.-.  rr  +  2  is  a  factor; 
/.  f{x)  =  «»(a:+2)  +  8a?(a?+2)+4(ar+2) 
«  (aj+2)(a;»+3a?+4); 

and  it  is  found,  by  using  the  second  method  for  Case  IV,  that 
ar'  +  3ar+4  has  no  factors  for 

a^  +  8ar+4  « ir»  +  3a:  +  (J)«-(f)»  +  4 
-(ar+f)»+f 
This  is  the  sum  of  two  squares,  and  therefore  has  no  i-eal 
fi&ctors. 

129.  It  is  understood  when  finding  factors  that  the  coefficients 
and  constants  in  the  factors  are  to  be  real  and  rational.  The 
meaning  of  this  can  be  seen  fh}m  the  following  examples,  where 
it  is  supposed  that  there  is  no  restriction. 

-  (a?  +  ^1)  {X  -  ^y  Case  III. 

Here  y^  can  be  found  to  any  required  number  of  places  by 

ordinary  arithmetic,  so  that  the  factors  are  quite  nal,  but  \/7 
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cannot  be  found  exactly,  and  is  therefore  not  fxUional,    Hence, 
because  7  is  not  an  exact  square,  x^—l  has  no  rational  factors  . 

ar«  +  7«a:»-(-7) 

=  (^+y-7)(:r-y-7). 

But  all  real  nttmbei*s,  whether  positive  or  negative,  are  positive 

when  squared,  therefore  ^~  7  is  not  a  real  number.    Hence  a^-^7 
has  no  real  factors. 

SzampleB  XIV  £ 

Resolve  into  as  many  factors  as  possible : 

1.  4a?*-9a*.  2.  25a?«-16y*. 

3.  16a«-816\  4.  a?*  +  y*. 

5.  l-625a*.  6.  16-49ifc*. 

7.  a?«-5a*-6.  8.  a?*  +  2arV+9y*- 

9.  a:*-15yy«  +  9y«.  10.  16a?*  +  36a:»/+81y*. 

11.  a*-a«6«+6*.  12.  ax^-bx^  +  bx-a, 
13.  20ar'-.28aj«-15a?+21.         14.  12a'+16a«-3ac-4aT. 

15.  ar^-6ar*+lla:-6.  16.  a?*-3«»+4a:*-6ar+4. 

17.  ar»-a:'~a?+l.  18.  a?'- 8 a? +^. 

19.  15  +  19a:-4ar\  20.  ar^-3ar»-a?  +  3. 

21.  a?«-.10a:'  +  9.  22.  a'(5-c)  +  6«(c-a)  +  c»(a-6). 

23.  a:»  +  3a:'-4aj-12.  24.  a?'  +  «"  +  a?-/-^-y. 

25.  (a-6)»  +  (6-c)'.  26.  ic'  +  5a:*-4ar-20. 

What  values  of  x  will  make  the   following  expressions  re- 
spectively equal  to  nothing  ? 
27.  ar«-256.  28.  a:"- 13 x- 30. 

29.  (ar-3)(ar«-ar-30).  30.  ar»-4ar'  +  ar  +  6. 

31.  ar^-343.  32.  ar*-81. 

33.  If  a:  +  2  is  a  factor  of  a?*-2ar*-30a7"-47a?-6,  what  are  the 
remaining  factors  ? 

34.  Being  given  that  a;  +  6  is  one  factor,  find  l^e  other  facton  of 

aj*  +  5ar"-20ar'-60a:  +  144. 

Bzamples  XIV. 

Find  the  fiEMstors  of: 
1.  (ar-2)(2a^-.7a;  +  6j  +  (ar-2)(2«-.3).  2.  a:»+a?-20. 

8.  6«»-7a?+2.  4.  12aj»-17a?  +  6. 
5.  «'-2«*y  +  2«y«-/.  6.  3*«  +  5a?-2. 
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7.  a^^(y^2zy.  8.  (a  +  26)»  +  (a-26)«. 

9.  12x*y*-17a;y  +  6.  10.  a?*  +  2ar»  +  2ar*  +  2ar  +  l. 

11.  4a:«-5a?  +  l.  12.  ar-aft-6ar  +  ft«. 

13.  ar*  +  a:»-12iF».  14.  4a:* -9. 

15.  ar»-2irV-4iry»+8y».  16.  16a:* -20 a:" +4.  . 

17.  a'-i»»  +  2ac  +  c».  18.  a:»-16ay*. 

19.  ad-^hx-^^ax-^hd,  20.  6a:"-aa?-2a*. 

21.  ac+26y  +  2ay  +  6c.  22.  3a:'-8a;"-a:+6. 

23.  2a:»-9a;«+4a:+12.  (24.  15(a:-y)(ar+y)-^*«y.  I6*y. 

25.  (a*-6*){c«-(d-l)*}.  26.  «*-10ar«y«  +  9/. 

27.  a-6c-6(l-c).  28.  10a:" ,f  13a: -6. 

29.  15a:«-13x  +  2.  30.  (a  +  26-3c)»-(3a-6  +  2c)*. 

31.  a:*-a:-42.  32.    9o«+6ad-  16c«-8ftc. 

33.  (3a  +  26+c)*-(a  +  26+3c)*.  34.  3ar»-a:*-6a:+2. 

35.  a:*+a:*  +  l.  36.  6c(6-c)+ca(c-a)  +  a6(a-6)* 

37.  a:«-(y  +  l)».  38.  (a:t_yi^t.2(a:»+y«)  +  l. 

39.  a:»-22a:-15.  40.  (a  +  c)(o-c)-6(2a-6). 

Find  in  as  few  steps  as  possible  the  foUowing  products : 

41.  (a:-l)(a:+l)(a:«  +  l)(a:«  +  l). 

42.  (a:-l)(a:  +  l)(a:«+a:  +  l)(a:«-a:+l). 

43.  (a:-2)(a:-3)(a:-l)(a:-6). 

44.  (2a:+l)(4a:»  +  2a:+l)(4a:«-2a:+l)(2a:-l). 

45.  (a:-3Ka:-4)(a:-l)(a:-6). 

46.  \x-a)\x-h){pi^'\'ah), 

47.  (a:-2a)(2a:-a)(2a:  +  2a)(a:+a). 

Find  an  expression  that  will  exactly  divide  both 

48.  a:"-3a:  +  2  and  ar»-8a:  +  12. 

49.  a:*-3a:+2  and  ar*-a:-6. 

50.  10a?»-a:-21  and  Ua:"- 11  a? -15. 

51.  3a:*  +  14a:-5  and  3ar*  +  8x«-l. 

52.  a«-2ad  +  &*  +  a-6  and  c»-2ai»  +  fc*  +  a*-fc*. 

Find  values  of  x  that  will  make  the  -following  expressions 
respectively  equal  to  nothing. 

53.  5(a:-3)-4(a:-3).  54.  a:»-8a:-9. 
55.  a:*-13a:-48.  56.  3a:*+14«:-5. 

57.  6a:*  +  lla:-10.  58.  ar*- 2a:*- 21  x- 18. 

59.  a:* -a:* -30a: +  72. 

Prove  tiiat  the  following  expressions  have  no  real  fietctors :   ^  ^-  2.0 ,  N. 

60.  a:*  +  2a: +7.  61.  a:* -4a? +9.  .'^•2ft.  a^  fiV?, 
62.  3a:»-6a:+5.                            63.  4a:*  +  3x+2. 
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Resolve  the  following  ezpresaions  into  factors,  which  may  in 
some  cases  be  irrational : 
64.  a?«-2ir-7,  65.  a^-Sx-b. 

66.  3a:»-8a?+5.  67.  4ar*-9a:+4. 

^j68.  5a:»  +  aa;-7.  69.  7a:^-12a?+4. 

Resolve  into  factors : 

70. -^ — i:~-iT-  71.   -, -Q- 

a*      ab      6*  y'      8 

72.  6(3a?-y)«-5(3ar-y)(a-26)  +  (a-26)». 

343 
V73.  a;«  +  64y«446a?'y'-l.  74.  8a:»  +  ^. 

75.  (2a-5)*  +  (2a-5)«(3a  +  4)«  +  (3a+4)*. 


Chapter  xv 

highest  common  factor  and  lowest 
common  multiple 

130.  A  common  factor  of  two  or  more  expreesions  is 
a  factor  which  divides  each  of  them.  Thus  a  and  b  and  db 
are,  each  of  them,  common  factors  of  the  two  expressions 
ahc  and  bed;  (a;+a)  and  {x^  +  a^  are  common  factors  of 
(xA-a)(x^h)(oi^+a^)  and  (a;+a)(a?+c)(a:2  +  a2). 

The  common  factor  which  is  of  highest  dimensions  is 
called  the  highest  common  factor,  and  is  usually  denoted 
by  the  capital  letters  H.  C.  F. 

A  common  multiple  of  two  or  more  expressions  is  a 
quantity  which  can  be  exactly  divided  by  each  of  those 
expressions.  Thus  a^^c  is  a  common  multiple  of  abc  and 
ab'^ ;  g^-^al^  is  a  common  multiple  of  (a;+a)  and  (a;— a). 

The  common  multiple  which  is  of  lowest  dimensions  is 
called  the  lowest  common  multiple,  and  is  usually  denoted 
by  the  capital  lettei-s  L.  C.  M.  The  L.  C  M.  of  abc  and  dbl^  is 
therefore  aib^c,  and  not  a%^c;  the  L.C.M.  of  (x+a)  apd 
(x— a)  is  a;^— a*.     ,  • 
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Numbers  havo  no  dimensions,  so  when  dealing  with  numbers  we 
use  the  adjectives  'greatest'  and  Meast'  instead  of  ^highest'  and 
'  lowest',  and  talk  about '  greatest  common  measure*  (G.  C.  M.),  '  least 
common  multiple'  (L.  G.  M.)y  instead  of  'highest  common  factor', 
*  lowest  common  multiple/ 

In  all  respects  H.  C.  F.  and  L.  C.  M.  serve  the  same 
purposes  in  Algebra  as  G.  G.  M.  and  L.  G.  M.  do  in  Arith- 
metic ;  and  the  methods  for  obtaining  them  are  the  same 
in  principle  as  the  Arithmetical  methods  for  finding  G.  G.  M. 
and  L.G.M. 

Examples  XV  a. 

1.  Resolve  80  and  140  into  factors ;  write  down  all  the  common 
factors  and  the  6.  G.  M. 

2.  Write  down  all  the  common  factors  of  a^h^x  and  ahj^. 
Hence  find  the  H.  G.  F. 

3.  Find  the  H.G.F.  of  SOa'ft'a:  and  UOo^^ar*. 

4.  YHiat  ezpressionB  are  common  factors  of  x(a:^-7a;-f  12)  and 
a:*(a:«  +  7x -  30)  ?   Find  the  H.  G.  F. 

5.  Find  the  H.  G.  F.  of  15a:(a?«-7a:  +  12)  and  27«»(a:*  +  7a?-30). 

6.  Find  three  common  multiples  of  16  and  24.  What  is  the 
L>  G.  M.  ? 

7.  Write  down  three  common  multiples  of  a*&c'  and  ah^c^. 
Find  their  L.  G.  M. 

8.  Find  the  L.  G.M.  of  16a'6c>  and  2^ah^c\ 

9.  Write  down  three  common  multiples  of  a;'  -  4  and  a;*  —  5a?  +  6. 
Find  the  L.  G.  M. 

10.  Find  the  L.C.M.of  15(ic«-4)  and  21(a:«-5x+6). 

131.  A  slight  difficulty  may  have  been  noticed  in  some  of  the 
preceding  examples.  Suppose  it  were  required  to  find  the  H.  G.  F. 
of  l^xy^z  and  2^3^ys^\  the  H.G.F.  of  xy^z  and  a^ys^  is  xyz  so  that 
Atocyz,  2xyz,  Bxyz  are  all  common  factors  of  l^xy^z  and  24;r'y;s^, 
and  they  are  of  the  same  dimensions. .  In  such  cases  it  is  under- 
stood that  the  coefficient  of  the  required  H.  G.  F.  is  the  G.  G.  M.  of 
the  coefficients  of  the  various  expressions ;  so  in  this  particular 
example  the  H.  G.  F.  is  Sxyz. 

Similarly,  the  coefficient  of  the  L.  G.  M  is  the  L.  G.  M,  of  the 
coefficients  of  the  various  expressions. 

PATXUOV  M 
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132.  The  methods  of  finding  the  H.  G.  F.  and  L.  G.  M.  can  be 
Been  from  the  following  examples. 

Example  I.  Find  the  H.  C.  F.  of  Ba^x^,  9(u?*y^  6a^x^y^. 

The  G.  G.  M.  of  the  coefficients  is  8. 

The  only  letters  common  to  all  three  are  a  and  x, 

.*.  the  H.  G.  F.  knust  contain  some  powers  of  a  and  x. 

One  of  the  expressions,  yiz.  the  second,  contains  only  the  first  power 

of  a,  .*.  the  H.  G.  F.  can  contain  only  the  first  power  of  a. 
The  lowest  power  of  x  in  the  three  expressions  is  x",  1.  e.  the  highest 

power  of  X  that  is  common  to  all  of  them  is  x',  i.  e.  the  H.  G.  F.  is  8  ox*. 

Similar  examples  could  be  written  out  at  length  in  the  same 
way,  but  the  whole  work  is  usually  done  mentally. 

Bxample  II.  Find  theKCM..  of  8a^x^,  9(w?Vi  6a*xV. 

The  L.  G.  H.  of  the  coefficients  is  86. 

In  order  that  the  L.  G.  M.  may  be  divided  by  aV  it  cannot  contain 
lower  powers  than  a*x\ 

In  order  that  the  L.  G.  M.  may  be  divided  by  ao^y*  there  must  be 
ifi  and  another  x  in  addition  to  ah^,  i.  e.  there  must  be  a'xV*»  and 
we  see  that  a*x*y^  can  be  divided  by  a^x'^t^. 

Hence  the  L.  G.  M.  is  86  ah!*y\ 

The  work  is  usually  done  mentally. 

Bxample  III.  Find  the  H.  C.  F.  and  L.  C.  M.  cf 

x2^x-be  and  a;2+10jc+21. 

a^^    a:-56=(a:-8)(x+7), 
a:*  +  10a?+21«(a?+8)(a;4  7); 

.-.    H.G.F.«(a?+7), 
and  L.  G.M.«  (a;  +  8)(a?  +  7)  (a:-8). 

Example  IV.  Find  Hie  H.  C.  F.  and  L.  C.  M.  of 

a:»-10«  +  16«  (ar-2)(a?-8), 
aJ+     a?-  6=(a?-2)(aj  +  8); 
H.C.F.         =(«-2), 
L.C.M.         *  («-.2)«(«  +  8)(a:-8). 

Example  V.  Find  the  H.C.  F.  and  L.  C.  M.  qf 
2x8-11x2+ 20JC-12  and  Sx»-7x3— 8x+20. 
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Both  expressions  mast  be  faotorized ;  and  the  Factor  Theorem 
should  be  used. 

By  comparing  the  two  coefficients  of  3i?y  it  is  seen  that  if  there 
is  a  common  factor  the  first  coefficient  must  be  unity. 

By  comparing  the  two  constant  terms  it  is  seen  that  the  constant 
of  any  common  factor  must  be  ±\^  +2,  +4.  This  is  all  done 
mentally  so  far ;  the  work  should  be  set  down  as  follows : 

For  first  expression  /(I)  =  22-239^0, 

/(-I)  =-2-11-20-129^0, 
/(2)  =  16-44+40-12  =  0. 
.*.    OP -2  is  a  factor. 

2^-lla;«  +  20x-12  =  2a:"(a:-2)-7a?(^-2)  +  6(jp-2) 

«(a?-2)(2a:»-7a?+6) 
=  (a?-2)(2a:-3)(ar-2) 
=  (a?-2)«(2ir-3). 

Hence  the  only  possible  common  factor  is  op— 2  or  (a;— 2)' ; 
try  X— 2. 

3aJ-7a*-8a?  +  20=3«*(a?-2)-ar(a?-2)-10(«-2) 

=  (a?-2)(3a:»-a?-10) 
=  (a: -2/ (3a? +  5). 
Hence  H.  C.  F.  =  (a?  -  2)*, 

L.C.M.  -(a?-2)»(2ar-3)t3a:  +  5). 

Bxamples  XV. 

Find  the  H.  C.  F.  and  L.  C.  M.  of : 

1.  Sa«W,  6ad»<j«,  8a«6c»,  2aV. 

2.  21«»/«»,  12a?*y'««,  15aJ»/«». 

3.  50aVy«,  20a»a?y>,  25a»ar^y*. 

4.  5a:»(a?-2),  10a*(a?-8),  16«»(x>-5a:+6). 

5.  3«»(ar  +  l),  21ar*(a^+2a?+l),  9ar^(a:«-l). 

6.  a*(««-l),  3a»(a:»-l),  6a»(ar*-l). 

7.  8a(a:«+2a?-8),  a«(a:«- a? -20),  6a»(a;»-8«-28). 

8.  4a'&(;,  ^a^x^  6caj"y,  7a:'y'«*. 

9.  «"-3a?+2,  «"  +  10a?-ll,  a:»-l. 

10.  a:*-25a?  +  144,  a:«-9a:-112. 

Find  the  H.  C.  F.  of : 

11.  8x*  +  a;-2  and  3a^+4x-4. 

12.  2x'  +  7a;-15  and  «"+9x+20. 

13.  «»-2a?-3  and  aj»-«*-7a:  +  3. 

w  o 
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14.  ir*-3a?  +  2  and  a?'-5ir  +  2.  ^' 

15.  3i^-x-2  and  a?*  +  a:'-5x'4-aP-6.  V 

16.  a^-2x^-¥x-2  and  a?*  +  4a?'  +  3.  '♦^ 

17.  ar'  +  a^'-x-l  and  a^-3a?-2.  ^ 

18.  6ar«+19x-7  and  10a:»+21a:«-47a:  +  7.  *; 

19.  a^-Ax^  +  bx-^  and  a:»-«»-a;-2.  C 

20.  Sa^+42^-x-2  and  ir'-ir*-5a:-3.  ^ 

Find  the  L.  CM.  of:  ^ 

21.  4a(a  +  &)  and  6a&(a«-a6-2&2).  j 

22.  a^-a'fe,  a«6  +  a&«,  a'ft-ft'.  ^ 

23.  a^^  +  aa?— 2a',  a?*— 2aa:  +  a',  2a?'  — oa?— a*. 

24.  a;'-l  and  a:»  +  l.  v  j 

25.  2a7'  +  7aa?-15a*,  23?*  + 11  oar- 21  a',  and  ''-;^ 

5ar»  +  59aa?'  + 163  a'a?- 35  a».  ^ 

26.  2a:*-a?-6,  3a:'-7a?+2,  6ar*  +  7a?-3.  ;^ 

27.  a:»-l,  a?«-6ar-7,  a;>-3««+2a?,  3a:*-7«  +  2.    .^ 

28.  xi^-x^  x*-x,  a:*  +  a:*  +  l. 

29.  2a?'  +  a:-3,  a;'+2a:-3,  a:*  +  3a:* -a? -8. 

30.  6y'-y-2,  3y»  +  5y+2,  3y»-y'+y+2. 


CHAPTER  XVI 
FRACTIONS 
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V. 


133.  Definition.  When  a  quantity  p  is  .divided  by 
another  quantity  g,  the  result  may  be  written  ^J  When  the 

division  cannot  be  performed  exactly,  this  form  is  called 
a  fteotion.  The  quantities  p  and  q  may  be  either  numbers 
or  algebraical  expressions ;  thus 

5*     8  '   8a;— a*   ic*+aa?+a* 

are  all  fractions. 

In  Arithmetic  }  is  regarded  as  being  three  times  the  resalt  of 
dividing  unity  by  five,  and  is  called  three-fifths ;  hence  the  lower 
number  gives  the  name  to  the  parts,  in  this  case  '  fifths  *,  and  is 
called  the  denominator ;  the  upper  number  shows  the  number  of 
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parts  to  be  tftken,  and  is  called  U^^^nmerator.  TheBe  names, 
'  nnmerator^  and  '  denominatorJ<^re  used  in  Algebra  also  to 
denote  the  dividend  and  divisor  respectively. 

An  integral  expression  is  an  expression  containing  no 
fractions  with  algebraical  denominators. 

Note.  The  result  obtained  by  dividing  a  number  p  by  a  number  g 
is  clearly  |>  times  as  great  as  the  number  obtained  by  dividing  unity 
by  g.  Hence  follow  the  two  ways  of  looking  at  numerical  fractions ; 
{  may  be  regarded  as  the  result  obtained  by  dividing  3  by  5  or  as 
three  times  the  result  obtained  by  dividing  1  by  5. 

184.  The  Talae  of  a  fraetion  is  unaltered  by  multi- 
plying or  dividing  both  numerator  and  denominator  by 
the  same  quantity. 

This  follows  from  the  axiom  that  if  equals  be  multiplied 
by  equals,  the  products  are  equals. 

For  suppose  (pc  =«  i>,  then  a?  =  -  . 

Multiply  both  sides  by  m, 

then  mga?  «=  mp  and  x  =  —  • 

mg 

Hence  «.^. 

q      tnq 

AJso  since  ^  = :?»  it  is  seen  that  both  numerator  and 
mq      q 

denominator  may  be  divided  by  the  same  quantity 
without  altering  the  value  of  the  firaction  (provided  that 
quantity  is  not  equal  to  nothing,  §  108). 

It  follows  from  this  rule  that  factors  common  to  both  numerator 
and  denominator  may  be  divided  out  just  as  in  Arithmetic ;  and 
that  any  number  of  fractions  may  be  reduced  to  a  common 
denomiiuior. 

Examples  XVI  a. 

Reduce  to  their  simplest  form : 
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g'-g*  o'-2a&-3&«  g»-2og~48a' 

•  a^-2(ia:+a**  a«-4a6-56*'  «"  +  aa?-42a* 

7      a^4-2a:»~ar~2  ay-{-4ofc  +  2oy-f  2to 

•  a:»  +  3jr«-4a:-12'  ay-4a6+2ay-2ier' 

Q    o*-2fl*  +  6»+a-6 


a«-2a6+6»+a«-6« 


Express  the  follo.wing  fractions  as  fractions  witb  the  same 
denominator : 

in    2     3      a?  n      «"       2y«     Say 

a     h     ah  Sab     bhe     4ac 

io    ^"^       J  *  +  <»  io    a-2fc        -  a  +  26 

12.   — ^—  and  •  13.   =-  and  r  • 

x-^a  x^a  a  —  h  a  +  6 

,.     2x        ,  2a;~8a  ic        ^  j      ? 

14.   5-  and  ^ — -=-  •  15.      ^^     and  — ^  • 

3a  2a?+3a  P  +  2^  |)-2g 

16.  By  taking  a  rectangle  5  by  1  to  represent  unity,  show  that 
three  divided  by  five  equals  three-fifths. 

17.  By  taking  a  rectangle  5  by  4  to .  represent  unity,  show 
graphically  that  i  ^  ^. 

18.  Show  graphically  that  f  «  i^  and  that  ^  »  J* 

19.  Show  graphically  that  f +  i  »  H* 

By  reducing  to  the  least  common  denominator,  simplify  : 

OA     1        2        3  „-     a       26 

20.  o-  +  Q-  -  r" '  21.  —  +  ^  - 
2a      3a      5a  2o      3a 

ab      he      ac 

^_    3a6      2he      Sac 

25.    —  + • 

X         y  z 

«_   2ah      hhc  .  4af 
3a;       2y        %z 

X  X 

29.    -^ -. 

x-^-a      x  —  a  x-k-a      x  —  a 

Just  as  l±  can  be  reduced  to  the  form  3f ,  reduce  the  follow- 

6 

ing  fractions  to  similar  forms: 

30.  2£±l .  31.  ?'±L« .  32.  ?^zifE+ 5«* . 

a  ,        X  X 

2«  +  36  ^    30-4*  35   4«-7* 

a4-6  a  — c  a  +  ar 


22. 

3a      2h 

46  "^^Sc 

6c 
12  a 

24. 

ah      he 

Zz 
ae' 

26. 

ah       he 
Zx      2y 

1     .     1 

ac 
Tz' 
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a-ft  a+26 


38. 


Solve : 


(rt-66) 


og.    X       1        X       1 

abba 

At\    X        3        1  X 

ao       oc      ac  ri6 

41.  f- -A«„._6.. 

42.  -  +  f«l-,-,  ~  +  T-l+7. 
a      6            o  a      5             2» 


135.  Addition  and  Subtraction  of  Fractions. 

Suppose  X  =   ~  and  y  =  -  > 

then  a?  =  ~  and  ye?-. 

and  qsy  »  gy% 

Add  qs[x  +  y)^p8-^qr. 

The  same  method  can  be  applied  however  many  fractions  there 
may  be,  and  whether  the  connecting  signs  are  +  or  — .  Hence 
follows  the  rule : 


To  add  or  snbtraot  ftraotions.  Beduoe  all  the  firactions 
to  the  common  denominator  of  lowest  dimensions,  and  then 
add  or  subtract  the  new  numerators. 

As  a  rple  the  common  denominator  is  left  in  factors  and  not 
multiplied  out. 

As  is  pointed  out  in  §  78  the  line  of  a  fraction  has  the  effect  of 
a  vinculum  or  bracket ;  so  that  a  minus  sign  before  the  Auction 
changes  the  sign  of  all  the  terms  in  the  numerator.  If  examples 
are  at  first  worked  as  in  the  following  example,  there  is  less  chance 
of  making  a  mistake. . 
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x-a  _  x-h  _  a(a;~ff)-&(a?— fc) 
h  a     ""  db 

a& 
(a-6)j?-(a«-y) 

When  the  student  has  had  a  fair  amount  of  practice  the  first 
step  may  be  omitted. 

2a?-f3a  _  3a?-26  _  2aa?-f  3a*--3fea?-f  2^ 
26  2  a      "  2ab 

(2a~3&)a?-t-(8o«~2y) 
""  2a6 

Expression : 

a?-10 x  +  22  x+l 

(a?+4)(ir-3)      (a?-.5)(a?+4)  "*"  (ar-3)(ar-5) 

_-(a;-10)(a?~5)-(a;  +  22)(a?~3)  +  (a?-f-l)(ar-f4) 

(a:-3}(ar4-4)(a?~5) 

^  ~(a:'-15a?  +  50)-(a:«-fl9ar~66)-f(a:'-<-5a;-f4) 
"^  (a?-3)(a:  +  4)(a?-5) 

^  -g'-f  15a?-50-a:'-19a;  +  66-fa:«-f5a;-f4 

(«-3)(a:  +  4)(ar-5) 

-«"+a?+20 


(a7-3)(x  +  4)(a?-5) 

a;'--ar-20 
(a;-8}(a?  +  4)(ar-5) 

(a:~5)(a?-t-4) 
(a:-3)(ar+4)(a;-5) 

1 
ar-3' 


The  signs  of  equality  should  be  kept  in  a  straight  line  one 
under  the  other.  After  a  time  the  student  will  be  able  to  leave 
out  some  of  the  steps,  but  he  should  always  recollect  that 
accuracy  is  more  important  than  speed,  and  that  untidy,  badly- 
arranged  work  is  more  likely  to  be  wrong  than  neat  work. 
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Examples  XVI  b. 

Simplify  the  following  expressions : 


1. 

a-b      e-a      h-e                                   b^^      a«c 
ab     ^     ac    ^    be  '                             ^'     d    '^    b 

3. 

ar+1       3a?+l       5ar+l 
2             4^6- 

4. 

2a?  +  3      3a:-2   ,  7a:-2 
5               4       '      20    • 

5. 

2a?-3      3a?-5      5a?+3      7a?+5 
3             5*6             10    • 

6. 

a:(l-8a:)      d(x--2)      a^+8      7(aj»-l) 
3                  4               6             86      ' 

7. 

l-x      2(ar-2)      8(1 -2a?) 
2              8        '         4        • 

8. 

x  +  1      a:  +  5-                              ^-     ar-l  "  a?  +  3' 

10. 

2a«    ^6                               ^^     2a-fe      2a  +  6 
a»-6'      a  +  fe'                           "•     a-6  "   n  +  6 

12. 

8            2                a:+l 

a:+2      a?  +  8      (ar  +  2)(a?+8)' 

13. 

a:-2      a:-l                3 

x-1      x-2      (a:-l)(a?-2)" 

14. 

a?-l      «*-2a?+l      ar»-a?-l 
2a:              4x«                4ar»      * 

15. 

3            1            2 
a?-3      a?  +  5      a:-7* 

16 

y                 a:        ^      2y 

A\F» 

ar(y-a:)      y(a?+y)      a^-y*' 

17 

ar                 2                6 

A  1. 

a:»-3a:  +  2      ar»-l      ««-ar-2" 

18. 

3           2           5a 
1+a      1-a      a«-r 

19. 

3                2                2 

x  +  l      a:"+3a;  +  2      a:  +  2' 

20. 

6a           2           3 
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136.  Multiplioation  and  Divisioii  of  Fraotioiui. 

Suppoie    0?  =  -  and  y  =  - » 

then  §^^  Pf 

Multiply  together  the  two  left-hand  sides  and  the  two  right- 
hand  sides, 

Divide  by  a«,  «y  ai  ~. 

Any  number  of  fractions  could  be  dealt  with  in  a  similar  way. 

Hence  the  product  of  any  number  of  fractions  is  a  fraction 
whose  numerator  is  the  product  of  the  original  numerators 
and  whose  denominator  is  the  product  of  the  original  de- 
nominators. By  §  184,  any  factor  common  to  the  nume- 
rator and  denominator  may  be  divided  out. 

Again  if  x^-  and  vs.-, 

then  qx  =p 

and  ^  =  n 

Dividing  i_  =£. 

Multiply  by  «    ^=?^ 

y        r 

Divide  byg        -=^—a=^x-. 

y      qr      q      r 

Hence  we  have  the  rule  for  division : 

To  divide  by  any  fraction  invert  the  fraction  and 
multiply. 

In  all  cases  involving  multiplication  and  division  of 
fractions,  the  first  step  is  to  resolve  all  the  numerators  and 
denominators  into  factors,  and  then  cancel  factors  common 
to  the  numerator  and  denominator. 
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Example  I. 

a^-^-ab      ab—b^      ab-^bc 


Simplify 


a^'-ab      ab  +  b^  ^  ab^bc 


-  a*-^db     ab-b^      ab-bc 

ExpreBBion  =  -= — ,  x    ,  .  . ,  x    .  — , 
^  ar-ab      a&  +  6'      db  +  bc 

4/^^)      ^(jf^^)      ll(a-c) 
a  +  c 


Examples  XVI  o. 

Simplify  the  following  expressions  : 
2ah^      JaHHr'       Sabc 

a    Sab       hhy     Sez 

2cx      Aax     2hx 
^    a{x-b)      b^x-^ab*      x*-a* 

bx  +  ab       a^x-^c?       a^  —  h^ 
^    3a6«  ^  26^  _^  8a«fe« 

4W      7ac  ■    ibc 

2cx     ^ax  '  2bx 

^    «"-5a?+6      a:*4-7a:  +  12     «"+ir-20 
6.   = — =T=—  X  -3 — s r?  >« 


7. 


ir»-16         a:*-8a:+15      ar*  +  ar-6 
4ar»-9      .    2a:-3 


2a^+5a?  +  3  '  a?(a;  +  l) 


ft    C^-<»^-2o'         a?--a     ^      a  +  2x 
^'         ar-a«       ^  9a;" -4a*  '  a(2a  +  8a:) 


9. 
10. 


a«-&*  a-b 


a*~2a6  +  &»     a*+a5 

2^+«-l      2x»-5x-f3  ^3x»-7j?-6 

a«-4it+8^   6a:«  +  aJ-2       2a:"-7a:+6 

12.   (g^y)'-^  ^  ^  '  aar-yg+g* 


ay 


-y«-yi     a:«+a?y-a»  '  a:"-(y-2^)'' 
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15     «+2a  /     1       ^       1     \ 

18.  What  must    — ^    be  multiplied  by  to  give    -j — = r^ 

as  prodnct  ? 

19.  Find  the  quotient  when  ^  is  divided  by  ^^^ll^fLl?. 

20.  Solve    ^?Ll^«a«-6l 

21.  Find  the  missing  tenn  in  the  following  identity : 

a:*~3a?-4      ar'  +  2j?-15  '    a?»  +  6a?+5       a:J*+4a:-2r 

iT  — 2      -T  — 4 

22.  What  must    — 5 p    be  multiplied  by  in  order  that 

OJ  — O        iC  — o 

the  product  shall  contain  no  fractions?  What  is  the  simplest 
form  of  the  product  ? 
28.  Solve  the  equations : 
..V  g  — 2     j?-'4_  X 

....  a?-2     J?-'*_  a^-8a?  +  13 
^"^aj-3     a?-5""(ar-3)(x-5)' 
,....a?-2     ar-4  2 

(lU) 


a?-8     x-h  (x-3)(a:-5)' 

..  V  a?-2     x-A      ^ 


25.  Simplify  (Uj^J(,  +  j?^). 

137.  Special  points  in  connexion  with  firaotionB. 

(i)  Reduce  all  fractions  to  their  lowest  terms  before  adding  or 
subtracting. 
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(ii)  Factorize  all  numerators  or  denominators  before  multiplying 
or  dividing. 

(iii)  ^  X  ft  =  a,    T-  X  bc  =  ac.    That  is : 
'ft  ft 

Any  fraction  can  be  reduced  to  an  integi^^l  expression  by  multi- 
plying it  by  its  denominator  or  by  a  multiple  of  its  denominator. 

Hence  the  algebraic  sum  of  any  number  of  fractions  can  be 
reduced  to  an  integral  form  by  multiplying  by  the  L.  C.  M.  of  all 
the  denominators. 

This  rule  is  continually  being  used  when  equations  that  contain 
fractions  are  to  be  solved. 

(iv)  The  value  of  a  fraction  is  unaltered  when  the  numerator 
and  denominator  are  both  multiplied  by  the  same  quantity. 

This  has  already  been  given  as  the  first  rule  in  dealing  with 
fractions.  It  is  here  mentioned  again  as  number  (iv)  becausct 
together  with  number  (iii)  above,  it  gives  the  easiest  method  of 
simplifying  complicated  fractions. 

186.  Misoellaneous  worked  examples  in  Fraotions. 

Example  I. 

i^--2a^+o^       Sax—lBa^      3a;^+4aa;— 4a^ 
Stmpltfy       ^i_^s      +  a;2_4a-5a«  ■"   a^+3(w+2a^* 
Expression 

«      (^-g)'       .      3q(a?-5g)     _  (8a?-2a)(a?+2g) 
^(«-a)(a:+a)      (a?+a)(a?-5a)        {x'¥a)(x-^2a) 

—  «-<»  ,    8<>   _  8ag-2a 

"  x-^a     af+a        x+a 
-2a?+4a 
x+a 
2(«-2a) 

b      a 


Example  II.    Sin^ify 


a     b 
b'^a 


Fraction 


a  ft 
b'^  a 
a  ft 
ft      a 


a* -ft'        (Multiplying  num.  and  den.  by  ab,  1 187  iv, 
^i^ji      in  order  to  clear  them  of  fractions^  §  187  iii.) 
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Example  III.    Simplify  + 


[In  all  examples  it  is  advisable  to  keep  the  letters  in  the  same 
order ;  here  a  comes  before  x  in  two  fractions  but  x  before  a  in  the 
third  fraction.  The  first  step  is  to  get  the  same  order  throughout. 
Recollect  that       a+b  »  6-f  a,  but  a^b  •  '■'(Jb^a),'] 

Vy«««.a«o;^*.  —     ^      .      ^      .      "~^      (Multiplying  num.  and  den, 
Expression  =  _-+-_  +  —-^    v  ^^  ^^y^  ^^,^^  ^^  ^  ^^ 

^  2a— X 

If  we  multipl/  both  numerator  and  denominator  by  —  1,  we  see 

x-^2a 
that  the  answer  may  b^  written    -^ — 5  • 

Example  IV. 

h    a 

[The  quantities  In  brackets  should  be  brought  to  a  common  de- 
nominator before  the  brackets  are  j^emoved.  Such  expressions  as  this 
should  be  kept  as  single  expressions  throughout  the  work,  and  the 
parts  should  not  be  simplified  by  separate  sums.] 


Wrong  way. 

2ab 

a«  +  6«-2a6                  2ab 
a»  +  6*     '          ^     a  +  6 

a^  +  ab-2ab 
a*— oft 

b    a       «•  +  &• 
a      b      a*-^b^' 
b      a 

~   a+fr  ' 

Expression 

0  +  6 
»" —aft 

&c. 

- 
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Bight  way. 

a      b 

Expression  =  (l-  ^^j  x  ^— ^  -r  (a- ^-^) 

b  "a 

o«  +  6>       ^  o«-6»  •         a  +  6 


(a-6)(a  +  6)      a(a-6) 

1 

a 

In  the  first  line  each  expression  in  brackets  is  reduoed  to  its 
common  denominator,  and  the  second  fraction  is  simplified  by 
multiplying  throughout  by  a&. 

In  the  second  line  the  common  factor  a^+d'  is  omitted,  and  the 
numerators  and  denominators  are  resolved  into  factors. 

Bzample  V.  When  several  fractions  are  to  be  added  or  sub- 
tracted, much  labour  can  be  saved  by  a  little  thought  as  to  the 
arrangement  of  the  fractions.  Side  multiplications  can  often  be 
avoided  by  taking  only  two  or  three  fractions  at  a  time,  so  that 
there  is  no  necessity  to  multiply  together  more  than  two  binomial 
expressions  in  any  one  step. 


6a:-18      6x+18      a;=^  +  9  ^  x*+81 

„  .  11  1  18 

Expression    =  g^^g.  -  g-^— ^^  -  ^  ^  ^- +  ^^  ^  g^- 

g  +  S-ag  +  S         1_  18 

==    6(«»-9)     '"i*  +  9  "*^a:*  +  81 

«»  +  9-a^  +  9         18 

+ 


a?«-81        "a?*  +  81 


36  g* 
«--65ttr 
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139.  Equations  containing  Fractions. 
The  following  examples  show  how  to  deal  with  equations 
eontaining  algebraical  fractions : 

Example  I. 

e,  3  4  7 

Solve     — -  + = • 

a;— 2      x—S      x—4 

Multiply  by  L.  G.  M.  of  denominators.  [§  137  (iii).] 

3(j?-3)(a?-4)+4(a?-2)(a;-4)=7(a?-2)(j?-3). 

Remove  brackets 

3a:"-21a?  +  36  +  4a:>-24«  +  32«7a;»-35a:+42. 

Transpose  and  collect  -  10a?  =  -26 

«-2J. 

Example  II* 

2a;— 2      a;+4       3a;— 8 
Solve     ^32-'-^^  =  3i:^r 

If  we  were  to  multiply  by  the  L.  C.  M.  of  the  denominators  we 
should  have  to  multiply  out  (2x— 2)  (x+8)  (Sx— 11)  and  two  similar 
expressions.  This  would  involye  three  sums  at  the  side,  as  these 
multiplications  are  too  long  for  mental  work.  It  is  always  well  to 
avoid  side  work,  so  the  following  method  may  be  adopted. 

Bring  each  side  to  its  own  L.  G.  D. 

2a?^+4a;-6--g'-2a?+8       3a?-8 
(ar-2)(a:  +  3)  "Sa?-!!" 

Collect  the  numerators 

a:»  +  2a?  +  2       8a?~8 
x^-^-x-^    ^Bx'-lV 

Mentally  resolve  into  factors  and  see  if  any  factor  divides  out. 
Here  there  is  no  common  fiftctor. 

Multiply  now  by  the  L.  G.  M.  of  the  denominaton 
(«»  +  2a?+2)(3a;-ll)«(a^+a;-6)(8a?-8). 

Remove  brackets 

8aj»+  6a:'+  6«  «  3ar»  +  3a^-18a? 

-lla^-22a?-22  -8«*-  8a?  +  48. 

Collect       -  5a;*-16«-22     «=        -5«»-26a?  +  48 
Transpose  and  collect      10a;  «=  70. 
Divide  by  10  x  «  7. 

Verify  L.  H.  S.  =  ^^1*  "  l^ 
R.  H.  S-e|9. 
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Example  III. 

^^^^      x^2   ~rr  +  3""3x-ll  ' 

[When  the  nuxneratora  are  aot  of  lower  dimensions  thaiv  the 
denominators,  equations  are  often  simplified  by  dividing  each  nume- 
rator by  its  denominator  until  the  remainder  is  of  lower  dimensions 
than  the  denominator.  This  division  can  usually  be  worked  mentally 

just  as  ^-  as  4|  is  done  mentally,  e.  g.   — ^^  sa  4  — ^^^  •] 

2x-2      a?44       3a?-8 


a?-2       ar  +  3      3«-ll 
Divide  numerators  by  denominators 

SimpUfy:  _|^__I_._8^. 

Multiply  by  L. CD.: 

2  (3a:»  -  2ar  -  88)  -  (8a:«  -  17ar + 22)  =  3  (a:"  +  a?  -  6). 

Remove  brackets : 

6aj»-4aj-66-3a?"  +  17ar-22  =  8a:»  +  3a?-18. 

Transpose  and  collect : 

10a?  =  70 

ar  =  7. 

This  agrees  with  Example  II,  but  the  work  has  been  much  less. 
This  method  is  always  shorter  when  the  quotients  obtained  by 
division  cancel. 

Sxample  IV. 

10  5  4.1 


ar  — 4      a?  — 3      a?  — 6  '  a?— 1 

To  avoid  side  multiplication  reduce  each  side  to  its  L.  G.  D. 

10a?^30-5a?+20  _  4a?-4  +  a?~6 
(i-4)(a?'-3)       ""(ar-ejCx-l)' 

CroUecting  the  numerators  and  multiplying  out  the  denomi- 
nators 

5a? -10  5a;-10 

a:'-7a:+12  "  a?*-7a?+6' 

PATSKSOV  N 
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Dividing  by  5  a;  — 10  and  multiplying  across 

a?'-7a?  +  6  =  ap'-7a?+12. 

Transpose  and  collect :       0  »  12, 
which  is  impossible,  and  apparently  the  equation  has  no  solution. 

There  is,  however,  an  error  in  the  working,  which  has  already 
been  discussed  in  Chap.  XIII,  §  108. 

Examples  XVTd. 

Simplify : 


l.-(_L+_2__8). 
y  ^x—y      x+y      a?/ 


^    ah  —  b*      ab  —  a^ 
ab^a^  "  ah  +  b^ 

2-x"^3-a:"*'a?-6"  a«  +  6*       a-b  ' 

«>  1  1  1 

6(l+ir)  ■*"6(l-a?)  "^  3(l+a:»)' 

g      x+y    ^   x-y         2(a:'-y") 


7. 
8. 


«•— y*       ce^  +  y^      a^+a^i^+y* 
1  45  1 


ax—^bx      a^x—^b^x      ax'^2bx 
5  1  24 


2(a:+l)      10(a:-l)      5(2a?+3) 
>^a  +  a:      a-a?/       >^a— a;      a  +  op/ 
""2        ij  +  2       2i?«-8 

a?«  +  6a:"-2a?-5 


12. 
13. 


ar*  +  9ap»+19a?+10 
a— 6  a+6       3a— 6 

a(a  +  6)     6(6-a)  ~a*-6** 

^a:+a     x-m^      Va  +  a?      a-^x^ 
,^    2a?  +  3  .  5-0?      3 

15.    -T  + =   —  -  • 

x—ar      x—l       X 

^„  &+C  c  +  a  a  +  5 


(a-6)(a-c)      (6-c)(6-a)      (c-a;(c-6) 
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(a-6)(a-c)      (6-c)(6-a)"*"(c-a)(c-6J" 

6«      a 
21    /^     3  2    ^  /,       2a 


^'  (fS^  "  S^Ts)  0 -^  STfc) 


22. 


5 


(a-6)(o-c)      (6-c)(&-a)"^(c-.a)(c-6)* 

^^-  J="2^-:rTl"is|l)• 
la-ar      a+a?J    '    |aa?-a*      ax-^x^j  ' 

25     i^5±2a  _  a  +  2£)       f__3_ l_i 

(o-2a:      a:-2aJ       (2a-a:      a-a:j  ' 

Solve  the  following  equations  : 

26.  J-+-^=2  27    1+     ^     -     *   . 

x+a      x+b      X  ^''  X      x^^r^2 

1+*       l  +  «  ax-\      bx-l        ' 

x+a-^e      b 


80. 
31. 


x  +  b-^c      a' 

x-1      2x-lh  1 


ar  +  7       2ar-6       2(ar  +  7) 


32    2(8-4^^     3     _g 
3-a?  1-a? 

l  +  2a?      7  +  23?"*    ""7  +  16a:  +  4ir« 

34     -^_-l£zi+_L^.t 
"^^   2x-\      40^^-1  ^2a:+l""*- 

Simplify : 

a  +  26      a  <!!!      1 

ge        «  +  ft       b  Ifi^  a 


a  +  2& o^    '  ^  _  1      ^ 

v2 
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og    (a-b)*-e'  +  (a  +  ey-V  +  (e^b)^-a'      a  +  b+e 
•   (6+r)»-o*+(f  +  a)'-6'  +  («  +  6)''-f«''  a-b  +  c' 

(l-a:')(l-y')-4ay 
"^^     (l-a:)(l-y)-2ay  * 

a?+y  +  a  x-y-\-a 

40.       ^      -i-      y 


^    -y       ^  -a? 

a?  +  y       ^        a?-y 

(ar  +  a)(a-  +  6)(2a?  +  a  +  6) 
-       X      a^ 

42.  -2f  +       y    g  X  ?J±g. 

""  y     y* 

43.  Ar-(— t-^)- 

"     ar-1       ^.r-1       ^-f 

ar  +  y  x—y 

a?-2y 


45. 


a« 


(l-a)(l-6)       (l-fl)(o-6)      (l-6)((i-6) 
Solve  the  following  equations : 
46.    A,^    4  25 


47. 


ar-3      ar-4      x(a?-7)  +  12 

1  ^ ^      2 

6^+9"*'i0x+l      2a?+3* 


&  +  c-a      c  +  o-6      a+6+c 
49.  :r^  -  -^ ^  +  — ^  «  0. 

60.  4--J«    +    «     -0. 
a?  +  2      a?-5      07+4 
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Examples  XVI. 

1.  Simplify  ^, -3^^-^-^.. 

3.  Simplify     /"^      X     (^tL)*_  ^  ^-^"2 

4.  Solve  ^ —  ;      ox  =  i ' 

3a;  +  (df-2)      4 

5.  A  had  i'50  more  than  B;  A  paid  a  third  part  of  his  money 
to  B,  and  B  paid  back  a  fifth  part  of  what  he  then  had :  the 
result  was  that  B  had  £30  more  than  A.  How  much  had  each  at 
first? 


6.  Simpkfy    — r—  + 


a-6      6(a-6; 

2ar*  — X  — 1 

7.  Reduce  5-5 -^  to  its  lowest  terms. 

oar  —  x  —  z 

2  1 

8.  Simplify  — -o-, TTTL  •  and  divide  the  result  by  a +  6. 

10  Q 

9.  Solve  -  +  ^ 


X     a?+l      a:  +  2 

10.  A  man  buys  oranges  at  the  rate  of  />  a  shilling  and  by 
selling  them  at  g  pence  a  dozen  makes  a  profit  of  r  per  cent  Show 
that  25pg-36r«=3600. 


11.  Simplify  -—.-,•  +  - 


a-26      a  +  26      a^-46» 

<»>    a»      i«i.     n^-ab        b'^-\-bc      2ac  —  h€ 

12.  Simplify  •^,  — 1  X x 

2cv  — ao      ewj  — oc       ao  +  ac 

13.  Reduce  ;  ^      gw^ iv  ^  ^^  lowest  terms. 

14.  Solve  ,  -  + r  +1  =  0. 

a+6        a— 6 

15.  If  |»  men  do  the  same  amount  of  work  as  q  boys,  and  a  men 
earn  JClO  in  6  days,  how  much  will  b  boys  earn  in  10  days  ? 
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16.  Simplify  5J—  +  ^J—  =  :p4— •• 

17    G  1      2a;  — 15  1  a?-7 

^^-  ^""^^^  "2^36-  -  2(iT7j  '=^77'*''^  ^^""^J^  *^®  a^^wer. 

18.  Simplify   ^f^Z^ . 

19.  Show  that  - —  +  ^—7  has  the  same  value  when 

x  —  a      x  —  o 

a;  s=  a  +  0,  as  when  x  = r  • 

a  +  6 

20.  ^  can  do  a  piece  of  work  in  x  hours,  B  can  do  it  in  y  hours. 
How  long  will  A  and  B  take  to  do  it  working  together  ?  After 
they  have  worked  together  for  z  hours,  what  fractional  part 
remains  to  be  done  ? 


21.SimpUfy(^l-3-^)(2+|). 

1/1  ^K  ^  1/-1       Iv 

22.  Simphfy  — ^ p^ -^^ j-^ 

ia'b)   -"(-a^b) 

23.  Solve      1111 


x-hl      a?  +  2      07  +  3      a?  +  4' 

24.  Simphfy  ^^.  X  ^:^2?  -^  i^T3xl,+/y'- 

25.  A  man  bought  a  certain  number  of  sheep  for  forty  guineas. 
He  lost  one-tenth  of  them,  and  sold  the  rest  for  half  a  guinea 
a  head  more  than  he  had  given  for  them  and  thus  gained  five 
guineas.    How  many  sheep  did  he  buy  ? 


26.  Simplify    -7ac-{2c(a-36)-3a(5c-26)} ;    and   find  its 

value  when  e  «  — 7  • 

a  +  6 

27.  Simphfy  -^^  +  -^^-^  +  -^  . 

28.  Simphfy  ^^^-^.^  x  ^^^-^  x  irre^iTa- 
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29.  Solve  ^2- 3^ -^i-0- 

30.  A  party  consists  of  men,  women,  and  boys;  the  men  are 
one  more  than  one-sixth  of  the  whole,  the  women  two  more  than 
one-quarter  of  the  whole,  and  the  boys  five  more  than  one-half  of 
the  whole.    How  many  are  there  altogether? 


31.  Reduce  to  its  lowest  terms  -^ — j.- .  -  -  ^  r.    /  . . 


32.  Find  the  value  of  ^^— ^  when  p  s= 


ah 


33.  Simplify 


h-p  ^      a  +  6' 

15  12 


/>»  +  52>  +  6      |?'  +  9i>+14      jp«-hl0/>  +  21 


„.    a  ,      6a?+8       2a?  +  38      , 

34.  Solve  s = ZTT  «  1. 

2a?+l       a?  +  12 

(35.  Some  smugglers  discovered  a  cave  which  would  exactly 
hold  the  cargo  of  their  boat,  viz.  13  bales  of  cotton  and  38  casks 
of  mm.  Whilst  they  were  unloading,  a  custom  house  cutter  came 
in  sight,  so  they  sailed  away  with  9  casks  and  5  bales,  having 
filled  only  }  of  Uie  cave*    How  many  bales  would  the  cave  hold  ? 


36.  If  P  =  g-r,  ^  =  r-i?,  R  =i>-J,  find  the  value  of 

1.1         2 


QR     RP  '  PQ 

37.  Simplify  ^-_-~-.^--. 

38.  Simplify  -^-  +  ^7^  +  ::^,  - 

39.  Solve 


g' 


p-q      p  +  g     y-g»     p'  +  3* 
7a?4l6        a:  +  8         x 


21       -4a:-ll       3 

40.  A  shepherd  in  time  of  war  was  robbed  by  a  party  of  soldiers, 
who  took  \  of  his  flock  and  ^  of  a  sheep  ;  another  party  took  }  of 
what  he  had  left  and  }  of  a  sheep.  A  third  party  took  \  of  what 
now  remained  and  }  of  a  sheep.  He  had  25  sheep  left ;  how  many 
had  he  at  first?    Verify. 


41.  SimpUfy  ^  -f  -^-  +  ,    ^"^    . 
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a  a 

+ 


1  +a      1  —a 

42.  Simplify  -j j — 

i  -a    r^ 

43.  Find  tlie  value  of  6  vaa?*-  . ^«  -a'  when  a  =  4,  a?  =  2. 

..    o  1       5^  +  ^      10a?-7 

44.  Solve   Tz ;;  =  ~2 o  • 

2a;— 4       4a;— 2 
45.  Find  a  fraction,  such  that  if  4  be  added  to  its  numerator  its 
value  is  i  and  if  7  be  added  to  the  denominator  its  value  is  }. 


Aa   G-      vf        -2x  +  b  2a;  +  7       ^  2a?-5 

46.  Simplify  4^^74^3-3  ^  4a;«  +  8a;  +  3  ^  4^^  " 

47.  Multiply  -  -1+  ^  by  ^  +1-  ?  . 

y  X     ''  If  X 

48.  SimpUfy  ^^^^     x  (-  +  -)  • 

X 

49.  Solve     9  15     •         9  90 


a;  +  6  ^2a?  +  6'"2a;+12  ^8a;+24 

50.  A  does  J  of  a  pieqe  of  work  by  himself  in  30  days,  and 
with  the  help  of  B  finishes  it  in  10  days  more.  How  long  would 
the  work  have  taken  if  they  had  worked  together  all  the  time  ? 


4  a;  a;  + 1 

51.  What  must   be   added   to    , ^ -,^ =-,  -  /  — i\5  + 1  to 

make  2?  (a;-lAa;+l)      (a;-l)' 

I        2a?j^ 

52.  Simplify  3—^ 

^-^-3a;y 
x-y 

53.  When  a  =  1,  b  =  -2,  c  =  4,  d  =  -3,  find  the  value  of 

54.  Find  the  value  of  -7 +  , r-  +  when 

ab  —  ax       be  — ox       ax  —  ac 

m 

a?  s=  -.  (a  —  fc  +  c). 
a 
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55.  A  train  siarts  on  a  journey  of  250  miles  at  the  rate  of  x 
miles  an  hour ;  after  going  100  miles  the  rate  is  increased  by 
5  miles  an  hour ;  2  hours  afterwards  the  rate  is  again  increased 
by  5  miles  an  hour.    Find  an  expression  for  the  whole  time  taken. 

56.  Write  two  common  multiples  of  the  4^^  degree  in  x  and 
y  of  the  following  :  2x'-ay-y*,  2a:" - 3ajy  +  y*.    Find  the  L.C.  M. 

c»7   n_       1.1.  i.   y*"^       2?-a?       x-y  __  iy-z)  (z-x)  (x-y) 

57.  Prove  that  f +  -  —  +  ^ — ^  =  7-:^^ — ~i -^ —     \ ' 

l+yz      l-¥zx     l+a?y      (l-{-yz)(l+zx)(l+xy) 

58.  A  man  has  x  sovereigns  and  y  pence.  He  dies  and  leaves 
to  eacli  of  his  m  sons  one-tenth,  and  to  each  of  his  n  daughters 
one-twelfth  of  his  possessions,  while  his  wife  gets  the  remainder. 
How  much  does  she  get  ? 

59.  SimpUfy  '^-t'^-lK  -i-  ^-y^^'n^- 

60.  SolYe(i)^-'^f -6; 

X—O  X+n 

1  1 


(ii)  —; — r ;     i 

.:  +  2+--3      ^-2-f-3 


CHAPTER  XVII 
QUADRATIC  EQUATIONS.  GRAPHICAL  SOLUTIONS 

ELEAIEMTARY   THEORY   OF   QUADRATICS 

140.  Deflnition.  A  quadratic  equation  is  one  in  which 
the  term  of  highest  dimensions  is  of  the  second  degree. 

In  dealing  with  quadratic  equations,  fractions,  brackets,  &c., 
should  be  removed  in  the  ordinary  way,  and  all  the  terms  trans- 
posed to  the  left-hand  side  and  collected.  All  quadratic  equations 
are  thus  brought  to  the  standard  form,  viz. 

aa^  +  &ar  +  c  =  0 

where  a,  h,  c  may  be  any  quantities  whatever  not  containing  x. 

There  are  several  methods  of  solution,  and  it  is  only  by  con- 
tinual practice  that  the  student  can  tell  the  best  method  to  adopt 
in  particular  cases. 
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14L  Hethod  L  When  there  are  no  terms  of  the  first 
degree  in  the  equation. 

Example  I.  Solve  (jt;+2)^=  4a;+5. 

Remove  brackets  ^v'  +  4a;  +  4  =  4ar  +  5. 
Transpose  o^  =  1. 

Take  square  root  x  =^  ±1. 

It  is  important  to  notice  that  whenever  a  square  root  is  taken 
the  result  may  be  either  positive  or  negative. 
(Verify.  If  a?  =  +  1,  (ar  +  2)*  =  9, 

4«  +  5  =  9. 
U  x^-l,  (ar  +  2)2  =  l. 
4a?  +  5  =  1.] 

Example  II.  Solve  (:r  +  2)^  =  4a:+6. 

Just  as  in  Example  I  we  get  3^  =  2,      __ 

Take  square  root  x  =  ±  \/2. 

By  Arithmetic  the  square  root  of  2  may  be  found  to  any 
required  number  of  places,  and  hence  the  value  of  x  may  be 
found  to  any  required  degree  of  accuracy. 

Example  HI.  Scive  {x-^a^  =  4a;+2. 

As  in  Example  I  we  get  a:"  =  —  2. 

Take  square  root  x  =  ±  -v/-2. 

But  no  real  number  when  multiplied  by  itself  is  negative, 

therefore  ^/^  does  not  exist,  and  is  said  to  be  imaginary. 

142.  Method  II.  By  faotora.  This  is  the  easiest  way  of 
solving  quadratics  provided  the  factors  are  rational  (see 
§  129).  By  using  the  method  of  §  122  quadratics  can  always 
be  solved  by  factors,  even  though  the  roots  are  not  rational 
or  not  real. 

Example  I.  Solve  a^—iVj'+eO  =  0. 

ar«-17a?+60  =  0. 
Factorize  (a?  -  5)  (a?  - 12)  =  0. 

But  if  the  product  of  two  quantities  is  nothing,  one  of  the 
quantities  must  be  nothing.    Hence 

either  a:-5  =  0  or  a?— 12  =  0. 

.*.    a? »  5  or  12. 
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Szample  XL  Solve  a:^— 8x— 13  =  0. 

a^-Sx-U  =  0. 
Factorize         a:>-8a;  + 16-29  =  0, 

(ar-4)«-29  =  0. 

(x-4-/29)(a?-4+V^)  =  0. 

.'.    either  a?-4-y29  =  0  or  x-A-^y/29  =  0; 

i.e.  a?  =  4+^/29  or  4-V'29. 

143.  Hethod  m.  By  completing  the  square.  We 
know  that  x^-\-2aX'{-a^  =:  (x-^a)%  therefore  by  adding  a^ 
to  x^-\-2ax  we  make  an  exact  square.  This  process  is 
called  completing  the  square ;  it  has  already  been  used 
in  §  122  and  §  142  and  is  of  frequent  occurrence. 

Example  I.  Sdve  x^—Sx-^lS  =  0. 

a;*-8«-13  =  0. 

Transpose  the  constant  to  the  righ^hand  side, 

a^-Sx^lB. 

Add  the  square  of  half  the  coefficient  of  a;  to  each  aide, 

a:«-8x  +  (f)*=:  13  +  16. 

Take  the  square  root  x-^  =  ±  ^/29. 

Transpose  x  =  4+^^29. 

If  a  numerical  answer  is  required  the  square  root  may  be  extracted 
to  any  required  number  of  places. 

144.  Method  IV.  By  formula. 

Apply  Method  III  to  the  standard  form, 

ax^  +  bx-hc  =  0. 
Divide  by  a  and  transpose  the  constant, 


a 

c 
a 

Complete  the 

square, 

x^+  - 
a 

h*       c 
4a«      V 

i.e. 

6'-4(w; 
4«' 

Take  square  root  i»?  +  o-  =  ±        o     "' 
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*b+  \/b'-4ao 
X  =  — =-^^- . 


Transpose  _  . 

By  giving  the  correct  values  to  a,  h,  c,  this  formula  gives  the 
solution  of  any  quadratic. 

Bzample  I.    Solve      Sx^-bx-l  =  0, 
Here  a  =  3,  6  =  -5,  c  ==  -  7  ; 

5+725  +  84      5±^/i09 
'  6  6 

Szamples  XVIIa. 

Solve,  by  as  many  methods  as  possible,  each  of  the  following 
equations,  and  in  each  case  find  the  sum  and  product  of  the  roots. 
When  the  roots  are  irrational,  they  should  be  worked  correct  to 
two  decimal  places. 

1.  (a;-3)«=5(5-a;)-j:.  2.  (a? - 3)*  =f  (jp - 2)*. 

v3.  (2ar-3)»=  (a;-2)*.  4.  ar»-15ar  +  56  =  0. 

5.  a?*  +  49a?-660  =  0.  6.  3a?*-6a?  +  3  «  0. 

7.  4ar*-12a;  +  9  =  0.  8.  3a?»  +  7j?-6  «  0. 

fe.  a:(a:-2)-3fa;-2)  =  0.  10.  x^{x-2)-d{x-2)  =  0. 

11.  x^  +  x-d80^0.  J2.  12a:«-7a;-10  =  0.      • 

13.  3a:«  +  4a;-5  =  0.  14.  3(ar»-2)  =  4(a;-l}). 

(is,  (x-b)(x-7)  =  3.  16.  (a:-5)far-7)  =  3(a;-5). 

17.  3a?»-lla?  +  8  =  0.  18.  y«-8y-105  =  0. 

19.  a;*-2aa?  +  a«=&*.  20.  rp"-7aar  +  12a' =  0. 

21.  3a^  +  4a;  +  5  =-  0.  22.  x^-Sx+l  =0. 

^3.  a?*-a?-600  =  0.  24.  2;c*  +  7a:  +  6  =  0. 

25.  4x»  +  9ar  +  3  =  0.  26.  a:'  +  6a?-7  =  0. 

27.  5a:«  +  a:-8  =  0.  28.  x2  +  4a?-21  =  0. 

29.  7y»-8y  +  3  =  0.  30.  ar»-1.2a:  +  .ll  =  0. 

Without  actually  solving,  write  down  the  sum  and  product  of 
the  roots  of  the  following  equations : 

31.  x^-bx  +  S  =  0.  t32.  ar»+  17jr-301  =  0. 

33.  ar»  +  91a;-1002  =  0.  34.  a:*  +  4fta;-18c  =  0. 

35.  3a^-44;r  +  77  =  0.  36.  Zx-ix"  =  19. 

Find  the  simplest  equations  which  have  the  following  roots : 

37.  X  =  5  or  6.  38.  a;  =  3  or  -2. 

39.  J?  =  - 1,  or  5,  or  6.  40.  a?  =  a  +  6  or  a  -  b. 

41.  a?  =  17  or  -g.  42.  ar  =  3}  or  -f 
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43.  Find  an  expression  which  vanishes  when  a;  =  3  or  -4. 

44.  Find  an  expression  which  is  equal  to  zero  when  y  ^  1 
or  -2. 

45.  Find  a  rational  expression  which  equals  nothing  when 
d?B  ^.  For  what  other  value  is  this  expression  equal  to 
nothing  ? 

(^.  67  using  the  Factor  Theorem,  show  that  a  quadratic  equa- 
tion cannot  have  more  than  two  roots. 

(S7.  Between  what  values  must  op  lie  in  order  that  (0^-3)  (op -4) 
may  be  negative  ? 

(^.  Show  that  if  or  is  a  real  quantity  ap'-4ar+6  cannot  be 
n^[ative. 

(^.  Between  what  values  must  k  lie  in  order  that  l^-^k-2  may 
be^sitive  ? 

'^0.  Find  the  values  of  a  and  0  if  a +0  =  9,  o0  =  18. 


Qraphioal  Methods  of  Solution. 
146.  Solve  aj«— aj— 6  =  0. 

There  are  three  difFerent  ways  of  stating  the  question  we 
are  trying  to  answer,  viz. 

What  value  of  x  wiU  make  a^^x^Q  =  0  ? 

What  value  of  x  will  make  a^-^x  =  6  ? 

What  value  of  x  will  make  ^  =  x-^6? 

There  are  three  distinct  graphical  methods  of  solving  the 
equation  corresponding  to  these  three  questions. 

Qraphioal  Method  I. 

Solve  re*— a;— 6  =  0. 

What  value  of  x  makes  x^—x-^Q  =  0? 

Draw  the  graph  of  y^a^-x-^  {^  47),  and  find  the  abscissae  of 
the  points  where  it  cuts  the  axis  of  x. 


««-; 


tf 


-3 

-2 

-1 

0 

1  . 
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In  Fig.  27,  it  is  seen  that  the  graph  cats  the  axii  of  3^  at  the 
pointa  A  and  B ;  therefore  at  the  pointa  A  and  £,  y  m  0.  But  for 
the  point  A,  x=  ~2,  and  for  the  point  B,  x  =  Z.  Hence,  when 
3:= -2or3,  y-0;  but  y  -  i»-:c-6. 

.'.    the  required  roots  are  a:  =  -  2  or  8. 


Fro.  27. 

The  satae  method  can  be  applied  in  all  cases  whether  the  roots 
are  exact  integers  or  not.  With  the  scale  of  Fig.  27  the  roots  can 
be  determined  to  one  decimal  place ;  and  b^  choosing  a  lai^r 
scale  to  tno  decimal  places. 

146.  OrapUoal  Hetbod  n. 
Sohe  a^-x—i  =  0. 
Wliat  value  of  x  mokee  x^~x  =  6? 

Ihair  the  graph  of  yi=ar'-a;  and  find  the  abscissae  of  the  points 
where  it  cuts  the  line  y  =  -f  6. 
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The  ?raph,  m  Bhown  in  Fig.  28,  cuta  y  b  6  at  the  points  A  and  £ 
whose  abaciasae  are  -2  and  +8  reapectiTel;. 
required  Bolution  ie  x=  ~2  or  +3. 

XTota  L  When  the  graph  v  -  z'— x  ia  drawn  we  can  at  once  aolTO 
any  equation  of  thefbrm  z'— x— c  =  0  where  els  a  number,  e,g. 

The  Rioti  of  :^-x—i  -  0  are  x  -  24  or  — 1.<  ain«e  the  graph 
cats  V  "  t  at  pointa  where  x  —  S<S  or  — 1'6. 

Vote  11.  Since  the  graph  doea  not  go  lower  than  y  =  —  .2  (ap- 
proximately), it  Ib  leen  that  if  c  la  leaa  than  -~  .B,  there  are  no  real 
Talaea  for  x.  An  aceorately  drawn  graph  on  a  la^er  soale  woold 
ahow  exactly  the  least  valve  of  y,  bnt  with  thia  graph  we  are  not 
ioatlfled  in  aaying  more  than  that  the  leaat  value  of  v  la  abont 
-  -2  or  -  S. 
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147.  arapUcol  Uethod  in. 
Sohe  (T^— T-6  =  0. 
What  value  of  x  makes  x^  =  ar+6? 

Ihaw  tbe  graphs  of  y  =  at*  and  y  =  x-f  6,  and  find  the  abscissae 
of  the  points  of  intetsection. 
(i)  Graphof  y  =  «": 

1-3-2-10123      4 
y        9        4        1    0    1    4     9    16 ' 
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(ii)  Oraph  of  y  =  a:  +  6. 

The  equation  is  of  first  degree,  .*.  the  graph  is  a  straight  line. 

a:    0     -3     +3 
y    6       3+9 
Fig.  29  shows  that  the  two  graphs  cut  at  the  two  points^  and  B, 
where  a?=-2,  a?=+3  respectiTely. 
Hence  required  solution  is  a;  =  —2  or  +3. 

Vote.  The  graph  of  y  —  x'  should  be  drawn  accurately  on  a  fairly 
large  scale,  and  can  then  be  used  for  solving  any  quadratic  equation. 
The  straight  line  need  not  be  actually  drawn,  a  piece  of  thread  can 
be  stretched  across  the  graph  of  y  «  x',  and  the  abscissae  of  the  points 
of  intersection  can  easily  be  read. 

Or  a  piece  of  cardboard  or  celluloid  can  be  cut  to  the  shape  of  the 
graph  y  »  x^ ;  with  this  the  graph  can  be  reproduced  whenever 
required. 

Examples  XVII  b. 

Solve  the  following  equations  by  each  of  the  three  graphical 
methods,  the  answers  being  correct  to  one  decimal  place : 

1.  «»-4a:-5  «  0.  2.  a:»-3a:-5  =  0. 

3.  a:»  +  6a?  +  8  =  0.  fi[^a:»  +  9a?  +  3  =  0. 

5.  a:»-5a5  +  8  =  0.  ST  x^-\2x  =  -36. 

7.  (a?-3)(ar  +  4)  =  15.  ?.  4a:»-5a?-6  =  0. 

9.  3a^-lla:  +  14  =  0.  I'D.  7a:«-2;r-l  =  0. 

By  drawing  graphs,  find  approximately  at  least  one  root  of  each 
of  the  following  equations : 

11.  a:»  +  2a:»-3a:  +  4  =  0. 

12.  ;r'-3a?  +  2=:0. 

13.  a:»-7x"  +  3=:0. 

Solve  by  one  of  the  graphical  methods  as  correctly  as  you  can  : 

14.  a:»-2.8a:+M  =  0.  15.  j:»  +  3  4a:-2^  =  0. 
16.  a^-Arlx  =  6.7.  17.  3a:»-ll«+7.2  «  0. 

ELEMENTAKY  THEOKY  OF  QUADRATICS 

148.  Brery  quadratio  equation  Jias  two  roots  and  not 
more  than  two  difltorent  roote. 

Let  a;B'  +  &ap+eBObe  the  quadratic  equation.    It  is  shown  in 

FATBMOV  O 
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§  144  that  this  equation  has  two  roots.  If  possible,  let  the  equation 
have  three  different  roots,  a,  ^,  y,  then 

aa'-f6a  +  c  =0,  (i) 

oi3«  +  6^  +  c  =  0,  (ii) 

ay"  +  6y  +  c  =  0.  (iii) 

Subtract  ii  from  i    a(a'-^*)  +  &(a-^)  =  0. 

We  may  divide  by  a-/3  since  a  and  ^  are  supposed  different ; 

.-.    a(a  +  ^)  +  6  =  0.  (iv) 

Similarly,  by  subtracting  iii  from  ii,  we  obtain 

a{fi+y)  +  h  =  0.  (v) 

Subtitict  V  from  iv  o  (a — y)  =  0 ; 

but  o-y  is  not  zero,.  /.    a  =  0. 

Substitute  in  iv  &  =  0. 

Substitute  in  i  c  »=  0. 

Hence  the  equation  cannot  be  satisfied  by  three  different 
values  unless  all  the  coefficients  are  zero  ;  in  that  case  the 
equation  is  an  identity. 

Example.  Prove  the  identity 

(x-^y)(x-c)      (x—c) (x-o)      {x—a) (x—h)  __ 
{a-^ia-c)  ^  (6-c) (6-a)  **"  (c-a) (c~6)  ""  ^' 

The  left-hand  side  is  a  quadratic  expression ;  the  equation  is 
satisfied  by  :r  =  a,  a?  =  &,  x  ^  c^  and  the  equation  b,  therefore,  an 
i<ientity.  m  \     \\      -    •  T     -M^T^^^f; 

149.  The  Buxn  of  the  roots  of  any  quadratic  eqnation 
i3  equal  to  the  ooeffioient  of  x  with  the  sign  ohanged, 
dlYided  by  the  coefBloient  of  a? ;  and  the  product  of  the 
roots  is  equal  to  the  constant  term  diyided  by  the 
coefficient  of  ofi. 

Method  I. 

Consider  the  standard  form 

•aB*  +  &a;+c  =  0. 

.    Divide  byo  a:'+-a?+-=0.     ^ 

•      '  a        a 
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To  solve  we  try  to  resolTS  this  into  factors ;  in  order  to  resolve 
into  factors,  we  try  to  find  two  quantities  whose  product  is  -  and 
whose  algebraic  sum  is  -  •    Suppose  h  and  k  are  these  quantities, 

then  {x-^h)(x-^k)  =  0; 

/.    x==  "h    or    —A:; 

and  sum  of  roots    =  -(A  +  ^•)  =  — ,    — 

'  a 

product  of  roots      ^hk  =  -•     ^i-—- 

a 

Method  II* 

By  the  formula  of  §  144  the  roots  of 


venhj 

'^ac 

ice,  if  a  and  ^  are  the  roots, 

a  3= 

-6+A/5*-4ac 
2a 

^  = 

-b-^l^^Aac 
2a 

.-.    a+/3  = 

-26          b 
2^"      a' 

(^bf-i^b^-AaSy      6»-(6»-4ac)      c 
-  4  a'  4  a*  a 

If  the  quadratic  equation  be  written 

we  have  a  +  fi  =  — p,  a)8  =  q.      -*^ 

By  means  of  these  relations  between  the  roots,  questions  can 
often  be  answered  without  actually  solving  the  equation.  ' 

Bzample.  Find  the  sum  of  the  squares  of  the  roots  <^ 

o2 


1 
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Let  a  and  ^  be  the  roots,  tlien 

a  +  ^=  17, 
a/3  =-19. 

=  17>-(-38) 
=  289  +  38 
=  827. 

160.  Nature  of  the  roots  of  a  quadratio  equation. 
By  the  formula  the  roots  of  aa;*  +  lw?+c  =  0  are 

x  = —2 

(i)  K  ft*— 4ac  >  0,  then  Vft*— 4ac  is  a  real  quantity,  and 
the  roots  are  real  and  unequal. 

(a)  If  V^—^ac  is  an  exact  square,   \/ft^— 4ac  is  rational, 
and  the  roots  are  real,  unequal,  and  rational. 

(ft)  If  h^—iae  is  not   an  exact  square,  Vb'^—^cus  is 
irrational,  and  the  roots  are  real,  unequal,  and  irrational. 

(ii)  If  ft*— 4ac  =  0,  then  Vft*— 4ac  =  0,  and  the  roots 
are  real  and  equal 

(iii)  If  ft*— 4ac  <  0,  then  \/ft*— 4ac  is  imaginary,  and 
the  roots  are  imaginary  and  unequal. 

These  rules  are  veiy  useful,  as  they  enable  us  to  choose  the  best 
method  of  solving  an  equation.  If,  for  instance,  mental  work 
shows  us  that  h^^Actc  is  negative,  it  is  no  use  to  try  a  graph 
method,  and  there  is  often  no  need  to  solve  the  equation  at  ail ;  if 
ft*— 4ac  is  not  an  exact  square,  it  is  no  use  to  try  to  solve  by  the 
footor  method,  and  the  formula  method  or  a  graph  method  should 
be  adopted  at  once. 

151.  Bqual  roots.  The  student  may  have  some  difiSculty 
in  understanding  what  is  meant  by  equal  roots.  I^  for 
instance,  we  have  to  solve  a:*— 6:7+ 9  =  0,  what  do  we 
gain  by  sa3ring  that  there  are  two  roots  equal  to  8  instead 
of  that  there  is  one  root  equal  to  8  ?    It  is  quite  clear  that 
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there  gre  two  Victors  x— 3,  so  that  we  &re  justified  in  saying 
that  there  &re  two  roots,  but  what  is  the  use  of  this  idea  of 
two  equal  roots?  The  answer  to  this  depends  on  the 
original  question  from  which  the  equation  was  derived, 
e.  g.  find  where  the  graphs  represented  by  the  two  equations 
2^+yS  =  18,  x+y  =  6  meet. 

It  htLB  been  ■liown  In  {  64  that,  in  order  to  find  where  two  curvei 
meet,  we  mutt  treat  their  equationa  a*  simultaneona  equations  and 
find  the  reeuItlDg  valaes  of  i  and  y. 


a^4y'  =  18, 

(i) 

^+y-    6. 

(ii) 

Fiomii                                    y-    6-x. 

Subfltitiite  in  ii    then      x'-+{6-x)'  =  18  ; 

i.e.  2i'-12a:436-18, 

Le.          a^«-6a>+9=    0, 

(iii) 

i.e.    *  -  3  or  8. 

Sabatitateinii              y-3or3. 

Hence  the  two  curves  meet  twice  at  the  point  (3,  S). 

Fia.  80.     Soak :  8  aide*  -  1  unit. 
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The  two  curves  are  shown  in  Fig.  30,  where  the  circle  is  the 
graph  of  a:^+y's  18  and  the  strsught  line  AB  is  the  graph  of 
a;-f  y  B  6.  It  is  seen  that  the  line  ^B  just  meets  the  circle  at  the. 
point  C  where  a;  «  3,  y  «=  3,  hut  it  does  not  cut  the  circle.  When 
two  curves  or  lines  meet  hut  do  not  cut  they  are  said  to  touch. 
This  is  sometimes  expressed  thus  : 

Two  lines^ .  whether  straight  or  curved,  which  meet  in 
two  coincident  points  are  said  to  touch  one  another.  Hence 
we  see  that  since  the  equation  iii  has  two  equal  roots,  the 
graphs  of  equations  i  and  ii  toucli  one  another. 


Examples  XVII  o. 

If  a  and  /3  are  the  roots  of  a^+px+q  «=  0,  find  the  values  of: 
1 .  Ca  -  ^.X  V) -  2.  a«  - iS*.  3.  a»  -  ^\  4.  a«  +  P». 

Without  actually  solving,  find  (i)  the  sum  of  the  roots,  (ii)  the 
difference  of  the  roots,  (iii)  the  sum  of  the  squares  of  the  roots 
of  each  of  the  following  equations : 

5.  rc«-7ar  +  8  =  0.  6.  3a;«-4ir+16  =  0. 

7.  2x^-Sx-b  =  0.  8.  ar«  +  21a?+6  =  0. 

9.   ar»-2aaT-f  c  =  0.  10.  ir'  +  2a;r  +  a' =  7A 

Form  the  simplest  equations  whose  roots  are 
11.  2  +  ^5,  2-v^.  12.  3  and  -8. 

13.  3-v'^,  3  +  -/^.        14.   -2+^13,  -2-yi3. 

15.  Find  the  simplest  rational  equation  that  is  satisfied  by 
ar  ss  —  4  —  v^5.    What  are  the  other  roots  of  the  equation  ? 

16.  Show  that  the  roots  of  a^-(l  +  ^)a?  +  A?  =  0  are  rational. 

17.  Prove  that  the  roots  of  2sc^-2{l+h)x-^k  ^0  are  real 
provided  k  is  real. 

18.  By  solving  the  equation  aj'-4a?+  5  =  fc,  show  that  if  a*  is 
real  3[^-4x+b  cannot  be  less  than  1. 

19.  Draw  the  graph  of  y  ^  a^-Sx  +  4.  Find  algebraically 
where  it  is  cut  by  the  graph  of  y  =  mx.  For  what  values  of  m  are 
these  two  points  coincident  ?   Interpret  your  result  geometrically. 
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iSxamples  XVII. 

Solve  tlie  foUowiDg  eqaations : 

I.  4a? ;-  =  14. 

a?+l 

^2>^-^32^=2+-2^1  • 

7  11a? 


^^6  +  a?       6-4a?      lla?-8 
'^4;a?*-.10ar»  +  9«0. 

5.  a?*-4yi-5  =  0,  and  verify.   (V3t +  !)(\/x  -  X-^  ^Tx-s);^  0, 
^  '^  a?"  a? 


9 

7 

aJ*-f4a: 

+ 
+ 

2a?  + 
21 

2^ 

0? 

38. 
22 

v. 

3aj»- 

8i" 

a? 

'10.  (a:"-4a?)*-6(a?«-4a?)  +  .5  =  0. 

11.  paj'-ga'  +  r  =  0. 

12.  l£.^  ^  3x- 1  _  5X-11  ^  ^ 
ap-1       ar  +  2  a?-2 

fl3.)a?(a?  +  6)  +  a(a-6)  =  2flfa-. 

(14.  (a-6)x»-(c-a)a?+(6-c)  =  0. 
.-      l-f2a;-3a:»      3-2a;  +  x' 
l-2*+3a;«°'3  +  2x-ar'* 

16.,  (2a:»  +  8a:-l)(2a?H3x-2)  -  156. 

n!  a?(a?  +  3)  +  a(a-8)  =  2(ffa?-l). 

,8.  5£±*  +  5«-4  _ 
5a?— 4      5a?  +  4 

19.  (ar+l)*-(a:~l)*«14a?. 

20.  156a?-a?*  =  5184. 

By  graphical  methods  obtain  the  roots  of  the  following  equa- 
tions correct  to  two  decimal  places  : 

21.  4aJ»-5ar  +  l  =  0. 

22.  3a;"-5a?«6. 

23.  3a^-4a?-2«0. 
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24.  3ar*-2.34a:  =  3.45. 

25.  ar+  -  =  3. 

X 

V26.''One  of  the  roots  of  the  equation   2 a:*  -  9a?*  +  4a? +  12  =0 
^   is  rr  =  2.    Find  the  others. 

27.  Prove  that,  if  either  of  the  roots  of  a  quadratic  with 
rational  coefficients   is   rational,  they  are  both  rational.    Form 

the  quadratic,  one  of  whose  roots  is  —  3  +  v^5. 

28.  Prove  that  6x'-29a;  +  35  is  positive  when  x  =  2},  negative 
when  X  —  2f^t  and  again  positive  when  x  =  2 J.  For  what  values 
ofjx  does  it  vanish  ?    Ulustrate  by  a  graph. 

(29.;  The  sum  of  a  certain  quantity  and  its  reciprocal  is  2-05. 
Find  it. 
23.11/;  I.         30.  If  one  root  of  a  quadratic   equation  is  known,  state  a 

simple  way  of  finding  the  second  root. 
.Solve  a?  (a?  -  6)  =8=  a  (a  -  6). 
(31)  Write  down  the  equation  whose  roots  are  3,  -4^  § ;  and 
reduce  it  to  its  simplest  form. 
32.  Prove  that  if  x  is  real  a;'  +  4a;  +  ll  cannot  be  less  than  7. 
(33^  The  difference  of  the  roots  of  the  equation  ot'  +  ox  +  G  «  0 
is  6.    Find  the  value  of  a  to  two  decimal  places. 

34.  Find  an  expression  which  exceeds   2si^'¥Vlx-\   by  the 
quantity  bj^  which  it  is   exceeded   bjr^  340a?*- 19a: -605.    For 
what  values  does  the  expression  vanish  ? 
'{       35.  What  quantity  may  be  substituted  for  a  in  (a-3)(a— 4) 
without  altering  its  value  ? 

^36.;  By  drawing  graphs  of  a?*  and  of  3a:  + 1,  find  approximately 
the  roots  ofa:^-3a:— 1  -0. 

37.  Without  solving  the  equation  a:'-3a;-5BB0,  find  the  sum 
of  the  cubes  of  the  roots. 

38.  If  a  and  ^  are  the  roots  ofa?*-5a:  +  18  =  0,  find  the  equation 
whose  roots  are  3  a  and  3^. 

39.  By  drawing  a  graph,  or  otherwise,  find  the  least  possible 
value  for  a:' +  a? -2,  if  a:  is  a  real  quantity.       U^    \.   \>t  ^-'  •    '  >«^  <     •  r. 

40.  Draw  the  graphs  of  a:'+a?-2  and  of  3  a? +  6.  What  equation 
can  be  solved  by  the  use  of  these  two  graphs?  What  are  its 
roots? 

41.  If  a:"  +  3a:  +  4  =  y,  what  value  of  y  will  give  equal  roots  for  x  ? 
Illustrate  by  a  graph. 
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42. ) Draw  the  graph  of  ij'^  a^-^x  +  4.  What  is  the  value  of  m 
if  the  graph  oiy^mx  touches  the  preceding  graph  ? 

^3.  A  regiment  of  1000  men  is  drawn  up  in  ohlong  form  so  that 
the  difference  of  the  numbers  in  the  two  adjacent  sides  is  117.  <  ,or  ..^ 

How  many  men  were  there  in  the  long  side  of  the  oblong  ?  "  * 

(44.)  A  farmer  bought  a  certain  number  of  oxen  for  £240,  and 
after  losing  3  sold  the  remainder  for  £S  a  head  more  than  they 
cost  him,  thus  gaining  J£59.    How  many  did  he  buy  ?  —      -      | 

.45 .^^  and  B  distribute  J£60  each  among  a  certain  number  of 

persons.    A  relieves  40  persons  more  than  B^  but  B  gives  to  each       '"'  ','1«..V> 
bs.  more  than  A,    How  many  persons  did  B  relieve  ? 

(^|SI)A  person  bought  for  one  crown  as  many  pounds  of  sugar 
u  were  equal  to  half  the  number  of  crowns  he  spent.  In  selling 
tiie  sugar  he  received  for  every  25  lb.  of  sugar  as  many  crowns 
as  the  whole  had  cost  him,  and  received  on  the  whole  20  crowns. 
How  many  crowns  did  he  spend,  and  what  did  he  give  for  a 
pound? 

47.  A  person   bought  some  sheep  for  £72,  and  found  that  if 

he  had  bought  6  more  for  the  same  money  he  would  have  paid  \9  > '  •  '• 
£1  less  for  each.    How  many  did  he  buy? 

48.  A  labourer  dug  two  trenches,  one  of  which  was  six  yards 
longer  than  the  other,  for  £17.  I69.,  and  the  digging  of  each  of    u>  .  j , 
them  cost  as  many  shillings  per  yard  as  there  were  yards  in 

its  length.    What  was  the  length  of  each  ? 

49..  A  company  at  a  restaurant  had  £8.  lbs.  to  pay.    Two  left 
without  paying  their  share,  and  each  of  those  who  were  left  had     7  -    '- 
10s.  more  to  pay  to  make  good  the  deficit.     How  many  were 
there  at  first? 

50.  A  regiment  can  be  formed  into  a  hollow  square,  three 
deep.  With  the  addition  of  25  men  a  solid  square  can  be  formed; 
the  number  of  men  in  each  side  of  the  solid  square  is  greater 
by  22  than  the  square  root  of  the  number  of  men  in  each  side 
of  the  hollow  square.  How  many  men  are  there  in  the  regiment  ? 
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CHAPTER    XVIII 
GRAPHS  OF  EQUATIONS  OF  THE  SECOND 
AND  HIGHER  DEGREE.    APPLICATIONS 

162,  Tbe  graph  of  any  algebraic  function  of  a  single 
variable  can  be  obtained  by  plotting  a  number  of  points  as 
e:(plained  in  §  47.  In  this  ohapter  we  ahall  give  examples 
of  the  graphs  that  commonly  occur,  and  sliall  ahow  how 
the  labour  of  plotting  a  large  nunber  of  p<nnts  may  in  some 
cases  be  considerably  lessened. 

163.  It  baa  been  pointed  ont  in  §  49  that  the  graph  of  an 
equation  of  the  fint  degree  is  a  etraight  line.    Care  must  be  taken 


that  the  equation  is  cleared  of  all  ^ebraical  nnctiona  before  its 
degree  is  Eucertained  ;  for  instance. 


are  not  of  the  first  degree  and  tbe  graph*  ate  not  straight  linei. 
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If,  when  all  the  terms  of  an  equation  are  transposed  to 
the  left-hand  side,  the  left-hand  side  can  be  resolved  into  a 
number  of  factors  of  the  first  degree,  the  graph  consists  of 
an  equal  number  of  straight  lines. 

Example.  Draw  the  graph  of  cfl—2xy+i/^  =  25. 

Equation  is  (a;  -  y )*  -  5*  =  0 ; 

i.e.    (a:-y-5)(a?-y  +  5)  =  0. 

This  equation  is  satisfied  if  either  re— y— 5t=0,  or  rr— y  +  5s=0. 
The  graph,  therefore,  consists  of  the  graphs  of  these  two  equa- 
tions, that  is,  of  the  two  straight  lines  shown  in  Fig.  31. 


154.  Equations  of  second  degree. 

Type  I.    y  =  ax^ 

Notice  (i)  That  the  graph  passes  through  the  origin. 

(ii)  That  x^  must  be  positive.     Hence,  if  a  is  positive,  p  is 


Fio.  82. 

positive ;  if  a  is  negative,  y  is  negative ;  the  curve,  therefore, 
lies  entirely  above  or  entirely  below  the  axis  of  x. 

(iii)  That  y  is  unchanged,  if  the  sign  of  x  is  changed.  If 
the  graph  passes  through  a  ceiiain  point  P,  it  will,  therefore, 
pass  through  another  point  JP^  such  that  PJP^  is  parallel  to  the 
axis  of  X  and  bisected  by  the  axis  of  y.  We  express  this  by 
saying  that  the  graph  is  Bymmetrioal  with  respect  to  the 
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axis  of  y.  We  have  already  had  many  examples  of  Uiia 
graph  which  is  of  the  form  shown  in  Fig.  82.  This  curve  is 
called  a  parabola. 

Example.  Dram  the  graph  of  y  —  — 3a^. 

(i)  The  graph  paoMS  Uiroagh  the  orifin. 


Fid.  88.    Scale :  2  aides  -^  1  for  z ;  1  siile  -  S  for  y. 

(ii)  Since  2^  is  positive  y  murt  be  negative,  and  the  curve  u 
entirely  below  the  oxia  of  z. 

(iii)  Since  there  are  no  odd  powers  of  x,  the  graph  is  aym- 
metrical  with  regard  to  the  y-aiie. 


.  «l . 

2 

4 

-12 

3 

9 

-27 

4 

16 

-48 

5 

25 

-75 

■25 

—75 

2J> 

S5 

45 

x'    0      1 

8-25 
-1875 

1225 

20-25 

„    0-3 

-36-75 

-60-75 
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Since  v  won  gets  Urge  compued  with  x,  a  inulter  Md«  mutt  be 
used  for  v  "  shown  in  Fi^  88. 

When  the  first  six  points  are  plotted,  it  is  seen  to  be  advisable  to 
plot  some  intermediate  points  before  drawing  the  curve.  When  the 
portion  of  the  graph  oorreaponding  to  positive  values  of  x  has  been 
drawn,  the  portion  oorresponding  to  negstive  values  can  be  filled  in 
by  plotting  as  many  symmetrical  points  as  are  neoesmry,  no  Airther 
calDolatlon  is  required. 

The  point  where  the  parabola  crosseB  the  line  of  symmetry  is 
called  the  vertex. 

156.  Type  I  (extended),  y  =  an^+bx+c. 

Several  equations  of  this  form  have  already  occurred  in  con- 
nexion with  the  graphical  solntion  of  quadratic  eqaations.  The 
following  way  of  dealing  with  them  ii  instructive. 

Til  dratc  the  graph  <if  y=  Sx'-9x+h. 

Note  that  the  graph  is  not  symmetrical  with  regard  to  either 
axis  and  does  not  pass  through  the  origin. 


Fib.  St.    Scale ;  S  sides  =  1  for  x  and  y. 
Rearrange  the  equation  as  follows : 

y=8(i»-2*)  +  5  (i) 

=  3(«-l)'  +  2, 
or    (y-2)- 8(^-1)'.  {ii> 

Id  Fig.  84  ^  ia  the  point  x—  1,  y  —  2;  Pis  any  point  on  the 


222 


GRAPHS  OP  EQUATIONS 


required  graph  ao  that  the  length  of  PN  is  y  and  of  ON  x.  It 
follows  that  the  length  of  PIT  is  y -2  and  of  AK  x- 1.  Hence 
equation  ii  asserts  that  PK  =  SAK^.  That  is,  if  A  had  been  the 
origin  and  AK  the  axis  of  x,  the  equation  of  the  curve  would  have 
been  y  =  3a^. 

But  this  is  the  form  discussed  in  the  preceding  section,  there*- 
fore  the  curve  is  a  parabola  with  A  as  vertex  and  AL  as  line  of 
symmetry. 

In  the  same  way  it  may  be  shown  that  the  graph  of  any 
equation  of  the  form  y  =  az^-^bx-^e  is  a  parabola. 

In  actually  plotting  the  graph,  it  is  better  to  use  the  old  method  ; 
the  method  of  this  section  is  used  when  one  wishes  to  avoid  actually 
drawing  the  curve. 

Examples  XVIII  a. 

Without  actually  drawing  the  graphs,  state  which  of  the  follow- 
ing equations  represent  parabolas,  and  give  all  the  information 
you  can  about  the  parabolas. 

1.  y  =  -a;2.  2.  y  =  Sx^-b.  3.  a?  =  4y». 

4.  a:«-y«=  4.  5.  a:-2y«  =  4y.  6.  4a;-3  =  2a:-3y«. 

7.  (a?-2)«  =  3y«-8y.         8.  y«  =  ix.  9.  y«  +  4a; «  3. 

10-18.  Draw  the  graphs  of  Nos.  1-9. 

166.  Type  11,    xy  =  a. 

Take  as  an  example  xy  =  ^ 
.    (i)  The  graph  is  not  a  straight  line  since  xy  is  of  two  dimensions, 
nor  does  it  pass  through  the  origin. 


X          0 

1 

±1 

±2 

±3  ,  ±4 

±5 

±6  !  +12  j 

y   1  00   i  +6 

:       1 

±3 

±2  1  ±1-5 

1 

±12 

+  1 

+  .5 

Since  xy  is  positive,  like  signs  must  be  taken  together. 
If  a;  —  0,  y  equals  the  result  of  dividing  6  by  nothing,  an  opera- 
tion which  cannot  be  performed.    €k)nsider  what  y  becomes  as  » 
decreases. 

X    •b   -25     .2     .1     -01      -001 
-       >      y    12    24    30    60    600    6000       ;  :: 
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As  X  approaches  the  value  nothing,  -  continually  increases,  and 


X 


can  be  made  greater  than  any  number  that  can  be  thought  of,  by 
taking  x  sufficiently  small.  Such  a  large  number  is  called  infinity 
and  is  denoted  by  the  symbol  oo.    The  same  argument  can  be 
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FiQ.  85. 
used  for  any  number  a.    The  result  is  sometimes  stated  concisely 

as  follows :  when  x 


0.  2 

X 


00.' 


The  graph  of  a?y  e:  6  is  shown  in  Fig.  35.  This  curve  is  known 
as  the  hyperbola.  It  consists  of  two  distinct  branches ;  and  both 
branches  get  continually  nearer  and  nearer  to  the  axes  but  never 
.actually  meet  them. 

*  Up  to  the  present  we  have  always  used  the  symbol  0  to  denote 
absolutely  nothing^  that  isi  the  difference  between  two  exactly  equal 
numbers.  It  is  here  used  to  denote  a  very  small  number,  so  small 
that  for  practical  purposes  it  may  be  regarded  as  nothing.    The  state- 

inent  g^ven  above  really  mean*   'when  x  is  very  small,  -  is  very 
larger'  * 
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A  straight  line  to  wluch  »  curve  gets  continuallj  nearer  and 
nearer  bat  which  it  never  actoallj  meets  is  called  on  asymptote 
of  the  carve. 

157.  Type  n  (extended),    xff  +  ax+hy+c  =  0. 
Take  as  an  eiampte  xy-2x  +  3y^l8  =^0. 
Factorise  the  variable  part,  adding  whatever  constant  is  necee- 
sary  to  complete  the  factorization. 

a:(y-2)  +  3(y-2)  =  12; 

i.e.  (ar+3)(y-2)-12. 

Then  by  the  same  kind  of  argument  as  for  Type  I  (extended), 


this  is  seen  to  be  the  equation  of  a  hyperbola  having  the  graphs 

of  (x  +  3)  —  0  and  (y-2)  =  0  for  osTDiptotes.  The  gmpb  should 
then  be  plotted  as  follows : 

X         -8     -2     -1-5  -10    18  5       9    DO 

(x+B)        0        1        1-5      2    8    4    6  8     12    «> 

(r-2)       w      n        8        6432  1-5    10 

w  =c      U      10        8    6    S    4  3-5    3     2 
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There  are  a  similar  set  of  negative  values  of  (:r+8)  and  (y+2) 
which  are  easily  plotted  by  ti*eating  the  asymptotes  as  axes  and 
the  values  of  a? +3  and  y— 2  as  co-ordinates. 

The  graph  is  shown  in  Fig.  86. 

Tbis  graph  can  also  be  drawn  by  the  following  method : 

ay-2a:  +  3y-18  =  0. 
Rearrange  y(a?+8)  =  2a?+18 

2(ar+8)  +  12 


^~         ar  +  8 

^a?+8 

Tabulate  in  the  usual  way : 

— 

,  . 

X       -8        -7     -6     -5       ^4     -3 

-2 

-1 

0 

1 

2 

^^„        24     -8     -4     -6     -12     00 
ar+8 

12 

6 

4 

8 

24 

y          -4     -1     -2     -4     -10     00 

14 

8 

6 

5 

44 

If     ^  B  —  3  -  a  small  quantity,    y  »«  -  a  large  quantity ; 
if     or  =  -  8  +  a  small  quantity,    t/  =  +  a  large  quantity. 

Bzamples  XVHIb. 

Trace  the  graphs  of  the  following  equations : 
1.  Ty=  -6.  2.  arfy-3)-=9. 

3.  (ar-l)(y  +  2)  «  -8.  4.  ay-8a:-4y  =  0. 

5.  3iry  =  (ar-l)(y-2).  6.  2a:+5ay  =  34. 

7.  (x-8)(y-2)  «0.  8.  (jr-3)(y-2)  «  1. 

9.  (2a?-8y+l)(3a?-4y+2)-0. 

10.  (8a?H"2y-l)(8a?-2y-2)«0. 

11.  2a^  +  a!y-y*-8y-2  =  0. 

12.  6ar*-5ajy-4y"  +  4a?-9y-2  =  0. 

18.  y  •=  g  I E  +  23-2ar|  from  a? «  0  to  or  «=  5.    Find  where 

y  «  2a?.  

168.  Equation  of  second  degree. 
Type  m.    itJ*+y*  =  a*. 
Consider      rr'  +^  =  25. 

PATVMON  P 
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(i)  Since  no  odd  powers  occur,  the  curre  is  ajrometrical  with 
regard  to  both  ues ;  onl;  positive  valuet  need  be  calculated,  the 
other  values  being  filled  in  bj  sftntnetiy. 

(ii)  Since  y*  —  25— x*,  and  y*  cannot  be  negative, 

,-.    X  cannot  be  greater  ttian  5  or  less  Uian  —5. 

Similarly  y  cannot  be  greater  than  6  or  less  than  —5. 


X 

0 

1 

2 

3 

4 

5 

«■ 

0 

1 

4 

9 

16 

25 

25-«* 

25 

24 

21 

16 

9 

0 

y 

5 

4-9 

4.6 

4 

3 

0 

(iii)  Also  since  x  and  y  can  be  interchanged  in  the  equation 


Fia.  S7.    Sc&le :  side  of  square  ~  •S. 

wit}]oiit  altering  the  equation,  we  ma;  interchange  the  values  of 
X  and  y,  thus  obtaining  x  —  4-9,  y  -=  1  and  x  —  i-t,  y  —  2,  Ao. 

These  valnee  are  plotted  in  I'^g.  87  and  the  lymmetrical  points 
also  are  shown,  thos  giving  28  points  on  the  graph.  It  is  obvioos 
that  the  graph  is  a  circle  with  radius  5  and  centre  at  the  origin. 
Bj  ndng  compasses  the  graph  can  be  drawn  acoar«telT. 
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169.  Equations  of  second  d^ree,  Type  III  (extended). 

B;  UBing  Pythagoras'  Theorem,  viz.  '  The  square  on  the 
hypot«iuse  of  a  right-angled  triangle  is  equal  to  the  sum  of 
the  squares  on  the  sides  containing  the  right  angle ',  we  can 
prove  that  the  graph  of  an  equation  of  the  form 

is  a  circle  and  can  show  how  the  centre  and  radius  may  be 


Vw,  88.  Saftl«  :  Bide  of  sqnuv  ■  .6. 
Take  aa  an  example  x*+y*-4«-6y-28  -  0.  (i) 

Beanange  A^-4a:-t-y*-6y-28. 

Complete  the  tvo  iqnaiei  by  adding  4  +  9  to  each  ride, 

{ai-2)»+{y-8)»-86.  (A) 

In  Fig.  38  file  graphs  ofii;-2aiidy-8are  drawn  ;  C  is  the 
point  (2,  8),  and  f  is  any  point  on  the  graph  of  equation  (i). 
Then  the  length  of  PX^  ii  y  and  of  Pf  y  -  8 ; 
alio,  the  lengUi  oiONua  and  of  CK  x-2. 
Hence  equation  A  givea  tlie  geometrioat  itatement, 
CK*-^PK*  -  88. 
P  8 
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-.o.:" 


But  by  Pythagoras'  Theorem  CK^  +  PK*  «  CP^; 

/.    CP«  =  86,    i.e.  CP=6. 

Hence  the  point  P,  i.  e.  any  point  on  the  graph,  is  at  a  constant 
distance  6  from  the  fixed  point  C, 

That  is,  the  graph  of  equation  (i)  is  a  circle  with  centre  (2, 8)  and 
radius  5. 

In  the  same  way  it  can  always  be  shown  that  If  the 

ooef&oientB  of  sfl  and  ^  are  the  same  both  in  magnitude 

and  sign,  and  there  is  no  term  oontaining  xy,  then  tlie 

graph  of  the  equation  is  a  circle. 

j 

160.  Equation  of  second  degree. 


Form  V 


fji 


M% 


X^       y»  X^        y^ 

-g  +  75  ==  1   and    -5  —  r-s  =:  1. 


x^     v^ 
Example  I.     -r^  +  t  ==  1. 

No  odd  powers  occur,  therefore  the  graph  is  symmetrical  with 
regard  to  both  axes  and  we  need  calculate  only  positi?e  values. 

^  =  1  -  -^ ,    but  ^  cannot  be  negative  ; 
4  9  4 

•      —  >  1- 


Similarly 


x>8  and  <  -3. 
y>2  and  <  -2. 


» 
•  III'..!'  i- 

4  1     .      ,  i 

7.  -^^  '^  i . 


O  .  w  M 


*     « , 


X 

0 

1 

2 

8 

26 

29 

9 

11 
^9 

.44 

1 

.75 

.94 

•4 

1 

.55 

0 

•25 

.06 

y* 

4 

8.55 

2-22 

0 

1 

•25 

y 

2 

19 

15 

0 

1 

.5 
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Plotting  tfaeoe  points  and  the  Bjmmetrical  points,  the  graph 
enclosed  in  the  rectangle  PQSS  (Fig.  39)  ii  obtained. 
This  cmre  ib  called  an  eUipse. 


Fis.  89.  Soile :  «id«  of  square  -  -6. 


No  odd  powert  occnt,  thetefote  the  gtaph  ii  lymmetrical  with 
respect  to  both  axes. 

-g-  =  1  +  ^    (y  may  have  any  ralae) ; 
^  =  -5-  -  1     (*■  cannot  be  less  than  9). 


34       5 

6 

7 

8 

9    1 10       '3.5   1  3.3  J3-1 

0  .7711-77 

S 

4-44 
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1        1        1 
8      lO-lI  1  -361   .25'  .06 

0  3.11  7.11  12 
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2444  '32    ^4044    1-44  1      :  .25 

o;i-8  J2.7  [  3.5 
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4.9    i  57'   6-4     '1.2   |l      1  .5 
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These  points  and  the  symmetrical  .points  are  also  plotted  in 
Fig.  39.  The  graph  is  seen  to  be  a  hyperbola  having  the  diagonals 
of  the  rectangle  PQRS  as  asymptotes. 

Examples  XVin  o. 

Draw  the  graphs  of  the  following  equations : 

(j.  a:»  =  y«-2(y«-72).  %  (a? - 3)«  +  (y  +  4)'  =  49. 

CS,  a:»-2a;  +  yH6y  =  26. 

(5.  ar*  +  y«--4a;  +  4y  +  8  =  0. 

^  a:«-y«=16. 

.w    (^-2)«      (y  +  3)^ 


/-; 


16 

10.  ;r2-y2  +  a;  +  8y-2  =  0. 

Solve  graphically : 

11.  a?«  +  y2  =  25,   ic  +  y  =  1. 

12.  xHy'=10,    a?  +  4y  =  7. 

13.  ar*  +  y«-6j:  +  8y  =  II,   ar^^  +  y^  =  9. 

14.  arHy'-4a;  +  6y  =  12,   4a:  +  3y  +  26  =  0. 


(4.  (3-a:)«  +  (y-3)«  =  9. 


(J,  9;c2  +  16y«=144. 


9 


15.^  +  g  =  l,  y-2x 


1. 


161.  Graph  of  equation  of  third  degree. 

The  graphs  of  equations  of  degrees  higher  than  the 
second  must  be  obtained  by  ordinary  plotting.  The  graph 
of  ^  =  0^  should  be  drawn  carefully ;  it  is  useful  and  is  a 
good  example  of  one  type  of  cubic  curve  (i.  e.  graph  of 
equation  of  third  degree).  We  give  here  as  an  example  the 
graph  of  a  more  complicated  equation. 

Example.  Dmw  the  graph  of  y^  a?'— 2a?^— «  +  2. 
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Thia  graph  u  shown  in  Fig.  40.    Notice  that  it  has  two  tnrning 
point*  A  and  B. 

Applioatioiu  ftf  QrBphs. 

162,    Examples    have    already  occurred   showing   how 
graphs  may  be  used  to  solve  simple  simultaneous  equations 


Fio.  40.    Sole :  2  Bide*  -  1  for  # ;  1  *ide  -  1  for  v. 

and  quadratic  equations.    Similar  methods  may  be  employed 
b)  solve  equations  of  higher  degree. 

Szample  I.  Solve  a:"— 2i*— a;— 2  =  0. 

Thia  may  be  lolred  b;  finding  where  the  graph  of 

CQt«  the  axis  of  x.    Fig.  40  showa  that  the  required  rooti  arc 
x~-\,  1,  or  2. 

Example  II.  SoliXj?—W  +  2x+i^  =  0. 

The  method  of  Example  I  might  be  employed,  or  the  following 
method. 


232  GRAPHS  OP  EQUATIONS 

Since  the  equation  is  equivalent  to 

we  can  wive  hj  finding  ffbere  the  graphs  of 

y  =  «'  and  y  —  8«*-2a:  +  4 
intenect- 

Theae  graphs  are  shown  in  Fig.  41,  where  it  is  seen  (hat  the 
onl;  real  solution  h  x=-  —■8. 

Bxompld  ni.  Solve  3^+y'~6z+4ff  =  16,  (i) 

*j~8a;+2y=   6.  (U) 

Draw  the  grapha  of  these  two  equation!  and  find  the  co-ordinates 
of  their  points  of  intersection. 
Equation  i  is  (a:-3)*  +  (y+2j'  =  29. 


Via.  il. 

The  graph  is  a  circle  whose  centre  is  (3,  —2)  and  ladiiu  */29. 
This  square  root  should  be  found  by  geometry  rather  than  by 
arithmetic.    This  is  easily  done  since  29  =  5'  +  2'. 

Equation  ii  is  (j  +  2)(y-3J  =0. 

The  graph  consists  of  the  two  stmight  linoE  whoso  equations  are 
*  =  -2,  y  =  3  TCBpuctivcly. 

163.  Maximum  Otld  minimum  yaluM. 

By  means  of  graphs,  maximum  and  minimum  values  can 
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be  approximately  found  which  can  be  found  accurately  only 
with  the  aid  of  the  Differential  Calculus. 

Example  I.  Find  the  minimum  value  of  So;^— 2a;— 4. 

The  graph  of  y  =  3a?'~2;r49  is  the  parabola  shown  in  Fig.  41. 

It  is  seen  that  the  valae  of  y  is  least  at  the  turning  point  V,  At 
the  point  V,  x  ^  9,  y  =  -4«3.  3 

Hence  3^~2a;— 4  is  least  when  x  ss4^^  and  its  value  is  then 
-4-8. 

With  a  larger  scale,  these  values  can  be  fonnd  more  accurately. 

Another  method.  Quadratic  functions  can  be  dealt  with 
as  follows:  _^ 

3a^~2ictfli  =  3{a^-|a;       }-4 

=  3{a?-|a;+i}-4-i 

=  3  (a:  -hf-^  ; 
but  a  square  quantity  cannot  be  less  than  nothing.     Hence 
the  right-hand  side  is  least  when   (x— |)'  =  0,   and   the 
required  minimum  value  is  —4^. 

Example  II.  Find  the  maximum  and  mimmum  values  of 

Fig.  40  shows  that  this  function  continually  increases  as  x 
increases  from  —  oo  until  xIb  —0  approximately,  the  value  then 
begins  to  diminish.  Hence,  when  x  =  -^^  the  function  is  a 
maximum,  and  its  value  is  then  2*1. 

As  X  increases  from  —  (f^to  1*5  the  function  continually  decreases 
and  afterwards  increases.  Hence,  when  x  =  1-5,  the  function  has 
a  minimum  value,  its  value  then  being  -^  -6. 

Notice  that  maximum  and  minimum  values  are  not 
necessarily  the  same  as  greatest  and  least  values.  In  this 
case  the  greatest  and  least  values  are  respectively  4-  ao  and 

—00. 

A  maximum  value  of  a  function  of  a;  is  a  value  which  is 
greater  than  the  values  obtained  when  x  is  either  slightly 
diminished  or  slightly  increased  ;  and  a  minimum  value  is 
one  which  is  less  than  the  values  obtained  when  x  is  either 
slightly  diminished  or  slightly  increased. 


E 
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Examples  XVIII  d. 

Solve  graphically : 

a,  y  =  -04a?'+1.2a?-0-8,  y  =  O-Sar-M. 

C  2.  y  «  .7 a:' -2-2 a: +1.8,  y  =  .3ic-4. 

(4.  y  «2a?"-6a;  +  8,  y  =  a?"-2a;-l. 

5.  What  Talne  of  y  will  give  equal  rooU  for  the  equation 

^■-8a:  +  4  =  y? 

6.  a*-10.1a?*  +  25.4ar  =  0. 

7.y  =  a?  +  2+-,   y  =  ar*  +  2a;  +  l. 

8.  ar»  +  2a:»-a:-l  =0. 
^9.  a^ -4a?  =  8.   Verify  by  drawing  graphs  of  y  =  a?*,  y" -4x  =  8. 

10.  ar»  +  4.84a?  +  2  =  0. 

11.  Find  graphically  the  maximum  and  minimum  values  of 

a?»-f6 
2a?  +  l* 

12.  Find  the  least  value  of  0^*4-0? -2  (i)  algebraically,  (ii) 
graphically. 

13.  Find  graphically  and  algebraically  the  maximum  or  mini- 
mum value  of  3  + 6a? -a:*. 

14.  Find  the  maximum  and  minimum  values  of 

a?*-2a?*-5a?+3. 

15.  Divide  the  number  20  into  two  parts,  such  that  the  square 
of  one  together  with  three  times  the  square  of  the  other  shall  be 
a  minimum. 

16.  A  number  is  added  to  2'25  times  its  reciprocal ;  for  what 

number  is  the  sum  a  minimum  ? 

g 

17.  Draw  the  graphs  of  y  =  8 -2a?  and  y  ==  — ^  for  values  of 

^  a? +  8 

X  from  -2  to  +8,  and  hence  find  the  positive  root  of 

2x»  +  3x-6  =  0. 

164.  Graphs  may  be  used  instead  of  tables  for  reduction 
purposes,  or  to  find  square  roots,  &c 
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Xxamplel.  Draw  a  graph  bif  means  qfnAickEngUAmoneg 
majf  be  reduced  to  fVencft  monesf;  it  being  given  tint  £1  =  26-8 
francs. 

Let  £x  be  equivalent  to  y  fnncs, 
then    2b^x  =  y. 

The  graph  ii  therefore  a  stnught  line. 
When  *  =  0,  y  =  0 ;  when  a;  =  2,  y  -  60-6. 


Fig.  42  diowa  the  gnph,  and  by  means  of  it  bjij  som  leu  than 
£2  may  be  expreued  in  franca ;  and  any  anm  lest  than  50  fianci 
may  be  expreMed  in  sbiUings. 

Szampls  IZ.  Draw  a  gn^ihbjf  means  of  tchick  the  cube  roots 
((f  numbers  JivM  0  to  10  may  bejbund  approximatdy. 

Here  y  —  {^,  and  graph  must  be  drawn  by  plotting. 

We  hare  x  ■■  y\ 

y    1     2      3     1-5      2-5      2-25     5      -8 
X    1    ti    -il    M     15-6     IM      -18    -5 
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The  graph  la  shown  on  a  Bmall  scale  in  Fig.  48 ;  from  it  we  see 
that  i/^  =  1-22,  .yEg  =  1*8,  4c 


Fio.  48. 

165.  When  obeervationfl  are  plotted,  the  resulting  graph 
may  suggest  a  law  connecting  the  quantities  under  obser- 
vation. If,  for  instancy  the  graph  looka  like  a  pwabola, 
the  law  may  be  of  the  form  y  =  a+bz+a^.  By  substi* 
tuting  the  observed  values,  this  su^ested  formula  may  be 
tested  and  possibly  found  to  be  true. 

Example. 

Smtdtafteow  values  of  z  ai^  y  ore  ^icen  in  ih&  flawing 
table: 


If    3-25 

1 
346 

2 
3-65 

3       4 
5-0    6-46 

5       1    6 
8-26    10-45 

7 
13.0 

8 
16  0 

Plot  t/teae  values  and  endeavot^r  to  find  a  simple  nlatkm 
between  x  and  y. 
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The  graph  looks  like  a  parabola  with  iti  vertei  at  (0,  3-25). 
Aasnme  theiefore  as  equation 

y  =  8-25 +  *!*'. 
When  «=  1.  j(  =  348;        .-.    845-8.25  +  n, 

le.    a  -  •2. 
We  hare,  therefore,  tm  the  su^ested  relation 


Fta.  44. 
Teat  this  bj  snbstitnting  the  other  Talues  for  x 
Wlien  x-8,  S-25  +  -2X*-  545. 
When  «  -  4,  5.25+.2a^  =  645. 
When  »  -  5,  8-26  +  -2*«  =  8-25. 
When  z  -  6,  3-25+-2^  -  1045. 
When  z-  7,  3'25  +  -2z>>=  18-05. 
When  *  -  8,  3-25  +  ■2*'  -  16<I5. 
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Examples  XVm  e. 

1.  Dmw  a  gpraph  by  means  of  which  the  square  roots  of  numben 
from  0  to  5  may  be  found  to  two  decimal  places.  Use  it  to  find 
v^,  (1-71)«. 

2.  Make  a  graph  to  reduce  inches  to  centimetres ;  giren  39«4 
centimetres  «  86  inches. 

8.  Freezing-point  on  a  Fahrenheit  thermometer  is  82*,  on  a 
Centigrade  thermometer  0^ ;  the  boiling  points  are  212^,  100^  re- 
spectively. Draw  a  graph  by  means  of  which  any  Centigrade 
reading  between  0  and  100  may  be  expressed  in  the  Fahrenheit 
scale? 

What  is  the  equation  of  the  graph  ? 

4.  Plot  the  following  points  : 

a-     -8     -1      3      4 
1/     -7     -1     11     14 
If  the  points  lie  on  a  straight  line  find  its  equation. 

5.  When  a  weight  W  is  tied  to  the  end  of  a  vertical  elastic 
cord,  the  following  observations  of  the  length  /  are  made  : 

W    300      500       1000     1500     1700 

I       98-7    100*2      1044    108^    1104 

It  is  known  that  the  graph  obtained  by  plotting  the  values  ought 
to  be  a  straight  line;  find  (i)  the  probable  length  of  the  cord  when 
no  weight  is  attached,  (ii)  which  of  the  five  observations  is  most 
inaccurate. 

6.  Two  quantities,  U  and  C,  are  found  to  have  the  following 
simultaneous  values: 

U   0-67    100    1-366    146      249 

C    484    625    8*60      9-11     14-25 

Is  there  any  simple  approximately  correct  law  connecting  U 
and  C? 

7.  Draw  a  graph  to  show  the  simple  interest  on  £10  at  S\  per 
cent,  for  any  number  of  days  less  than  101  days. 

Hence  find  the  interest  on  £lb  for  39  days  at  3}  per  cent. 

8.  The  following  simultaneous  values  of  two  quantities,  e  and  $, 
are  known.    Find  a  simple  relation  connecting  e  and  a. 

.     c    1    .98    .94    .77    .71     57    -42    .10 

a    0    .17     34    -64    -71     82    -91    .99 
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9.  Find  a  fiimple  relation  connecting  x  and  y  as  given  by  the 
following  table : 

a?    2    3         6         9         14         17 
y    5    3.33    1.67     Ml        .71        .59 

10.  The  time  t  sees,  that  a  pendulum  of  length  /  feet  takes  to 
oscillate  is  given  in  the  following  table : 

16       5        4       3       2         1 
t    2-7    246    22    1-9    1*56    M 

Show,  by  pbtting  the  values  of  I  and  ^,  that  a  relation  of  the 
form  t  ^  v^  exists,  and  find  e  from  the  graph. 

Examples  XVIII. 

1.  Draw  graphs  to  represent  the  two  expressions  4a? +5  and  ^\ 
and  thence  obtain  the  solutions  of  the  equation  a^  ^  ^x-k-h, 

2.  Plot  the  graph  y  »  ap'-8a?+ 15  between  the  values  rr  »  -1 
and  :r  B  6,  thus  obtaining  the  minimum  value  of  y, 

3.  Plot  the  following  values  of  x  and  y^  and  hence  find  the  values 
of  X  when  y  »  •SQ  and  of  y  whto  x  s  >8. 

X    0    -3      -7      .9      1-3      1-6    2        24      26      3 
y    0    -29     64    -78      -96    1        -91      ^      -52      -14 

4.  Solve  by  a  graphical  method  o^  +  So;  »  2. 

5.  Solve  by  a  graphical  method 

y-5«2(ar-7}, 
y««21+4a:-aj*. 

6.  A  volume  of  gas  occupies  a  volume  v  when  the  pressure  is  p  ; 
the  following  sets  of  simultaneous  values  of  p  and  v  are  observed. 
Determine  whether  any  simple  relation  connects  p  and  v ;  and  if  so 
find  it. 

1>    50      76    110       185       150      200       240 
V    152    10       6-9        5-6        5-1        3^        31 

7.  Plot  the  graph  of  (y-1)'"  8(a:+2). 

X       20 

8.  Draw  the  graphs  of  y  «  ^  +  5—  and  y  »  3:r-9,  and  hence 

o        oX 

solve  the  equations  a^-8a?y+20  «  0,  y-8x+9  «  0. 

9.  In  an  examination  the  top  boy  obtains  215,  the  bottom  boy 
96 ;  it  is  required  to  change  the  marks  so  that  the  top  boy  may 
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receire  90  and  the  bottom  boy  25.  Draw  a  graph  by  means  of 
which  the  new  marks  of  the  intermediate  boys  may  be  found. 
[First  show  algebraically  that  the  graph  is  a  straight  line.] 

10.  Draw  a  graph  by  which  the  cube  root  of  any  number 
between  0  and  10  may  be  foand.    By  means  of  it  find 

4/I2,  -J/7,   J^dS. 
Kot  o^  :n/       11.  Draw  the  graph  of  y  =  i ^ — ^,    and  hence  show 

that  the  right-hand  side  can  never  lie  between  1  and  9. 

12.  Solve  x+y=:l,  2^y  =  ll,  and  verify  by  drawing  the  graphs 
of  the  equations.  ^7±  \j^,}   ?  -^  4-.o*  cA»  2.4- •" . 
i  13.  Draw  the  cpraph  passing  through  the  following  points ;  find 
.  •  the  equation  of  the  graph :       ^^  ^  S73')Ct 

a:    0      -1  .3        .8      1         17 

y    0    5.72    17.2    45.8    57.3    97.4 

14.  Draw  the  graph  of  y  =  a?  +  — 5  +  ^  ^"^r  values  of  a?  between 
-6  and  2.  ^'^^ 

15.  Solve  graphically  x-\-y  =:  xy  and  Sx  +  7y^Bxt/. 

16.  When  lOOy  ss  ajS-lOOa:,  calculate  the  values  of  y  for 
a;ss8.5,  9,  10,  11,  and  draw  the  graph  from  a?B  8*5  to  opsb  11, 
showing  the  scales  clearly. 

17.  Solve  graphically  9aj»  +  4y«  «=  180,  iry+12  =  0.  Verify  by 
an  algebraical  solution. 

18.  Show  graphically  that  the  values  of  x  and  y  which  satisfy 
the  simultaneous  equations  5a?  ^  2y- 18,  5y  »  6- 7a;,  satisfy  also 

A=B.|  the  equation  a; +ys=  2.  A  B  C 

^^^^  .  19^  Solve  graphically  2(a:-l)(y-l)  =  6(aj+y)  =  -8ajy. 

^'^  20.  The  following  table  shows  how  the  volume  of  a  constant 

^  ^  f'  weight  of  water  varies  at  different  temperatures.    Plot  a  graph 

C  r  r    \         and  state  what  important  information  can  be  gathered  from  the 
graph. 

Temperature        1**       S''       5**       7^        9'' 
Volume  27*6     25*3    25-2    25.8     27*3 

21.  By  giving  a  few  values  to  a?,  show  on  squared  paper  the  part 
of  the  curve  y"-3a:y  +  (l  +  y)a5*  s^O  which  lies  between  ««  0  and 
ar«l, 

22.  A  ceiiain  function  of  x  is  of  the  form  a-^hx+ea^,  where 
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a,  b,  c  ax!6  constants,  such  that  when  x  has  the  values  —1, 1,  3  the 
▼alues  of  the  Ainction  are  —2,  8, 10  respectiTelj.  Determine  the 
values  of  a,  h,  and  c,  and  plot  a  graph  of  the  function  between 
xns—l  and  +6. 

23.  The  distances  of  an  object  and  its  image  from  a  lens,  focal 

length  8  inches,  are  connected  by  the  relation »  ^,  where 

V  inches  is  the  distance  of  the  image  and  u  inches  of  the  object. 
Draw  the  graph  of  this  equation,  and  hence  find  the  value  of  u 
when  the  two  distances  are  equal,  and  the  value  of  v  when 

24.  The  following  table  shows  simultaneous  values  of  x  and 
f{x).  Draw  a  graph,  and  hence  find  approximately  for  what 
values  of  x  f{x)  «  2. 

X    0    •31    -58      79    -91     1^7    1-24    1*36    1*43 
f{x)    0     38     65   1       13      180    2-90    4-71    742 

Graphical  Problems, 

25.  A  man  starts  from  a  place  A  to  walk  at  the  rate  of  4  miles 
an  hour.  Draw  a  graph  to  show  his  distance  from  A  at  the  end 
of  every  quarter  of  an  hour.  Draw  a  gpntph  to  show  that  at  the 
end  of  10  miles  he  rested  for  half  an  hour  and  then  walked  back 
to  X  at  the  rate  of  3  miles  an  hour.  From  your  graph  determine 
the  whole  time  of  his  walk. 

26.  Two  men  start  walking  towards  one  another  at  noon  from 
places  12  miles  apart.  If  one  walks  at  4  miles  an  hour,  and  the 
other  at  3|  miles  an  hour,  determine  by  a  graphical  construction 
when  and  where  they  meet. 

27.  If,  in  question  14,  the  faster  walker  walks  half-way  and  then 
sits  down  to  wait  for  the  other,  find  by  a  graph  how  long  he  will 
have  to  wait. 

\^.  A  sets  out  from  a  certain  place  and  travels  at  the  rate  of 
7  miles  in  5  hours ;  8  hours  afterwards  B  sets  out  from  the  same 
place  and  travels  the  same  road  at  the  rate  of  5  miles  in  3  hours. 
How  long  will  it  take  B  to  overtake  A  ? 

29.  A  and  B  start  at  the  same  time  from  two  places  154  miles 
apart.  A  cycles  at  the  rate  of  11  miles  an  hour,  £  is  in  a  motor 
travelling  at  the  rate  of  23  miles  an  hour.  If  they  started  at  noon, 
when  will  they  meet  ? 

PATUaOS  (j 


•    «•' 
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dO,  A  point  jnoves  along  a  Btraight  line  so  that  its  distftnce 

from  one  end  0  at  any  time  x  seconds  is  a;  +  —  centimetres. 

Draw  a  graph  showing  the  distance  from  0  at  any  time,  and  find 
at  what  time  the  point  is  nearest  0. 

31.  If  A  can  make  a  box  in  5  hours,  and  B  a  similar  box  in 
4  hours,  find  by  a  graphical  method  how  long  it  will  take  them  to 
make  6  boxes  working  together, 

32.  A  tap  A  can  fill  a  cistern  in  4  hours ;  a  tap  B  can  empty  it 
in  7  hours.  If  both  are  turned  on  together  how  long  will  it  be 
before  the  cistern  is  full  ? 

33.  A  starts  at  3  oVlock  walking  4  miles  an  hour ;  B  followB 
in  the  same  direction  at  3.15  at  4|  miles  an  hour ;  then  C  rides 
in  pursuit,  starting  at  4  o*clock,  at  7  miles  an  hour.  When  and 
where  does  B  catch  Af  C  catch  Aj  C  catch  B  ? 


CHAPTER  XIX 

SIMULTANEOUS    QUADBATICS 

166.  If  either  of  two  simultaneous  equations  is  of  the 
second  degree,  they  are  called  simultaneous  quadratics. 
Just  as  in  the  case  of  solying  simple  simultaneous  equations, 
we  try  to  solve  by  eliminating  one  of  the  unknown  letters. 
This  cannot  always  be  done,  and  sometimes,  when  it  is 
done,  the  resulting  equation  is  of  a  higher  degree  than  the 
second,  and  cannot  be  solved  by  elementary  methods.  No 
method  applicable  in  all  cases  can  be  given,  but  there  are 
two  methods  that  can  be  used  so  often  that  they  should 
be  learnt  thoroughly. 

167.  Method  I.  One  of  the  equations  is  linear,  L  e.  of 
the  first  degree. 

Xzample  I.  Solve  8x  ^2y  =  IS,  (i) 

2«»+8y2-3o.  (ii) 


SIMULTANEOUS  QUADBATICS  2U 

From  i  express  one  of  the  letters  in  terms  of  the  other. 


2y+13 


X 


3 
Sahstitute  this  value  in  ii. 


2(2jffl?)%8y.=.80. 


Simplify  8y»  + 104^  +  338  +  27y»  =  270, 

35y»+104y  +  68=0. 

Solve  (35y  +  34)(y  +  2)«a 

/.    y=-2    or    y  =  -8t. 

Substitute  in  iii. 

H^en  -  =  ^^'     or    ..zM^ 

455-68 


=  8 


3x35 
387 


(iii) 


3x35 

^129 
35' 
Solution  a; »  3,        y  =s  — 2 ; 

or  «  =  3|t,    y-lf. 

The  answer  should  not  be  given 

«=3  or  3ff,  y=-2  or  -|f,. 

but  the  corresponding  values  of  x  and  y  should  be  given 
together. 

This  method  can  be  used  whenever  one  of  the  equations 
easily  gives  one  unknown  in  terms  of  the  other. 

Example  II.  Solve  Sx^-i^^  =  -88,  (i) 

2xy  =-20,  (ii) 

From  ii  2y  « •  (iii) 

400 
Substitute  in  i  3^^ -  ^  «  -64. 

q2 
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•    Simplify  3a?*  +  88aj*-400  =  0, 

(3«*  +  100)(«»-4)«0. 

.•.    ar  s=  4    or ^  • 

Extract  square  root 

a:«+2  or   -2  or   +10'/Ht  ©^  -10^^. 
Subetitate  in  iii 

yss-5  or  +5  or -;=  or  4     ^ ♦ 

Hence  the  real  solutions  are    x=     2,   y  =  -  5 ; 

or         a:  =  -  2,   y  =  +  5. 

Example  III.  Solve  ^3i?—2x-¥y'^  =  87,  (i) 

xy  =—12.  (ii) 

From  ii  y  s= .  (iii) 

X 

144 

Substitute  in  i  3aj« - 2a?  +  ^  =  37. 

Simplify  3a:*-2a?'-37a:»  +  144=  0. 

This  is  of  the  4***  degree  and  contains  x* ;  it  cannot  be  solved  by 
treating  it  as  a  quadratic  with  x*  as  the  nnknown,  as  we  did  in 
Example  II.  Our  only  dianoe  of  solying  is  by  using  the  &ctor 
theorem,  i.  e.  we  try  to  find  a  root  by  trial. 

The  possible  roots  are  the  factors  of  144,  viz.  1,  2,  3,  6,  8, 12,  ftc. 
/(I)  «  147-39,  /(-I)  «  149-87,  /(2)  «  48-16-148+144, 
/(-2)« 48  +  16-148  +  144,  /(3)  =  243-54-338  +  144  =  0. 
.*.    a;  =  3  is  one  root  and  a;  -  3  is  a  factor  of  the  leflrhand  side. 

Hence  one  solution  is  a? «  3,  y  »  —  4. 
Divide  by  a: -3, 

3ar«(a?-8)  +  7a:'(a?-3)-16(a;»-9)  =  0. 
.-.    3a:»  +  7a^-16a:-48«0. 

By  the  factor  theorem  or  by  the  graph  method  at  least  one 
root  of  this  equation  can  be  found ;  by  substitution  in  iii  the 
corresponding  value  of  y  is  found. 

The  factor  method  can  find  only  rational  roots,  the  graph 
method  will  give  approximate  values  of  all  real  roots. 
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Examples  XIX  a. 

Solve : 
1.  2a?  +  3y  =  8,  2,  3a?  -4y  =    1, 

xy^2,  3a:»-4y««ll. 

3.  y  -2x  -     7,  4.  3a?  +y  «    1, 

5.  6a?y«l,  6.  a?-2y  =    3,       \.  H-^. 

(x+l)fy+l)  =  2.  a^-2ari^  +  3y"  =  83.       ^ 

7.  a^-a?i/  +  y«=  +19,  8.  a^ - icy  + 1/»  =  4, 

a?  +  y  =  1.  a:  +  y  =  1. 

9.      a?+oy«l,  10.  3ar-5?/  =  1, 

a^  +  2at^  «  a"  +  l.  a*-2a?//-3i/'  =  -15. 

11.  ^-5^±^«3,    9y-9a?=18. 

a?y 

12.  ^±1?  =  ^,    y«  +  a?-25. 
a?-y       5       "^  .- 

(T3.  a^  +  y"- 10,    x  +  4.y«7.         \     /'  •     - 
(^4.  5aTy  +  3a?-y  =  492,    ^  =  |-    ^ 

15.  aj*  — ary  =  153,    a?  +  y«sl. 

16.  There  are  two  numbers  whose  difference  is  J  of  the  greater, 
and  the  difference  of  their  squares  is  128,  find  them. 

17.  The  difference  of  two  numbers  is  15,  and  half  their  product 
equals  the  cube  of  the  smaller  number,  find  them. 

18.  The  product  of  two  numbers  is  56 ;  their  difference  is  10 ; 
find  the  sum  of  their  squares. 

19.  A  regiment  consisting  of  1066  men  is  formed  into  two 
squares,  one  of  which  has  four  men  more  in  a  side  than  the  other. 
What  number  of  men  are  in  a  side  of  each  square  ? 

20.  A  poulterer  bought  15  ducks  and  12  turkeys  for  5  guineas. 
He  had  2  ducks  more  for  18  shillings  than  he  had  turkeys  for  £1, 
What  was  the  price  of  each  ? 

168.  Method  II.    Homogeneous  Eqtiatioiui. 

When  every  term  in  the  two  equations  that  contains  the 
unknowns  is  of  the  same  fjegree,  the  equations  are  said  to 


»  • 
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be  homogeneous.  In  such  cases  Eliminate  the  constant 
term  and  faotorise  the  left-hand  side  of  the  residting 
equation. 

Example.  Soke  a^—Sxy--  y^  =s  9,  (i) 

2x^  +  2xp+Sy^=z7.  (ii) 

Multiply  i  by  7  7aJ»  -  21  a^y  -  7 j^  ^  63. 

Multiply  ii  by  9  18ar»  +  ISx^  +  27y«  =  63. 

Subtract  11  jf»  +  39xy  +  Sit/  =  0. 

Resolve  into  factors  (11  a?  +  17y)  (x  +  2y)  =  0 ; 
either  lla?+17y  =  0    or    a:  +  2y  =  0, 

i.e.  a:=-}{y      or  a:  =  -2y. 

Substitute  in  equation  i 

/   m"y"+fT/-y*  =  9\    or  /      4i/»  +  6y«-y«  =  9,' 
/(289  +  561-121)y»  =  9xl2r 


729y"  «  9  X  121 


V  =  9, 
»*=1; 


.-.    y  =  +  "  or    -^,     "      .\    y=+l   or    -1, 
0?  =  -^  or    +>f ;  x=  -2  or    +2, 

each  value  of  x  being  taken  with  the  value  of  y  above  it. 


Examples  XIX  b. 

Solve: 

(1.  3ar«  +  4f/»  =  16,  2,  x^^xy         =  15,  ^ 

Axy=^    8.  xy-y^  ^    2.  ^^-    ^^a 

3.  ir«-2y*=17,  4.     :^-2xy-   y*  =    7,     ^  '         r     -f 

ar«  +  2y«  =  33.  2x»-3a^  +  4y«=  62.     •^  -\' ^ 

^  ^'  f"^""!^!"  i'  ^-  ^'  +  ^y  +  y»  -  52,    :ry-a^  -  8. 

3icy-5y'=  1. 

7.  4a:»  +  9y«  =  10,    2ary+l=0. 

8.  ia^-xy  =  14,     3ary-y«  =  5. 
'9.  a:»-2a?y-y«  =  7,    iry  +  2y«=12. 

10.  -  +  ^=|i,    a^  +  :ry  +  y«  =  91. 
y       X       30 

11.  Find  two  numbers  such  that  the  sum  of  their  squares  is  29 
and  their  product  10. 


] 
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12.  The  product  of  two  numbers  is  24,  and  their  sum  multiplied 
bj  their  difference  is  20,  find  them. 

18.  Find  two  positive  integers  whose  sum  multiplied  by  the 
greater  is  204  and  whose  difference  multiplied  by  the  less  is  35. 

14.  Divide  14  into  two  integral  parts  so  that  the  sum  of  the 
quotients  obtained  by  dividing  each  part  by  the  other  may  be  2^. 

15.  A  man  buys  tea  at  two  different  shops  spending  altogether 
JE2. 17«.  Id. ;  the  price  in  pence  per  lb.  at  each  shop  being  equal 
to  the  number  of  pounds  bought  at  that  shop.  If  the  price  at  each 
shop  had  equalled  as  many  pence  as  he  bought  pounds  at  the 
other  shopy  he  would  have  spent  Id.  less.  How  many  pounds  did 
he  buy  at  each  shop  ? 

169.  Misoellaneotis  Methods. 

There  are  various  devices  which  are  useful  in  solving 
simultaneous  quadratic  equations ;  some  of  these  are  shown 
in  the  following  examples. 

Example  I.  Solve  3  a? +4//  =  18,  (i) 

ay=    6.  (ii) 

Square  i  9x^  +  24ar//  +  16y»  ==  324. 

Multiply  ii  by  48  48ary  =  288. 

Subtract  9x^-2Axy  +  16y'  «  36. 

Extract  square  root  3a?-4y  =  +6  or   -6. 

Add  to  equation  i  6a?  =24  or  12. 

.'.    ar  =  4  or  2. 

Fromii  if    ar  =  4,    y=lj;  ,  -V^  '^'        i   it 

if    a;  =  2,    y«3.         .     ,.     .;^  J        ^  '        ..S  ^^^ 

Szample  II.    a^-xy  =  84,     ^  (i)         i\"^  /  • 

a^— y«  =  48.  (ii) 

Subtract  a?»-2a-.y+y»  =  86. 

Take  square  root  x-ij^-¥^  or  -6.  (iii) 

Divide  equation  i  by  iii  a;  ==  14  or  - 14. 

Divide  equation  ii  by  iii  y  =    8  or  -8. 

Solution  a-  =     14,    y  =     8 ; 

a- =  -14,    tf^'S. 


us 
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Example  III.  Solve  2x+bxy  =  34, 

Eliminate  xif. 
Multiply  i  by  4 

Multiply  ii  by  5 

Subtract 


(i) 
(") 


Sx  +  20  xij^  136. 
15y  +  20ajy  =  165. 
8a?-15y   =-29. 
And  soltttioa  may  be  finished  by  Method  I. 

Example  IV.  Sohe  arV— ^^^+6  =  0,  (i) 

x^-¥2y^=n.  (ii) 

Treat  equation  i  as  a  quadratic  to  find  xy,  ^ 

Resolve  i  into  factors    (a?y  — 3)  (iey-2)  =  0, 

xy  ^2  or  3. 

And  the  solution  may  be  finished  by  Method  I  or  II. 

I    .i^-^i    f    no.  Graphical  Method, 

'  Draw  the  graph  of  each  equation ;  then  the  eo-ordinates 
of  the  points  of  intersection  satisfy  both  equations,  i.  e.  the 
co-ordinates  of  the  points  of  intersection  give  the  required 
solution  (see  also  §  162). 


Example.  Solve  y  =  2:^—80;+ 2, 

X  =  2y2-«3. 


(i) 


Equation  i  is  not  of  the  first  degree,  .*.  the  graph  is  not  a  straight 
line  and  at  least  six  points  must  be  found. 


X 

-3 

-2 

-1 

0 
0 
0 
2 

1 

2 

4 

3 

4 

5 

x" 

9 

4 

1 

1 

9 

16 

25 

-Sx 

9 

6 

3 

-3 

-6 

-9 

-12 

-15 

y 

20 

12 

6 

0 

0 

2 

6 

12 

Equation  ii  is  not  of  the  first  degree,  .*.  the  graph  is  not  a  strai^t 
line. 
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* 

-3 

-. 

-1 

0           1 

2 

3 

* 

2y. 

IS 

8 

2 

0 

2 

8 

18 

S2 

X 

15 

5 

-1 

-3 

-1 

& 

15 

2» 

'In  Fig.  45  the  pointi  of  int^nection  are  P  and  9,  and  the 
solntion  is  approxitnatelj  x  =>  -3,  y  =  1-3  or  x  >=  2-8,  y  =  16. 


To  obtain  a  mora  accnnte  •olation  that  portion  of  the  graphs 
lying  between  x  »  0,  a:  »  3  should  be  drawn  on  a  larger  scale. 
Graph  i 


« 

■1 

■a 

-8 

■» 

■i 

■5 

.6 

2-8 

7.29 

2.5 
8-36 

B.6 
8-76 

a.7 

9.29 

2.8 
9.S4 

10-41111 

2+*" 

2.01 

2.0* 

2.16 
1-3 
.96 

t-6 
.75 

8.86 
1.6 

31 

a 

■« 

«.» 

7.B 
.78 

7.8 
.96 

8-1 

8-1 
1.44 

1.71    2 

V 

1-71 

l-U 

MB 

.39 

250  SIMULTANEOUS  QUADEATIOS 


y 

M 
1.21 

1-2 

1-3 
U9 
3-38 
.38 

14 
1-96 
8.82 

1-5 
225 
4.50 

\S 

1-7 

18 

y" 

144 

246 
6-12 
2-12 

2.89 
5.78 

2.78 

3.24 

Sy* 

242 

-.58 

2.88 
-.12 

648 

X      ' 

-92 

150 

348 

Tbeae  values  are  ahown  plotted  ia  Fig.  46  and  the  co-ordinate* 
of  the  point  of  intersection  are  there  seen  to  lie 
x=   .26,     y=128; 


On  Bubstituting  in  the  original  equations  it  will  be  found  that 
these  are  ver;  close  approximations  to  the  esact  solution. 


Sohe: 

1.  ar'  +  s'-: 


BxamplM  ZIX. 


1.  9T»-16y'  =  65, 
8ar-4y=  13. 
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..",  5.  i»/+ 16  =  8a7/, 

^'J^nS  8.  :r«  +  a:  +  y  =  18-y«,    xy  ^  Q. 

'    9,  x^  +  2anf +  1^  +  2x^1^0 -2y.         10.  ar'4y*-ar-y  «  78, 

^y-y'=8.  ir^  +  a?+y=39. 

--    ^      4dP_85         _    _9  12-    ar»  +  y«  +  ar-y=    132, 

.13.  (ar-y)«  =  8(a?  +  y),  14.  y*-3ar*  +  y  +  3ar  +  30  =  0, 

(a?  +  y)»  =  8(a?-y).  y«  +  ar«  +  y-ar-18  =  0. 

15.  Aa^  +  hxy  =  6,    2y*-3iry  «  26. 


16.  |-  +  ^  =  3,    (a:  +  y)(T  +  2y)«12. 

Solve  graphically : 

17.  y*-7a?-8y+ 14  =  0,    7a?+6y  =  13. 

18.  ar-y*  =  3y,    y-3ir  =  0. 

19.  a:«3y*-2y+l,    3y-4a?  +  5  =  0. 

20.  a?=3y-y«,    y*  =  4a?-2. 


CHAPTER  XX 

MISCELLANEOUS  PROBLEMS 

171.  Many  problems  have  been  set  in  the  previous 
Example ;  before  giving  a  set  of  miscellaneous  problems  we 
will  work  a  few  to  show  the  kind  of  way  the  necessary 
equations  are  arrived  at.  The  student  is  referred  to  §  109, 
where  some  hints  have  already  been  given« 

Example  I.  A  merchant  gained  as  many  AiUings  on  a 
certain  number  of  pounds  of  tea  as  there  were  shillings  in  tJte 
cost  price  of  10^  lb.  or  as  there  were  Jarihings  in  the  sdling 
price  of  a  8  or.  packet    How  many  pounds  did  he  sett  ? 


'>   ^"    ' 
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Let  X  shillings  be  selling  price  of  1  lb.,  and  y  shillings  be  cost 
price  of  1  lb. 

Then  x—y  shillings  is  gain  on  1  lb. 

Also  ^y  shillings  is  the  cost  price  of  10|  lb.,  and   A^  x 
48  farthings  is  the  selling  price  of  3  oz. 

.*.  his  total  gain  according  to  the  question  is  either  -ly  shilliDgs 
or  9;r  shillings.    Hence  an  equation  is 

9^  =  ¥.'/, 
i.e.     ex^ly.  (i) 

Again    total    gain    is   9x  shillings ;    gain    on   one  pound   is 
X  -  7/  shillings. 

.•.    number  of  pounds  =  - 


x-y 

9x 

X  —tix 


=  63.    An8ipe9\ 


This  is  an  example  where  we  do  not  assume  the  unknown 
to  be  the  quantity  we  wish  to  find. 

Example  II.  Two  sums  of  money,  maMng  fogether  £6B,  are 
spent  on  two  different  kinds  of  articles  whose  prices  differ  hy  Is., 
tlie  number  of  articles  obtained  being  190.  Ift?ie  two  sums  are 
interchanged  the  number  of  articles  obtained  wiU  be  200.  Find 
the  prices  and  the  sums  of  money. 

Let  X  shillings  be  sum  of  money  spent  on  articles  at  y  shillings 
each. 
Then  (1260-^)  shillings  is  spent  on  articles  at  (^-1)  shillings 

each. 

X                                              1260— a; 
.-.     —  is  number  of  first  kind ;  and , —  is  number  of  second 

y  y-1 

kind. 
Hence  from  the  question, 

—  + =—  =  190.  (i) 

If  X  shillings  had  been  spent  on  articles  at  (y- 1)  shillings  each 
and  (1260 -:r)  shillings  had  been  spent  on  articles  at  y  shillings 

each,  the  numbers  bought  would  have  been  — -r  and 

respectively. 
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Hence  -^  +  i?!?^  =  200.  (ii) 

We  now  have  two  equations  to  find  two  unknowns. 

4JJ         ..             ,  ..   1260      1260      o^ 
Add  equations  i  and  u  +  — =-  =  390. 

y       y-1 

Multiply  by  y  (y  - 1)  and  divide  by  80, 

42(2y-l)-18(y«-y). 

Transpose  18y'-97y+42  »  0. 

Factorise  (13y  -  6)  (y  -  7)  =  0. 

.••    y  =  7    or    A. 

Hence  the  solution  of  the  equation  gives  two  alternatives,  vis. 
Is,  and  6«.  as  the  respective  prices  of  an  article,  or  ^  and 
— ^  shillings  as  the  prices. 

A  negative  price  is  absurd,  therefore  the  solution  y^^iz 
rejected. 

If  y  ss  7,  we  have,  by  substituting  in  equation  i, 

-  +  12^=190. 

Multiply  by  42    6a;+7  x  1260-7a;  »  42  x  190. 

Transpose  -  x  «  42x190-42x210 

=  -42x20. 

.*.  one  sum  of  money  is  42  x  20  shillings  «  £42,  which  is  spent 
on  articles  at  Is,  each ; 

and  the  other  sum  of  money  is  X21,  which  is  spent  on  articles 
at  68.  each. 

Vote.  If  y  a  iV  had  been  found  to  be  a  reasonable  solution,  the  price 
would  have  been  given  not  sm  fgS,  each,  but  as  6  shillings  for  IS. 

Example  III.  The  differtnce  in  the  rates  qf  two  trains  is  18 
miles  per  hou»\  The  faster  qf  the  two  takes  2  hours  less  time  to 
travel  164  miles  than  the  slower  takes  to  travel  168  mUes.  Find 
their  respective  rates* 

Let  X  miles  per  hour  bribe  rate  of  the  faster. 

164 
Then  —  hours  is  the  time  it  takes  to  travel  164  miles. 

X 

Also  a;- 13  miles  per  hour  is  the  rate  of  the  slower  train. 

168 

Then to  hours  is  the  time  it  takes  to  travel  168  miles. 

4?  — lo 
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From  the  question  this  second  time  is  2  hours  more  than  the 

first  time. 

168        164      « 

a?-13        X 
Multiply  by  a;  (a?  - 13), 

168a?-164a?  +  164xl3  =  2a:»-26a:. 

Transpose  and  divide  by  2, 

a:»-15:c-82xl3  =  0. 
Factorize  (a?  -  41 )  (a? + 26)  =  0. 

.'.    a?  =  41     or    -26. 

The  negatiye  value  is  inoonsistent  with  the  meaning  of  the  question. 
The  only  meaning  we  can  attach  to  a  rate  of  —  26  miles  per  hour  is  that 
the  train  is  travelling  in  the  opposite  direction  to  some  train  which 
is  moving  with  positive  velocity ;  that  interpretation  does  not  apply 
here. 

.*.    the  fast  train  travels  at  41  miles  per  hour, 
the  slow  at  28  miles  per  hour. 

Example  IV.  What  is  the  price  of  gold  per  ounce  if  a  riae 
ofSd.  reduces  by  b  the  mmber  of  ounces  that  can  be  bought /or 

£5757? 

Let  £x  be  original  price  per  ounce. 

Then  £(a;+^)  is  the  increased  price. 

5757 

is  the  original  number  of  ounces  for  £5757. 


X 

5757 


is  the  second  number  of  ounces  for  £5757. 


From  the  question 


5757      5757       . 


X        a?+^ 
Multiply  by  ar(a?+^), 

5757  x^-=  5a;'  +  ^a:, 

Multiply  by  80  and  transpose, 

400aj«  +  5a;-5757  =  0, 

(80a?-303)(5a;  +  19)«0; 

•        -r  —  SOS      ^«      ^Jg 
•  •      •'^  "■    80        "*  »  • 

The  negative  value  is  inconsistent  with  the  question. 
.*.    required  price  is  £8. 15«.  9(2.  per  ounce. 
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172.  Algebra  can  often  be  used  to  solve  Geometrical 
questions,  e.g. 

Example.  Divide  a  slight  line  9  inches  long  so  that  the 
square  on  one  part  mag  he  doiMe  (he  sqwxre  on  the  other. 

fi B 


^ 


'•^y  >» 


Fie.  47. 

Let  X  inches  be  the  length  of  the  smaller  part. 
Then  9 -a;  inches  is  length  of  the  larger  part. 
Then(9-ar)*  =  2x». 

Remove  brackets  and  transpose,  648 1 25*4 

a:»+18a;-81  =0.  45    248"" 


504    2300 


«,,.,.         ,              -18±v'324+324 
Solve  by  the  formula    x  =  - — =-^-^ 

-18  +  254  -18-254 

2 ^'    2 

74  434 

=  37    or    -21.7. 
Hence  one  portion  is  3*7  inches  long  and  the  other  5*3  inches. 

In  this  case  the  negatiye  value  would  mean  that  BP  was 
to  be  measured  to  the  right  instead  of  to  the  left  and  would 
give  the  answer  to  the  question. 

A  straight  line  is  9  inches  long;  produce  it  so  that  the  square 
on  the  whole  UnCy  when  produced,  shaU  equal  twice  the  square  on 
(he  pari  produced. 

173.  Problem  leading  to  an  indeterminate  equation. 
Sometimes  the  data  of  the  question  give  only  one  equation 
although  there  are  two  unknowns.  In  such  cases  the 
equation  has  an  infinite  number  of  solutions  (§  60);  if, 
however,  the  conditions  of  the  question  require  that  the 
unknowns  should  be  positive  integers,  the  solutions  are 
limited  in  number,  but  there  may  be  some  difficulty  in 
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finding  them.     Problems  and  equations  of  this  kind  are 
said  to  be  indeterminate. 

Example.  In  firing  at  a  target  the  scare  is  5  Jbr  a  buUf 
^Jbran  inner,  8  for  a  magpie^  2  far  an  outer,  and  Ofar  a  nUss. 
In  haw  manjf  ways  can  a  score  of  BO  he  made  toith  7  shots,  it 
being  known  that  there  are  no  magpies  or  misses? 

Let  X  be  the  number  of  bnlU^ 
y  be  the  number  of  inners. 
z  be  the  number  of  outers. 
Then  5a?+4y  +  22f»  80,  (i) 

«+   y+   «=    7;  (ii) 

BO  that  there  are  only  two  equations  for  three  unknowuB;  but  x,  y, 
and  z  must  be  positive  integers. 
Eliminate  z  by  subtracting  twice  ii  from  i, 

then  3a;+2y=16,  (ili) 

Divide  by  the  coefficient  of  x  or  y. 
Divide  by  3  ic+iy  =  5  +  J- 

Transpose  integers  to  the  right, 

iy-}  »  ^~~^  —  an  integer. 
Multiply  by  an  integer  k, 

then  — ^ —  «  an  mteger. 

Choose  k  so  that  when  2k  is  divided  by  8  the  remainder  is  1 ;  in 

this  case  take  k^2, 

XI.  4y-2  .  . 

then  -^^—  «  an  integer, 

i.e.    y  +  2-—  s  an  mteger ; 

I/— 2 
.•.     s'       «  an  integer  =  t  (suppose) ; 


then 

V  =r  3^+2,  where  t  is  any  integer. 

Substitute  in  iii 

3a;  =  16-2x3«-4; 

/.    a?=   4-2^ 

Substitute  in  ii 

«=   7-(3<  +  2)-(4-20 

=    1-f. 

Hence  if 

«  =-1      0      1      2 

then 

T=     6      4      2      0 

y  =  -l      2      5      8 

*=     2      1      0-1 
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If  I  IB  negatire,  y  U  negative ;  if  <>  1,  «  ii  negBtive  ;  and  the 
011I7  potnble  Bolntione  are  when  (  >=  0,  or  1. 

Therefore  there  are  two  w»;a  of  making  a  total  30  nnderthe 
giyeu  conditions. 

Or&pUoal  Hetbod.  Draw  the  graph  of  equation  iii  and  notice 
where  it  paaaes  through  coraera  of  gqnares. 


Fi«.  48. 

Since  the  equation  is  of  the  fint  degree,  the  graph  is  a  straight 
tine. 

When  7  =     0,    y  -      8 ; 

when  x^-i,    y-=     U; 

when  z»46,    y  — —  1.   ' 

Aa  shown  in  Fig.  48  the  graph  pattea  through  the  points  (0, 8), 
(2,  5),  (4, 2),  and  these  give  the  only  positive  integral  solutions  of 
equation  iiL 

174.  QueatioDS  asking  for  greatest  or  least  values  can 
often  be  solved  by  using  the  Eut  that  a  square  quantity 
cannot  be  less  than  zsro.  They  can  also  be  solved  by 
finding  the  turning-point  of  a  graph. 

Example.  What  is  the  arta  of  the  UggeH  rectangular  Jitld 
that  can  be  surrounded  by  400  gards  ofjhuing  ? 

Let  X  yards  be  the  length  of  one  side. 

Then  {2W-x)  yards  U  the  length  of  the  other. 
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Therefore  the  area  is  x  (200 -a;)  square  yards ; 

but  X  (200  -  a?)  =  200a:  -  s^ 

«-(a:«-200a?) 
i=-(ar»-200a?  +  100«)  +  100« 
=  100* -(a: -100)*; 

••.    X  (200  -  x)  is  great-est  when  {x  - 100)*  is  least, 

i.e.  when  (a:-100)*  =  0, 

i.  e.  when  rr  =  100. 

Hence  greatest  area  =  100  x  100  square  yards 

s=  10000  square  yards. 
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Fio.  49. 

Graphical  Method.  Draw  the  graph  of  ^  =  x  (200— a?). 
This  is  shown  in  Fig.  49. 

It  is  seen  that  the  curve  turns  at  the  point  A^  and  that  the 
ordinate  y  is  greater  there  than  at  any  other  point. 

Hence  the  graph  shows  that  y  is  greatest  when  x  »  100,  and 
that  its  greatest  value  is  10000. 
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The  graphical  method  is  specially  useful  when  the 
expression  whose  maximum  or  minimum  is  required  is 
higher  than  the  second  degree. 

Examples  XX. 

1.  One-fourth  of  the  sabscriberfi  to  a  certain  fund  gave  a  sovereign 
apiece,  one-fourth  of  the  remainder  gave  half  a  soyereign  apiece, 
and  the  rest  gave  a  florin.  If  the  three  sets  of  subscribers  raised 
their  subscriptions  to  a  gainea,  half  a  guinea,  and  half  a  crown 
respectively,  the  total  increase  in  the  subscriptions  would  be 
£,2,  109.  How  many  subscribers  were  there,  and  what  was  the 
total  amount  subscribed  ? 

^.  Two  workmen  take  the  same  time  to  earn  j£22  and  j£21 
respectively.  The  former  earns  £15.  8$.  in  one  day  less  time  than 
the  latter  takes  to  earn  the  same  sum.  How  much  does  each  earn 
per  day  ? 

(8.  A  man  walks  18  miles  from  ^  to  B  in  4  hours  and  34  minutesi 
and  does  the  return  journey  in  4  hours  50  minutes;  walking 
4  miles  an  hour  on  the  level,  8  miles  an  hour  uphill,  and  5  miles 
an  hour  downhill.  Find  how  many  miles  there  are  on  the  level, 
how  many  up,  and  how  many  down  on  his  first  journey  ? 
'  ^.  A  draper  buys  150  yards  of  ribbon.  Some  of  this  is  of  fine 
quality,  the  rest  is  of  an  inferior  quality  and  costs  1«.  M,  a  yard 
less  than  the  former.  If  he  spends  £6  on  the  dearer  ribbon  and 
£15  on  the  cheaper,  what  do  the  ribbons  cost  per  yard  respectively? 

5.  I  bought  a  horse  and  dog  for  £25.  If  I  had  given  10  per  cent, 
more  for  the  dog  and  2}  per  cent,  more  for  the  horse,  I  should 
have  spent  another  20  shillings.  What  did  I  pay  for  each  of 
them? 

6.  What  is  the  length  of  a  race  in  which  A  beats  B  by  5  seconds 
and  B  beats  C  by  1  second,  the  average  pace  of  A  being  f  yard 
per  second  greater  than  that  of  £,  and  that  oiB\  yard  per  second 
greater  than  that  of  C  ? 

7.  A  cyclist  travels  the  first  half  of  the  distance  from  P  to  Q  at 
the  rate  of  10  miles  per  hour ;  he  then  rests  15  minutes  and  travels 
the  remainder  of  the  distance  at  the  rate  of  15  miles  per  hour. 
Had  he  travelled  the  whole  distance  without  stopping  at  the  rate 
of  11  miles  per  hour  he  would  have  taken  exactly  the  same  time. 
Find  the  distance  from  P  to  Q,    Yexifj  by  a  graphical  construction. 

B  2 


^  • 


^    » 
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.  8.  A  certaiD  sum  of  money  is  -to  be  equally  divided  among 
a  certain  number  of  people.  If  the  number  of  people  had  been 
greater  by  ten  the  share  of  each  would  have  been  smaller  by 
98.  2(i  ;  and  if  the  number  of  people  had  been  fewer  by  ten  the 
share  of  each  would  have  been  larger  by  Ids.  4d.  What  was  the 
sum  of  money  to  be  divided  ? 

(9.  A  fruiterer  sold  a  certain  quantity  of  oranges  for  £6.  IO9.  If 
he  liad  given  two  more  oranges  for  a  shilling  the  same  quantity 
would  only  have  realized  £b,  lis.  How  many  oranges  did  he  sell  ? 
10.  A  gravel  path  two  yards  wide  is  made  round  a  square  field, 
and  it  is  found  that  it  takes  up  one-twentieth  of  the  area  of  the 
field.    Prove  that  the  area  of  the  field  is  nearly  25000  square  yards. 

Cll.  A  person  buys  x  articles  for  y  pence  and  sells  them  at  the 
rate  of  y  articles  for  x  pence,  and  he  finds  that  his  profit  is  dO  per 

cent,  almost  exactly.    What  is  the  value  of  -  ? 

'  12.  The  perimeter  of  a  rectangle  is  840  feet  and  its  diagonal  is 
130  feet ;  find  the  area. 

43.  The  side  of  a  square  is  79  feet.  Find  at  what  points  of  the 
sides  the  vertices  of  an  inscribed  square  must  be  placed  in  order 
that  it  may  have  an  area  of  4225  square  feet. 

14.  The  prices  of  seats  in  the  stalls,  pit,  and  gallery  of  a  theatre 
are  respectively  seven  shillings  and  sixpence,  half  a  crown,  and  one 
shilling.  The  pit  can  hold  three  times  and  the  galleiy  twice  as 
many  people  as  the  stalls.  The  receipts  are  £87.  6«.  when  all  the 
seats  in  the  pit  and  gallery  are  occupied  and  all  but  twelve  in  the 
stalls ;  how  many  people  are  present  ? 

15.  Rowing  at  a  uniform  rate  a  person  can  row  5  miles  down 
stream  in  30  minutes  and  back  again  in  40  minutes ;  find  the  velocity 
of  the  stream. 

16.  By  adding  30  yards  to  the  length  and' 10  yards  to  the 
breadth  of  a  square  field  its  area  is  doubled ;  find  its  original  area 
in  square  yards. 

V 17.  What  number  is  such  that  when  divided  by  the  product  of 
its  digits  the  quotient  is  two,  and  when  it  is  increased  by  27  ttie 
dimts  are  reversed  ? 

'^8.  A  grocer  sold  80  pounds  of  mace  and  100  pounds  of  cloves 
for  £65,  but  he  sold  60  pounds  more  of  cbves  for  £20  than  he  did 
of  mace  for  £10.    What  was  the  price  of  each  per  pound  ? 
19.  The  fore-wheel  of  a  carriage  makes  6  revolutions  more  than 
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the  hind-wheel  in  going  120  yaidB ;  but  if  the  circtunference  of 
each  wheel  be  increased  by  one  yard  it  will  make  only  4  revolutions 
more  than  the  hind-wheel  in  the  same  distance.  Find  the  cir* 
cnmference  of  each. 

20.  Find  two  numbers  whose  sum  multiplied  by  the  sum  of  their 
squares  is  272,  and  whose  difference  multiplied  by  the  difference 
of  their  squares  is  82. 

21.  A  certain  train  is  5  minutes  late  when  it  performs  its  journey 
at  the  rate  of  2d}  miles  an  hour,  and  it  is  two  minutes  late  when  it 
travels  at  30  miles  an  hour ;  what  is  the  length  of  the  journey  ? 

22.  In  a  factoiy  there  are  employed  in  one  week  57  men, 
14  women,  and  10  boys,  the  total  wages  for  the  week  being  £84.  bs» ; 
the  next  week  60  men,  17  women,  and  11  boys  are  employed,  the 
increase  of  wages  amounting  to  £6.  5«.  If  two  women  receive  as 
much  as  a  man  and  a  boy,  find  the  weekly  earnings  of  a  man, 
woman,  and  boy  respectively. 

28.  A  person  put  out  a  certain  sum  to  interest  for  6}  years  at 
5  per  cent,  simple  interest  and  found  that  if  he  had  put  out  the 
same  sum  for  12  years  and  nine  months  at  4  per  cent,  he  would 
have  received  £185  more.    What  was  the  sum  invested  ? 

24.  An  alloy  of  copper  and  tin  containing  100  cubic  inches        J , 
weighed  505  ounces.    How  many  ounces  of  each  metal  did  it 
contain,  supposing  a  cubic  inch  of  copper  to  weigh  5}  ounces  and 

a  cubic  inch  of  tin  to  weigh  4^  ounces  ? 

25.  A  number  of  two  digits  when  multiplied  by  the  left-hand 
digit  gives  product  46 ;  if  the  sum  of  the  digits  be  multiplied  by 
the  same  digit  the  product  is  10.    What  is  the  number  ? 

26.  A  person  being  asked  his  age  replied, '  If  you  add  the  square 
root  of  it  to  half  of  it  and  subtract  12  there  will  remain  nothing.' 
Find  his  age. 

27.  A  and  B  gained  by  trading  £100,  which  is  divided  pro- 
portionately to  the  amount  of  capital  each  provided.  Half  of  ^'s 
capital  was  £100  less  than  £*s ;  and  ^'s  share  of  the  profits  was 
A  of  ^*s  capital.    Find  the  capital  of  each. 

28.  There  are  two  mixtures  of  whisky  and  water.  A  contains 
80  per  cent  of  water,  B  40  per  cent,  of  water.  If  ^  is  poured  into  B^ 
the  resulting  mixture  contains  36  per  cent,  of  water.  If  30  gallons 
of  water  are  now  poured  in,  the  mixture  contains  60  per  cent,  of 
water.    Find  the  number  of  gallons  in  A  and  B  respectively. 

29.  A  boat  which  travels  at  the  rate  of  10|  miles  an  hour  down 
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stream  takes  three  times  as  long  to  go  a  certain  dbtance  up 
a  river  as  to  go  the  same  distance  down.  Find  the  rate  of  flow  of 
the  stream. 

30.  A  train  runs  a  distance  of  60  miles.  If  it  had  gone  10  miles 
an  hour  faster  it  would  have  taken  half  an  hour  less  for  the 
journey.    Find  the  rate  of  the  train. 

[    .  >  31.  The  journey  between  two  towns  by  one  route  consists  of 

233  miles  by  rail,  followed  by  126  miles  by  sea;  by  another  route 
i  it  consists  of  405  miles  by  rail,  followed  by  39  miles  by  sea.  If  the 
time  occupied  on  the  journey  is  50  minutes  longer  by  the  first  route 
than  by  the  second,  find  the  average  speed  by  rail,  assuming  it  to 
be  "the  same  by  each  route  and  25  miles  an  hour  fiwter  than  the 
average  speed  by  sea. 

'32.  A  and  B  travel  from  a  town  X  to  a  town  F,  a  distance  of 
10}  miles.  They  have  a  bicycle  between  them  which  they  can 
ride  at  7  and  10  miles  an  hour  respectively,  their  walking  speeds 
being  3^  and  4  miles  an  hour  respectively.  They  start  together 
from  X,  B  walking,  A  on  the  bicycle.  On  arriving  at  a  point  P, 
A  leaves  his  bicycle  and  walks  on.  As  he  is  walking  into  F  he  is 
overtaken  by  B  who  has  picked  up  the  bicycle  and  ridden  from  P. 
Find  the  distances  of  F  from  X  and  F. 

'  33.  ^  working  6  hours  a  day  and  B  working  7  hours  a  day 

together  do  a  piece  of  work  in  a  certain  time.  If  A  worked  7 
hours  a  day  and  B  worked  10  hours  a  day  they  could  do  it  in 
2  days  less.  A  is  twice  as  rapid  a  worker  as  B.  Find  how  many 
days  the  work  takes. 

4, .  \ '  j     "M.  Prove  generally  that  with  interest  at  x  per  cent,  the  com- 

mercial present  worth  is  less  than  the  true  present  worth  by  the 

Y^wv  J  of  the  latter. 

35.  Find  the  lengths  of  the  two  parts  into  which  a  line  10  feet 
long  must  be  divided  in  order  that  the  areas  of  the  squares  on 
them  may  be  together  equal  to  64  sq.  feet.  Give  the  answer 
correct  to  the  hundredth  of  an  inch. 

36.  The  hypotenuse  of  a  right-angled  triangle  is  91  feet  long, 
and  the  longer  of  the  two  remaining  sides  exceeds  the  shorter  by 
49  feet ;  find  the  area. 

'       -  37.  A  person  bought  two  cubical  stacks  of  hay  for  £41,  each  of 
which  cost  as  many  shillings  per  cubic  yard  as  there  were  yards  in 
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a  side  of  the  other ;  and  the  base  of  the  greater  exceeded  the  base 
of  the  less  by  9  square  yards.  What  was  the  price  of  each  ? 
TSS.  The  captain  of  a  privateer  seeing  a  trading  vessel  7  miles  ahead 
sailed  20  miles  in  direct  pursuit  of  her ;  and  then,  observing  that 
the  trader  was  steering  in  a  direction  perpendicular  to  her  former 
course,  changed  his  own  direction  so  tiiat  he  overtook  the  trader 
without  making  any  further  change. in  his  course.  The  rates  of 
the  privateer  and  trader  were  10  miles  and  7  miles  an  hour  re- 
spectively.   What  distance  did  the  privateer  sail  ? 

39.  Divide  a  straight  line  2  inches  long  into  two  parts  so  that 
the  square  on  one  part  is  double  the  square  on  the  other  part 
Account  for  the  two  answers. 

40.  Divide  a  straight  line  Synches  long  so  that  the  square  on       '*      -  <    ( 
one  part  equals  twice  the  rectangle  contained  by  the  whole  and  ' 

the  other  part. 

41.  A  person  buys  two  pieces  of  cloth  for  £15,  the  one  at  8«.,  the 
other  at  ll8.  per  yard,  each  piece  containing  more  than  10  yards ; 
how  many  yards  did  he  buy  altogether  ? 

42.  In  how  many  ways  can  £1  be  paid  in  half-crowns^  shillings, 
and  sixpences,  using  exactly  18  coins? 

43.  There  are  a  number  of  eggs  in  a  basket ;  when  counted  3  at 
a  time  there  are  2  over ;  when  counted  5  at  a  time  there  are  4  over. 
It  is  known  that  there  are  more  than  50  but  less  than  100  eggs ; 
how  many  are  there  ? 

44.  How  many  paii-s  of  fractions  are  there,  one  with  denominator 
12,  the  other  with  denominator  18,  whose  sum  is  }|? 

45.  In  a  journey  of  100  miles  a  man  walked  for  an  exact  number 
of  hours  at  4  miles  per  hour  and  cycled  for  an  exact  number  of  \ 
hours  at  10  miles  per  hourj^  how  long  did  the  journey  take  ? 

46.  A  stone  is  thrown  into  the  air  so  that  its  distance  from  the 
ground  after  i  sees,  is  lOOf-lG^*,  what  is  the  greatest  height  it 
reaches  ?    Verify  by  a  graph. 

47.  A  man  receives  5  shillings  a  day  while  he  is  engaged  on 
a  certain  piece  of  work,  but  his  expenses  are  half  as  many  shillings 
per  day  as  he  takes  days  to  coi^plete  the  work ;  what  is  the  greatest 
sum  he  can  earn,  and  how  many  days  will  he  then  take  ? 

*  48.  A  cistern  without  a  top  and  with  a  square  base  is  to  be  made  C  f .  ^  ' :  ^  C  j 

with  48  sq.  feet  of  material.    What  is  the  maximum  content  of  vf    '  '    v* 
the  cistern  ? 
49.  A  person  stands  on  the  bank  of  a  river  which  is  100  yards 


264  PROBLEMS 

wide ;  he  wishes  to  get  to  a  place  A  300  yards  along  the  stream  on 
the  opposite  bank.  He  can  row  3  miles  an  hour  and  mn  5  miles 
an  hour  along  the  bank.  Whereabouts  should  he  land  on  the 
opposite  bank  so  as  to  reach  A  as  soon  as  possible  ? 

50.  The  combined  length  and  girth  of  a  parcel  sent  by  Pkircel    ^i/^f:. 
Post  must  not  exceed  6  feet    Find  the  yolume  of  the  largest  parcel    ^ 
that  can  be  sent.    (Assume  that  the  parcel  is  cylindrical.)      g  p , 

—  cu.tt. 


r 
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175.  For  convenienee  we  repeat  the  definition  of  ^. 

af^  is  the  produot  of  n  flEU^tors  each  equal  to  x. 
The  coefficient  1  is  understood,  we  have  therefore  adopted 
the  following  definition  which  has  several  advantages  : 
a^  is  the  result  of  multiplying  unity  by  a;  n  times. 
We  have  also  the  definition  of  the  n^  root,  viz. : 

nv^  is  a  quantity  whose  n^^  power  is  equal  to  Xy  i.e. 

{nV^)*  =  X. 

With  these  definitions  we  proceed  to  prove  the  following 
rules : 

176.  MultipUoation  Law. 

If  two  powers  of  any  quantity  are  multiplied  together; 
the  product  is  a  power  whose  index  is  the  sum  of  the 
original  indices. 

We  have  to  show  that  x^*  x  ae*  -*  a^v. 
By  definition    xi*«  lxxxxxx,..p  multiplioations. 

3fl  B  lxxxzxx...g  multiplications. 
.*.    x^xa^  -*  Ixxxxxx...  (p  multiplioations) X XXX XX... 

{q  multiplioations) 
->  Ixxxxxx... (p+g) multiplications 
=  xP+«. 

Corollary. 

x**  X  x«  X  x*"  «  xP^9+^  aud  so  on  for  any  number  of  fsctors. 
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177.  Division  Law. 

If  one  power  of  a  quantity  be  divided  by  a  power  of 
the  same  quantity,  the  quotient  is  a  power  whose  index 
is  obtained  by  subtracting  the  index  of  the  divisor  from 
the  index  of  the  dividend. 

We  have  to  show  that   xP-rsfi  «  x**  -«. 

x9 
_  lxxxxxx...p  nmltiplications 
~  Ixxxxxx ,.,q multiplications 

xxxxx... 9 factors  xxxxxx...  (p— 9)  factors 

XX XXX.. .9  factors 
»  lxxxxxx...(p— g)  factors 
«xP-ff. 

178.  Involution  Law. 

If  a  power  of  a  quantity  is  itself  raised  to  a  power, 
the  result  is  a  power  whose  index  is  the  product  of  the 
two  original  indices. 


We  have  to  show  that  (x>»)«  =  xW. 

(xP)ff  —  lx7^xx^xx^,..q  multiplications 
.  a.p+j»+p...9  t«nM    by  (  176 

CJorollary 

{(xP)^Y  =  (xW)*" «!  xW,  and  so  on  for  any  number  of  successive 
powers. 

179.  To  show  that  (xyY  =  T^y^. 

By  definition    {xi/f  «lxxyxxyxxyxxyx  ...p  multiplications 

^  lxxxxxx...p multiplications  xlxyxyxy 

...  9  multiplications 
•  xi'xff,  -^ 

180.  Evolution  Law. 

If  any  root  is  taken  of  any  power  of  a  quantity,  the 
result  is  a  power  whose  index  is  obtained  by  dividing 
the  index  of  the  original  power  by  the  index  of  the 
required  root. 
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p 

We  have  to  show  that  ^xP  =  x«, 

p  P 

(««)«  -  a:«  ^  ^,  by  S  178 

P 
Therefore  x«  -=  Vs^t  ^7  definition  of  root,  $  176, 

ie.    -9^«»ff. 

181.  To  show  that  V^  =  { ^xy. 

Let  {-J^l'-y. 

Then  »•  =  {^}«  «  [{'?^}«]»  =  x'; 

182.  The  student  must  notice  carefully  what  has  been 
assumed  in  the  preceding  proofs.  In  all  of  them  it  is 
assumed  that  j?  and  q  are  positive  integers,  for  otherwise  the 
definitions  of  §  175  have  no  meaning. 

In  §  177  it  is  assumed  that  j?  is  greater  than  q. 

In  §  180  it  is  assumed  thatj?  is  a  multiple  of  $,  for  other- 
p 
wise  XI  would  have  no  meaning. 

Let  us  now  see  what  results  would  be  obtained  if  we 

neglect  these  restrictions  and  apply  the  laws  in  all  cases. 

Examples  XXI  a. 

Use  the  Multiplication,  Division,  Involution,  and  Evolution  laws 
for  powers  to  work  out  the  following  examples,  regardless  of  all 
restrictions. 


1.  a^xx\ 

2.  2a^xBx^. 

3.  (2xyx(Zx)\ 

4.  x'^-r-a^. 

5.  2ic'-5-3a:'. 

6.  (2a:)'^(3x)». 

7.  (x')\ 

8.  2(a:')». 

9.  (2x^)». 

10.  ^x". 

11.  syx'K 

12.  -^8^:". 

13.  x'-^x^ 

14.    Ux^-irdx\ 

15.  a«6»-^2«fr^ 

16.  (2a»)\ 

17.  (3fl»)«. 
20.  Vab*. 

18.  (2o6«)*. 

19.  Vx\ 

21.  ya^b-7'a*b. 
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22.  Adoptiiig  the  definition  of  §  175,  endeavour  to  obtain  a 
meaning  for  a?®,  y-*. 

23.  What  does  xi  mean  accotding  to  the  definition  of  x"? 
What  would  x^  x  xi  mean  ?    Hence  deduce  the  value  of  25 K 

24.  Apply  the  division  law  to  the  following  cases : 

183.  It  is  now  seen  that  if  we  use  the  laws  of  §§  176-181 
in  all  cases,  we  obtain  powers  with  negatiye  or  fractional 
indices.  We  must,  therefore,  extend  the  meaning  of  ^  so  as 
to  include  cases  where  n  is  not  a  positiye  integer.  This  may 
be  done  in  several  ways,  all  leading  to  the  same  conclusions. 

184*  By  division  law  a:■-^»'  «  ar*. 

S(*  1 

But  x'-^a'  =  ^  -  -. ; 

. '.    ar*  must  be  the  same  as  -^  • 
Similarly  -^^  =  ar*'  by  division  law, 

or  "*  ^  ^y  dividing  throughout  by  xfi ; 

.•.    irP  must  mean  —  • 

xP 

This  seems  a  reasonable  interpretation  of  the  meaning  of  a  negative 
power.  For  if  xf*  i-  (1  multiplied  hy  x  p  times),  it  is  to  be  expected 
that  ar^  =  (1  divided  hyxp  times), 

1 
I.e.  jpP  • 


185. 

ajP^of  ^ 

afi  by  division 

law, 

but 

xP-fxl»  - 

1; 

.-.     xo- 

1, 

Or  from  the  definition. 

sfi  ^l  multiplied  by  x  no 
«  1. 

times 

186. 

By  evolution  law. 

^xi>  -  x«. 

p 
Honoe,  if  ~  is  a  fraction,  x^  can  mean  nothing  else  than  the  q^ 
Q 
root  of  x«»,  e.g.  x*  «  V**. 


268  INDICES 

It  is  difficult  to  show  that  this  agrees  with  the  original  definition, 
but  the  following  example  shows  how  it  may  be  done  in  special  cases. 
To  find  the  meaning  of  86^. 

86  i«  1  multiplied  by  86 

s  1  multiplied  by  6  twice. 
Henoe,  86^  =  1  multiplied  by  86  half  a  time 

=  1  multiplied  by  6  once 

=  6 

=  >/86. 
Similarly,  since  ac  —  1  x  t/%  x  -vA,    as'  « 1  x  y^  «  y^x. 

187.  We  have  now  found  reasonable  meanings  to  attach 
to  powers  whose  indices  are  not  positiye  integers,  but  in 
doing  so  we  have  assumed  two  laws,  viz.  the  division  and 
evolution  laws,  to  be  true  in  all  cases.  It  is  desirable  to 
assume  as  little  as  possible,  and  we  proceed  to  show  how 
these  meanings  may  be  deduced  by  assuming  only  one  law. 

Assume  that  the  multiplication  law  is  true  whether  the 
indices  are  fractional  or  integral,  positive  or  negative,  and 
accept  the  results  this  assumption  leads  to.* 

188.  To  find  a  meaning  for  x"^  where  jp  and  g  are 
positive  integers. 

By  the  assumption  of  §  187, 

0?'/ X  a?"/  =  «  ff  , 

t      JL      t        ^J^ 
icvxajvxa;^  as  a?  V, 

—        —        —  —  +  —  +..<j  toriuii 

a;''xit;''xa?'/ ...  g  factors  ==  a?*?    ^  , 

I.e.     \x'i)   =xH     ^x^\ 
p  

• .-.   x'i  =  jyx^. 

In  numerical  examples  the  result  of  §  181  is  useful,  e.g. 

729i  =  y729» 
=  (^729)* 

=  243. 
♦  Compare  (  98. 
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To  find  a  meaning  for  o^. 

By  the  assumption  of  §  187, 

Divide  by  a?' ;  .-.    flc«  =  a?'-^a?^  =  1. 

To  find  a  meaning  for  x"^  where  j?  is  any  pocdtive 
quantity. 

By  the  assumption  of  §  187, 

a:-'xaj+'  «  a?-^'  =  a:^  -=  1. 

Divide  by  a?';        .*.    txr^  «  — ^  • 

a? 

189.  We  are  now  justified  in  giving  the  following  defini- 
tions: 

x<i  means  Vx^  whenjp  and  g  are  positive  integers 
x"^  means  -p  when  jp  is  any  positive  quantity. 

X 


Find  the  values  of: 
1.  81. 

Examples  XXI  b. 

2.  8<». 

3.  8-*. 

4.  161. 

5.  16^ 

6.  16-*. 

7.  (125)i 
10.  8«  X  9i. 

8.  125- i 
11.  4*x4-i. 

9.  64* -361. 
12.  SHSi. 

18.  Simplify  ySx  v^  and  ^x  -«/l6. 

14.  Prove  that  ^9x  y^x  1^  =  6^.    • 

Give  alternative  forms,  not  involving  negative  or  fractional 
indices,  for  the  following  expressions : 

15.  2a:f .  16.  (2a?)f .  17.  (2ar)f  x  2y*. 

18.  (8a:*)».  19.  (3a:)i  x  3*.  20.  a?- V- 

21.9*-*.  22.2.-*x8.i.  23.(8x)-lx(|)*. 

24.  (a)  Find  correct  to  two  places  of  decimals  the  values  of  10*,     3- 1  ^ 
IQ-iM^  IQ-oew^     From  these  values  find  by  multiplication  lO****, 

10w»  10'*"*. 

(6)  Draw  the  graph  of  a?  «  10*  from  a?  =  1  to  a?  =  10.  Hence 
find  the  value  of  y  when  lO'' «  8,  and  what  is  the  value  of  lO"' 
when  y  = -48?      5c^e   \\a    ^0. 
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Given  that  10»««  =  2  and  lO"**^*  «  8,  find  x  in  the  following 
cases: 

25.  10*  «  20,    10*  =  .2,    10*  =  1. 

26.  10*  =  300,    10*  =  003,    10*  =  J. 

27.  10*  =  4,    10*  =  5,    10*  =  6. 

28.  10*  =  J^%    10*  =  ^3,    10*  =  3»  X  2". 

Between  what  values  mast  x  lie  in  the  following  equations  : 

29.  2*  =  9,    2*  =  .9,    2*  =  93. 

30.  10*  =  747.2,    10*  =  .07472,    10*  =  50. 

180.  Before  we  can  use  fractional  and  negative  powers,  as 
defined  in  §  189,  we  ought  to  show  that  they  obey  the  same  laws  as 
positive  integpul  powers.  We  give  here  the  proof  of  the  involution 
law,  and  leave  the  proofs  of  the  others  as  exercises  for  the  student. 

To  prove  that  {v^y  »  v^  for  all  values  of  p  and  g. 

Case  I  when  p  and  q  are  both  positive  integers. 

This  is  proved  in  $  17a 

Case  II  when  g  is  a  positive  integer  and  p  has  any  value. 

(apP)*  -  1 X  jrf*  X  x>» . . .  g  multiplioationB, 

a  xM  since  the  multiplication  law  is  true  in  all  cases. 

Case  III  when  g  is  a  positive  fraction  and  p  has  any  value. 
Let  g  «"  r »  where  h  and  k  are  positive  integers. 

h 

Then  (x*)«  =  (x**)^. 

h  h 

Now  {(xi')*}*  =  (aji^ifc^*    (by  Case  H) 

-(xP)* 

«xi*. 

Take  the  1^  root  of  both  sides. 

h  ^ 

Then  {xP)k^ls/^^xk    (M80),  §\ft<a. 

i.e.    (xP)«  =  xM. 

Case  III  when  g  is  negative  and  p  has  any  value. 
Let  g  s  —  r,  where  r  is  any  positive  quantity. 

Then  (a:iO«  =  (»')-  - -(^  '  ^ 

-  xM. 

When  fractional  and  negative  powers  haye  the  meanings 
deriyed  in  §  188,  it  has  now  been  preyed  that  all  the  laws 
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of  §§  176-181  are  true*  In  working  examples,  therefore, 
fractional  and  negative  indices  are  dealt  with  exactly  in  the 
same  way  as  positive  indices.  The  equivalent  reciprocal  and 
root  forms  should  generally  not  be  used  unless  the  question 
requires  that  the  answer  be  given  free  of  all  indices  not 
positive  integers,  and  even  then  the  index  forms  should  be 
retained  as  long  as  possibla 

Example  I.   Simplify   yx^y-^£^x(x'^yh-*f. 
ExpresBion  =  xi y"*  ;^  x  a?-i  ^  8yl  ^ 3 ;j-*  x  3  (§  I8O) 

=  x*-ly-*+2«»-l  (§176) 

If  now  the  answer  is  required  without   negative   and  fractional 
indices,  we  have 


Expresaion  s 


X  's/^ 


Example  II.  I/LM%ply  x'*—- ^+y'  &y  -^+  ^y. 

Vx  x^ 

[Express  all  roots  as  fractional  powers.] 

a?~i— a?~iyi  +  yt 
x-l-k-y^ 


a?-i  — a?-iyi  +  a?-i  yf 
+  a?  -  i  y  i  —  a:  - 1  y  f  +  y 

a?~*  +y    Product* 


Examples  XXI  o. 

Simplify  the  following  expreasions : 

l.(i)(aU-i)»-5-(a-'6*H;  (ii)  {~)   ' 
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'•  V ft' 

®-  2M2V3-'''  '•  15i.6-f  .41* 

8.  Multiply  a^-x^  by  af  +  ai  a?i  +  «f . 

9.  Multiply  a?*y  +  a;*y*  +  a?^y*  +  a!y*  by  a?-"y"*-ar"*y-». 

10.  Divide  a?*  +  a?*y*+y  by  a?^  +  ar^y*+y*. 

11.  Divide  iP^+a:^y^-2y  by  a?*-y^. 

-  12.  If  o  =  6^+*  and  &  ==  c^-',  prove  that  ac  =  c«. 
Express  as  simply  as  possible : 

13.   v^x^.  14.  V^x^.  15.  -/5a^. 

16.   ySn?.  17.  -v/72.  18.  8.-^  +  2^108. 

20.  Simplify     ^^_n_i  >^  "ss+r- 

Snrds. 

191.  Soots  which  cannot  be  found  exactly  are  called 
surds  or  irrational  quantities ;  thus  v^2,  ^6,  Vx+p  are 
surds,  but  ^9,  4^8,  '/ir*+2ay+y2  jy^  not  surds. 

An  n^b  root  is  sometimes  called  a  surd  of  the  n^b  order. 

Many  examples  involving  surds  can  be  worked  by  using  fractional 

indices,  thus :  

yg  X  yg  =  Six  3i  =  3*  «  y243  ; 

y3xy2  =  3ix2i 

=  3>x2* 

=  (3«x2»)^ 
=  ^72. 
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182.  The  product  of  the  n^^  roots  of  two  quantities  is 
the  n^^  root  of  their  product. 

For  Vax-C^  =  a»x6"  =  (ad)»  «  -^06. 

Examples.  ^7x11  =  -^7x^11,  ^7x9  =  v^7x  a/9  -  8^/7. 

The  converse  proposition  is  equally  useful,  viz. 

The  n^^  root  of  the  product  of  two  quantities  is  equal 
to  the  product  of  their  n^  roots. 

Similar  rules  can  be  proved  for  quotients,  viz.    W^  =  ^    and 
the  converse. 
Example.  Simplify  as  far  as  possible    v^  +  A  -/TF  +  5  V^. 

Ex.=  v/5br8+|\yV55ir3  +  5-^^=2v^  +  Av^ 

183.  The  p^  root  of  the  qth  root  of  a  quantity  is  the 
pqth  root  of  the  quantity. 

For  '^;^=  >^«a«  =  '5J^ 

Thus  to  find  the  4^  root  of  a  number,  we  find  the  square  root  of 
the  square  root;  to  find  the  Q^  root,  find  the  cube  root  of  the 
square  root.  

^   =  -/V59   =  ^7. 

194.  To  reduce  a  surd  to  an  equivalent  surd  of 
another  order. 

An  example  will  make  the  process  clear. 
Reduce  ^Ax'tf  to  a  surd  of  the  siopth  order. 

sss  4'a?*y 

PATVIItOlf  A 
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This  shows  that  we  may  multiply  the  order  of  a  surd  by  any 
quantity  provided  we  multiply  the  index  of  each  fiictor  under  the 
radical  sign  by  that  quantity. 


Exampli 

Simplify : 

»  XXI  d. 

1.  -v/75-V§0-V48+V55- 

2.  v^U7-V75  +  v^. 

3.  -v/50  +  2yi8-v^l28. 

4.  ^+^768--^. 

Vs. 

5.  ^98    V^  +  ^^. 

V8 

- 

Find  correct  to  three  decimal  phices : 

6.  v^2.                  7.  V§. 
9.  ys.                10.  J^. 

8.  J^. 
11.  i^. 

12.    f  -   V- 
2       v^ 

13.  (v^3)«-(v^)«. 

14.  (v^+V'2)(y8-V2). 

16.  (y3  +  y2)», 

18.  (2^7 -8)  (2^7  +  3). 

15.  (V3-v^2)«. 
17.  (V4-v^)'. 
19.  (8v^-4) (375+4). 

Simplify : 

20.  (2Vi+3v^)(3-v/i+2Vy). 

21.  (3ya-4v^)(2ya  +  3v^). 

22.  (i/3+V2)(2v^-v^). 

23.  (-A+v^+l)(yi+V^-l). 

24.  (>5^i+-e^)(>5^a:»--«^+^*). 

25.  (V^  +  V^-v^)(v^-V^  +  ^). 

What  must  the  following  quantities  be  multiplied  by  so  that 
the  products  may  be  rational?   Give  the  products. 

26.  2V^-v9-  27.  v^.  28.  3-v/5  +  4v^3. 
29.  ^.                        30.  2-v/i4-3v^. 

Find  the  square  root  of : 

31.  a+2-/5d  +  6.  32.  4  +  3-4^3.  33.  3+2^2. 

84.  8-2-v/l5.  36.  9  +  4v^5.  36.  26-2yi83. 
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87.  Find  the  value  of  3-2a;+iv>, 

when  (i)  a:  =  v^3 ;  (ii)  ar  =  -/8  -  ^, 

correct  to  two  decimal  places. 

88.  Find  the  value,  correct  to  two  decimal  plaoes,  of 

2  +  5«-«*  +  8aj»-«*, 
when  (i)  x  =  2-v/5;  (ii)  «  -  ^3- 1. 

89.  Express 

(V§+V2)(V§-V^)  and  (V§+V2)*  +  (V§-"V^)* 
in  their  simplest  forms. 

186.  Bationaliiring.  In  numerical  work,  the  denominator 
of  a  fraction  should  always  be  rationalized  before  the 
approximate  valuee  of  the  sordB  are  substituted. 

Example  I.  Qiivm  that  V'S^  1-782,   ^/2=:  1.414,  find, 

camU  to  three  rignifieant  figures,  the  value  qf  — ;= ■=.  - 

8V2— 2^8 

8  8  ^8V^2+2v^ 

8V^-278      8v^-2v^      8V^+2-/8 

8(8y2+2V^) 
~(8v^)«-.(2V8)a 

•      _8(8>/2+2v^8) 
"■        18-12 

_  4-242+8464 

2 
_  7-706 
2 

s=  8*85  correct  to  8  significant  figures. 

The  student  should  work  this  example  by  suhstitnting  at  once  for 

^  and  V^  and  eonyince  himself  that  the  rationalizing  method  is 
simpler.  A  more  important  reason  for  rationalizing  is  this,  that  the 
divisor  is  accurate  so  that  we  know  exactly  how  many  figures  are 
correct  in  the  aasweri  whereas  in  the  other  method  the  divisor  is 
approximate. 

s2 
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Example  II.  BcUionaliee  the  denommaior  qf 

DTsction  ^  —7= y—       -.  X  — = r= :=, 

_  ^/2(v^5-V8+V2) 
~       5_  (6_2  ^/6) 

6 

186.  Quadratio  SarcU. 

Prop.  I.  If  ^/a  and  v^b  are  both  surda,  and  ai»  a,  &  are 
all  rational,  then  ^a  cannot  equal  a;+  Vb. 

Suppose  V«  =  «+^6» 

Square  a  —  x'+2«Vm-6> 


whence  v^' 


o— flc'— 6 


2s      ' 
or  a  sard  equals  a  rational  quantity,  which  is  impossible ; 

Prop.  II.  If 

iB+  Va  =  y+  ^/ft,  then  a;  =  y  and  a  =  ft, 
where  V^  and  Vb  are  surds  and  x^y^ayh  are  all  rational. 

Transpose  ^a  -»  (y — ») + V^ 

which  is   impossible  by  Prop.  I  unless  y— s  «>  0,   in  which  case 
V«  ■  v5i  i. e.  a  =  6. 

It  foUowB  that,  if  a?+  -v/a  ■■  y+  V~  then  a?-  v^a  =  y-  ^6. 
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Prop.  m.  If 

\/a'\'Vb=  ^/a?+ Vy,  then  >^a— -/&=  \/«— v^y, 
where  Vo  is  a  surd  and  a,  &,  x^  y  are  rational. 

Square  o+V^— «+y+2'v^; 

•'.    a  «  ac+y 

Sabtraot  a-V^  -  x+y-2\/2By  -  (V^— VJ)'. 

Take  square  root    ^a—*/h  ^  V^— Vy. 

Example  I.  Fmd  f^  ^^uars  nx)^  0/  6—2^6. 

(75-  Vy)«  ==  (a:+y)-2  y^a^. 

We  see,  therefore,  that  we  want  two  numbers  whose  sum  is  5 
and  product  6.    These  are  2  and  3. 

Hence  ^/5-2  ^^  «  v^- ^2. 

Example  IL  Find  the  square  root  of  7— 4  Vd. 

7-4^  =  7-2-/rx"3  since  4  V3=2v^4x  v^. 

.-.  ^/7-4^«  Vi-V^- 2-^/3. 

Example  III.  Fhnd  the  square  root  of  86+  Vl292. 

Here  the  numbers  are  rather  hbige  for  mental  work,  so  the 
following  method  is  advisable. 

Let  i/36+yi292  -  ^i+  ^.  (i) 

Then       %^36-V^i292  «  V*-  Vy.  Prop.  II.  §  196 

Multiply     -/36«-1292  =  ar  -  y,  216 

i.e.  «-y  =  2,  1296      (ii) 

Again,  squaring  equation  i,  and  equating  rational  parts 

a:+y=:86.  (iii) 

From  ii  and  iii  re  »  19,  y  a  17  ; 

/.       V'36+  v'i292  =  -v/l9+  -/17. 
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197.  Equ(Uion8  iiwoMng  surds. 

The  method  of  solving  is  clearly  shown   by   the  following 
examples : 


Example  I.  Solve  v^2a;+2— '/6a?+7  +  3  =  0. 
Transpose  so  as  to  obtain  a  surd  by  itself  on  one  side. 

V^2a?+2  +  8  «  v^6a?  +  7. 
Square        2af+2  +  9  +  6  v^2ar+2  =  6a:+7. 
Again  transpose  6  '/2«+2  »  4x-4. 

Divide  by  2  and  square    18a;+18  ^  4a^-8:r+4.  (A) 

Transpose  4a^  -  26jr  - 14  «  0. 

Divide  by  2  2««-18«-7  =  0. 

I^actorize  (2aj+l)(a:-7)  =  0. 

/.  a?  =  7  or  —J. 
Verify.    When  a?  =  7,  L.  H.  S.  =  -/l6-v^49  +  3  =  4-7  +  3  «  0. 
Whena?=-J,  L.H,S.  =  ^^-^4  +  3  «  1-2  +  3:^0. 

It  is  seen  that  a;  =  -}  does  not  satisfy  if  we  take  the  positive 
root  in  all  cases. 

Example  IL  Solve  ^2^+2+  V^O^+T— 8  =  0. 


Transpose  as  in  Ex.  I  ^2x + 2  -  3  =  -  a/^x  +  7. 

Square  2a?  +  2  +  9-6  -/2a?  +  2  =  6ir+7. 

Transpose  and  divide  by  2      -  3  V^x  +  2  ==  2a:  -  2. 
Square  18a?  + 18  =  4a:«  -  8a: + 4.        (A) 

This  is  the  same  as  equation  A  in  previous  example,  hence  this 
equation  has  the  same  solution,  viz.  a?  =  7  or  - 1. 

Verify.    When  a:  =7,  L.H.S.  =  ^/i6+-v/i9-3  =  4  +  7-3^0. 

When  a:=-J,  L.H.S.  =  -/!+ v^-3  =  1+2-3  =  0. 

And  in  this  case  a:  =  —  ^  satisfies  the  equation,  but  ar  =  7  does 
not,  if  we  take  the  positive  root  in  all  cases. 

These  two  examples  show  that,  whenever  both  sides  of  an 
equation  are  squared  in  the  process  of  solution,  roots  may 
be  introduced  which  do  not  satisfy  the  original  equation* 
In  all  such  oases  we  must  substitute  in,  the  original  equation 
all  the  values  of  x  obtained,  and  so  determine  which  are 
roots  of  that  equation. 
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Examples  XXI  e. 

Rationalize  the  denominators  of  the  following  fractions : 

,   A   A  A        9     v^  Q  ^-v^ 

^'  V^'  V5'  V^'          ^-  4-V8*  ^-  2  +  -V/3* 

4.  —7= -p-'  •*•  ;= — r — 7^'  "• 


Given  that  v^  «  1414,  Vs  «  1-732,  a/I  ^  2-236,  V?  «  2-646, 
find  the  valnes  of  the  following  expressions  correct  to  8 
significant  figores. 

„  2  ^    2V^-f3V5  2v^-v^ 

-v/7-V5  8v^-2v^  v^+2-v/8 

tA  1  •I  11  8  5 

10.    — = T= 7: 7=-  11.    7= +  —7= 7^- 

>/74.2V5      V^-2v^  3v^-5      VT  +  v^ 

12    2V^-^  ^  2v^+v^ 
'  2v^  +  V^      2V'5-V7' 

1  v^ 

13.  -^ ;r ^-  14.  ^ 


Find  the  square  roots  of  the  following  expressions : 
16.  8  -2  Vis.  16.  16  +  6  V^.  17.  26  +  VS60. 

18.  30-12  V6.  19.  73-12  ^§5.         20.  151  -20  -v/57. 

21.  38-12  V^.  22.  2J-V5.  23.  2a  +  2  Va«-ar». 

Find  correct  to  three  decimal  places : 

24.  V^ll+6v^.         25.  ^56-24  75.  26.  ^17  +  12V^2. 

27.  Proyethat  VT^^WTB -  ^'^^  +  ^'-^^- 

28.  Simplify  \/l  +  v^21  + 12  v^. 
Solve  the  equations : 


29.  v^a?-9+ V'^^n[6  «  7.  80.  y^- ^3(2-0?)  -  1. 

31.  -/i'^l  +     ^^       -  V.         32.  V'5^3+V2flp  +  1  «  2yi. 

-/«*  — 1 

33.  -/a?+ 1  +  ^9^+1  «  5. 

34.  V2ir  +  57-2v^«+i«2-/10ar+14. 
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Examples  XXL 

1.  Divide  8a?-l+4a?-*-13ar-l  +  6  by  a?-*  +  2ir-l-3. 

2.  Find  the  square  root  of  4a;  +  5 + x'^  -  12ic*  +  6ar"^. 

3.  Find  the  square  root  of  4a:*- 12a:* +  13 -6a?"* + a?-*. 

4.  If  a^  =  6-",  prove  that  f^Y  =  6"    . 

6.  Find  the  square  root  of  (n^/l■¥  13  v^)  (-/?  -  v^). 

7.  Calculate  the  value  of  a:+  -  when  a?  =  ^'^-i — ^. 

^  -v/5-^3 

8.  Multiply  a;*  +  y*-a;*y'  by  x  +  a;^y*  +  a?*y*. 

9.  Solve  2a:  +  3y  =  5  V^+  v^. 

( V'a  +  V2)  a:  +  ( v^  -  V^)  a:  =  2. 

10.  Give  rules  for  finding  the  product  of  two  surds.     Find  the 
product  of  V'lS  and  -^12. 

11.  Find  the  value  of   V^±v^  ^  VW^-^h  . 

12.  Find  the  sum  of  ^±^  and 


4  +  v^3  5  +  2a/3 

13.  Calculate,  correct  to  four  decimal  pUices,  ^v^"^  v^ . 

3+v^ 

14.  Show  that  x'^-^x^  =  a:"*-»  for  all  values  of  m  and  «. 

15.  Multiply  a:«  +  y*  by  x^  +  f/. 

16.  Simplify  \/ ah"^  x  aV  x  s/a-^h^. 

17.  State  the  fundamental  laws  of  indices,  and  deduce  inter- 
pretations of  a:*  and  x~^, 

18.  Find  the  square  root  of  62  +  20^/5. 

4- a/3 

19.  Find  correct  to  3  places  of  decimals  the  value  of  — ~r- 

'  4-fV^ 
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CHAPTER  XXn 

LOGABITHMS 

188.  Obdinaby  arithmetical  numbers  are  the  sums  of 
multiples  of  powers  of  ten  thus : 

8746  =  8  X  10»+ 7  X 102+4  X 10H6  X 10°, 
37.46  =  8xl0i  +  7x  l(fi+  ^  +  155 

=  3xl0»  +  7xl0<>+4xl0-»  +  6xl0-« 

.08746  =  8x  l(r«+7x  10-8  +  4xl0-*+6x  10-*. 

The  connexion  between  ordinary  numbers  and  powers  of 
ten  is  shown  very  clearly  in  the  following  method  of  ex- 
pressing numbers,  which  is  often  used  in  scientific  work : 

8746  =  1000 X 8.746  =  10*  x 8746, 

8746  =10     X  8746  =10     x  8-746, 

.08746  =  rb  X 3746  =  lO^^ x 8746. 

Examples  XXII  a. 

What  is  the  highest  power  of  ten  contained  in  the  following 
numbers  respectively  ?  Express  each  of  them  in  a  form  similar  to 
10»  X  3.746. 

1.  11573.  2.  243.97.  8.  -0893. 

4.  .0008906.  5.  31570.5.  6.  7000.005. 

Given  that  lO-""* « 9651  and  10»i»  =  3.258,  express  each  of 
the  foUowing  nnmbers  as  a  power  of  10 : 

7.  96.51.  8.  .03258.  9.  965*1. 

10.  .0009651.  11.  32580.  12.  .^651. 

13.  9651x3.258.  14.  32.58-5-9.651.  15.  (96.51)". 

16.  ^96^  17.  v^l03258.  18.  3.258  +  9.651. 

199.  Since  lO""  x  lO*'  =  10'-^^  it  is  seen  that  if  numbers  can  be 
expressed  as  powers  of  10,  they  can  be  multiplied  by  adding  the 
indices  of  those  powers.  The  other  index  laws  can  be  used  in 
a  similar  way.  Also  the  previous  section  shows  that,  if  the 
nnmbers  between  1  and  10  can  be  put  in  the  form  10",  all  other 
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ntimbera  can  be  put  in  the  same  fonn  b;  inoreaaing  or  decreaaing 
the  index  bj  a  whole  number. 

An  approximate  method  of  finding  y  bo  that  lO*  Bhall  eqnal  any 
nnmher  x  between  1  and  10  ii  to  nae  the  gi^h  o{x=  10*.  If  the 
■tudent  hatfnotalreadj  drawn  thii  graph  (see  Examples  XXI  b,  24), 
he  should  do  so  now,  naing  as  large  a  scale  as  possihle.  This 
graph  ii  shown  on  a  small  Bcale  in  Fig.  50. 


Pio.  50.    Graph  otx  =  IW. 

Example.  Find  the  value  qf  i^  xQ-e/^-z-V^. 
Prom  the  graph  3.7  =  10'",  96  =  10  "*,  5-2  -  lO"* ;  • 
.-.     -37  =  10-'  X  3-7  =  10-'  X  10-^  -=  lO-'*-"', 
520  =  10' X 5-2  =  10" X  lO"'  =  10^"*. 
Hence  expression  =  ^10— *"x  (10-'")*-=-yiO'-"' 
=  10-"'xlO'-"='-=-10-'" 

_    JQ-.H4+4-tlll--IHl 

-  lO'-""-"' 
-lO*-™ 
=  10'  X  10'». 
*  The  third  place  in  the  'Index  is  estimaUd  by  eye  and  is  very 
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From  the  graph  we  find  that  when  y  «  •228,  or  =  1*7 ; 
.*.    expression  ^  10*  x  1*7 

■B  17000  correct  to  two  significant  figures. 


Examples  XXII  b. 

By  means  of  the  graph  of  x^  lO'',  find  correct  to  two  signifi- 
cant figures  the  values  of: 

1.  Vi^.  2.  2.7 X 39 X 4.6.  3.  290 x  ^. 

4.       ^^    '  5.  (.079)»-f(.0098)*.         6.  ^(490?. 

200.  The  logarithm  of  a  number  to  a  given  base 
is  the  index  of  the  power  to  whioh  the  base  must  be 
raised  to  equal  the  given  number ;  Le.il(jfii  =  x^y\B  the 
logarithm  of  a;  to  base  a.    This  is  written  y  =  hg^x. 

The  oommon  logarithm  of  a  number  is  the  index  of  the 
power  of  ten  which  equals  the  number ;  thus  log  1=0, 
log  10  =  1,  log  100  =  2,  &c. 

The  logarithm  of  any  number  between  1  and  10  is  more  than  0  but 
less  than  1,  i.  e.  it  is  a  pure  decimal.  A  number  greater  than  10 
can,  as  shown  in  §  198,  be  expressed  as  the  product  of  a  positive 
integral  power  of  10  and  a  number  between  1  and  10 ;  a  positive 
number  less  than  1  can,  similarly,  be  expressed  as  the  product  of 
a  negative  integral  power  of  10  and  a  number  between  1  and  10. 
Hence  in  general  the  logarithm  of  a  number  consists  of  a  decimal 
portion  (called  the  mantissa)  which  is  always  positive,  and 
a  positive  or  negative  integral  portion  (the  charaoteristic). 

It  follows  from  the  previous  sections  of  this  chapter  that — 

(i)  The  mantissa  is  independent  of  the  position  of  the 
decimal  point  and  depends  only  on  the  figures  that  make 
up  the  number. 

(ii)  The  characteristic  depends  only  on  the  position  of 
the  decimal  point. 

(iii)  The  characteristic  is  the  index  of  the  highest  power 
of  10  that  occurs  in  the  number  and  may  be  found  by 
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counting  from  the  unit  place  to  the  first  significant  figure,* 
the  unit  being  counted  as  nothing;  the  characteristic  is 
positive  if  the  number  is  greater  than  1,  negative  if  the 
number  is  less  than  one.t 

Examples,    log  3-987  =  0*5952 

log  8987  =  25952 
log  08987=  -2 +  .5952 

The  negative  sign  of  a  characteristic  is  usually  placed 
above  the  digit  and  the  decimal  written  immediately  after 
the  characteristic,  so  that  log  '08987  is  written  2*5952  and 
read  '  bar  2  point  5952 '. 

20L  The  mantissa  is  found  by  means  of  tables.  The 
tables  at  the  end  of  this  chapter  give  four  decimal  places, 
larger  tables  can  be  obtained  giving  seven  or  more  places. 

Example.  To  find  log  482-8. 

Counting  from  the  2  to  the  4,  the  characterittic  is  found  to  be 
+  2. 

In  the  table  on  p.  294  look  for  48  in  the  extreme  left-hand 
column.  In  the  same  line  with  48  and  under  2  we  find  6830,  this 
is  the  mantissa  of  log  482 ;  under  the  3  in  the  small  columns  on 
the  right  hand  and  in  a  line  with  48  we  find  3,  this  must  be  added 
to  obtain  the  mantissa  of  log  4823. 

Hence  log  482-3  »  2-6833. 

202.  The  number  corresponding  to  a  given  logarithm 
may  be  found  from  the  table  of  logarithms  by  reversing  the 
steps  of  the  last  section,  or  may  be  found  from  the  table  of 
anti-logarithms. 

*  The  first  significant  figure  is  the  first  figure  that  is  not  nought 
f  Instead  of  this  single  rule  the  following  two  rules  are  often  gi^en. 
If  a  number  is  greater  than  1,  the  characteristic  is  positive  and  one 
less  than  the  number  of  figures  before  the  decimal  point.  If  a 
number  is  less  than  1,  the  characteristic  is  negative  and  one  more 
than  the  number  of  noughts  before  the  first  significant  figure. 
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Sbcample.  2b  flnd  the  number  wkoee  logarUkm  is  3«7608 ;  in 
other  words,  to  find  the  anti-logarithm  of  8«7603. 

Method  I.  Look  in  the  table  of  logarithms  for  the  mantiisa 
nearest  to  7008. 

We  find  7597  in  a  line  with  57  and  under  5,  i.  e.  '7597  is  log 
575. 

But  7597  is  too  small  by  6,  in  the  right-hand  columns  we  find 
that  above  6  is  the  number  8 ;  hence  '7608  is  log  5*756. 

But  the  characteristic  is  8. 

.-.    8.7608  -  log  (10»  X  5.756)  -  log  5756. 

Method  II.  Look  in  the  left-hand  column  of  the  table  of 
anti-logarithms  for  76,  the  first  two  figures  of  the  mantissa,  and 
proceed  as  in  §  201. 

antilog     -760  -  5-754,  8  is  under  2.        .-.    add  2. 

.*.    antilog     .7603  «  5.756, 
antilog    8.7608  »  5756. 

203.  Since  l<^;arithm8  are  indicee,  the  following  for- 
mulae can  be  derived  at  onoe  from  the  index  laws: 

log  (ab)  =  log  a+log  b. 

Sinoe  a  -  10"*«,  6-  10>««*;  .-.  a6  -  10 >«« « "^ »« ^ 

log  (a  -r  b)  or  log  -  =  log  a— log  b, 
log  (a**)  =  n  log  a, 

log  ^  =  -  log  a. 
n 

The  proofs  of  these  are  left  as  exercises  for  the  student 

204.  A  little  care  is  necessary  when  working  with  nega- 
tive characteristics,  especially  when  subtracting  or  dividing. 

Example.  Find  the  value  of  ('OS7b2)t' 

log  (.08752)*  -  flog  4)8752 

»  {  X  2.5742 

=  Jx8.8710  (-10+2-8) 

«  36287. 

.'.    (.03752)^  »  .004205. 

[The  mental  work  for  the  division  is  as  follows :  The  next  number 
above  8  that  is  divisible  by  8  is  9 ;  also  8*8  «  -  9  +  1.8,  therefore 
dividing  by  8  we  obtain  -  8  -f  .6.] 
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205.  In  working  examples,  the  student  should  take  care 
that  his  equalities  are  true  throughout  the  work ;  both  sides 
must  be  numbers  or  both  sides  logarithms. 

«  ,    ^    «.  ^.x       7       ^5165x852 

Example  I.  Find  the  vdUie  of  — ^^^t^ —  • 

oOOUU 

™_  X-  516.5x852 

^^^''''  =      36500     ' 

log  of  fraction    «  log  516'5  +  log  852  -  log  36500 

=    27130-4^628  ' 

+  2.9304 
«     5.6484 
-4-5623 
=     1.0811. 

.*.    fraction  =  12*05. 

Example  II.  Find  the  area  of  a  triangle  whose  sides, 
measured  in  feet,  are  9765,  3942,  708-6. 

Use  the  formula  Area  =  V^«  («—<»)  («•— ft)  («""c)  §  106 

log  area  =  J{log«  +  log(«-a)  +  log(«-6)  +  log«-c)} 
9765  8  »  1037.2  log  «  »    8-0159 

394-2  «-aer     60-7  log«-a  «=    1-7832 

703.6  s-b^   643-0  logs-b^   2-8082 

2|2074.3  «-e«    333*6         log(«-c)»=    2*5282 

1037.2  sum  ^  10-1805. 

.*•    log  area  =  ^  x  10-1305 
^  5.0653 
=  log  116100. 
.*.    area  «  116100  8q.  ft. 

To  find  log  1087.2.  From  tobies  log  1.087  is  .0158,  and  log  1.089  is 
.0162.  .*.  log  1.0872  is  greater  than  .0158  but  less  than  -0162.  For 
small  differences  we  use  the  principle  qfpropwtimal  parts,  viz. 

If  there  are  8  nombers  a,  b,  c  whose  differences  are  small,  then 

log  &--log  a      6— a .  .      i.  1    4 

■r-^ T-^—  «  18  approxunately  true 

log  c— log  a      c—a 

hence 

log  1.0872--log  1.087  _  .0002 

log  1.088 -log  1.037   **  .001 
.*.  log  1-0872  m  log  1.087 -f^x -0004  «  -0159. 
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Example  III.  Find  the  confound  interest  on  £2135  Jbr 
25  f^rs  at  2f  per  cent, 

[We  will  first  prove  the  compound  interest  formula. 

£P  in  1  year  at  r%  amounts  to  ^^+^j^"  ^^fl+i^V  i-o-*^« 

principal  at  the  beginning  of  the  year  is  multiplied  by  1 +77^;  in  the 
ooune  of  the  year. 

But  £P  ( 1 + Jq5  )  is  principal  at  the  beginning  of  the  2nd  year 

,\  £P(l+ TTjT  j  is  amount  at  the  end  of  the  2nd  year,  and  similarly 

/         r  \" 
P  (  1+7^5  )   is  amount  at  the  end  of  n  years. 

Using  A  to  denote  amount  and  iS  for  1  +  j^ ,  we  have  A  »  PR^] 

FormolftiB  A^PB*; 

.-.    logA^logP+nlogB 

«log2135  +  25  log  10275 

»    3-3294 + 25  ;<a01 18 

«    33294 

^.        (The  5  is  incorrect  and  we  know  nothing 
+  'SVd  about  the  missing  fourth  figure.) 

.     3-6244    (The  44  is  certainly  incorrect) 

.\     A  =  £4211 

and  compound  interest  '^  £2076. 

This  answer  i^  correct  to  two  places,  to  obtain  a  more  correct 
answer  seven-figure  logarithms  should  be  used. 

Example  IV.  The  vcttsme  qf  a  right  circular  cone  is  176*2 
c.  incheSf  the  radius  o/the  hose  is  8-2  inches^  find  the  height. 

Formula  is  Kb  Jirr'A, 

-       3F 
1.  e.    *  =  — -i  • 

irr" 
.-.    log*«log(37)-logir-21ogr 

B  log  528-6  -  log  3-142  -  2  log  3-2 
B    2-7231-04972-2x0-5051 
»    2-2259 
-10102 
-     1*2157; 
.*.    height  >■  1644  inches. 
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Example  V.  Find  the  value  of  2.718-»-"2. 

ExpreBflion  =  2.718-»-i"  3- 

log  expression  =  -3-142  x  04343  4343 

=  -1.3646  1.2568 

=  2.6354  943 

.'.    expression  =  •04819  126 

9 

1.3646 

[We  might  have  found  8.142  x  0*4848  by  logs  instoftd  of  by  ordinary 
multiplication. 

Sinoe  the  tabulated  mantissae  are  all  positive  we  must  not  leave 
the  final  logarithm  as  — 1'8646,  but  must  actually  subtract  from  0,  thus 
getting  a  positive  mantissa  and  negative  characteristic] 

Examples  XXII  c. 

Find  the  values  of : 
1.  log,  8.  2.  logs  2.  3.  logs  64. 

4.  logs  27.  5.  log,  16.  6.  log,  1-6. 

Given  that  log  2  »  -30103,  log3  =  47712,  log7«  .84510,  find 

7.  log  .2.  8.  log  .036.  9.  log  14*7. 

10.  log  \.  11.  log  ix.  12.  log  12.348. 

By  using  tables  find  the  value  of : 

13.  30*56  4-4105.  14.  .03056  x  04105. 

15.  -^87^  16.  254.3-f-0.09027. 

17.  V'84.05x  01357  4- (1.1631*;    18.  (1-842  x  0^1731 4- 0.0274)**'. 

19.  log  .04244- log  .2165.  20.  87.35  -r (0-07568  x  8.501). 

21.  I X  8142  X  (9.67)'.  22.    V^(2.63)*-r  (5.834)*. 

Use  tables  to  find  the  value  of : 

23.^319:2x1.756.  ^A:^^l^^^. 

y.0062 

25.  3.142  X  (7143)".  26.  -•283.6»-245.8«. 

2^(ai36)ix^TO  28.(218^)—. 

f  X  -^^2000 

2^   (942.6)»  X  ^  g^  (6748)»-«*  -  (56.29)»-^.      ' 

y7.892xl0»»  \         /         \         / 
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The  mejiBuration  formulae  for  the  following  examples  are  given 
in  §  106,  p.  140.  In  all  cases  the  answers  should  be  given  as 
correctly  as  the  data  allow. 

31.  What  is  the  length  of  the  diagonal  of  a  cube  whose  edge 
is  7*9  centimetres  ? 

32.  Find  the  volume  of  a  prism  whose  section  is  an  equilateral 
triangle  of  side  1*7  inches  and  whose  length  is  8*9  inches. 

33.  What  is  the  area  of  a  circular  racing  track  7>32  ft.  wide,  the 
outer  radius  being  792  ft.  ?  Find  the  side  of  a  square  of  the  same 
area. 

34.  What  is  the  diameter  of  a  sphere  whose  volume  is  2000 
cubic  centimetres  ? 

35.  Find  the  area  of  the  curved  surface  of  a  cylinder  whose 
volume  is  597  cubic  feet  and  length  8  feet. 

36.  Find  the  circumference  of  the  base  of  a  cone  whose  height  is 
1*32  ft.  and  volume  20  c.  ft. 

37.  Find  the  amount  of  JC215.  lOs.  invested  at  compound  interest 
for  11  years  at  2^  per  cent. 

38.  A  sum  of  £15  is  invested  in  1908  to  accumulate  at  compound 
interest  at  3  per  cent.  At  the  end  of  what  year  will  it  have 
amounted  to  JE50  ? 

39.  What  sum  will  amount  to  JE516  in  16  years  at  3^  per  cent, 
compound  interest  ? 

40.  A  man  wishes  his  son  to  receive  £1000  in  15  years'  time. 
If  the  rate  of  interest  is  3}  per  cent,  what  sum  must  he  invest  now  ? 

41.  The  moment  of  inertia  J  of  a  bar,  whose  length  is  a,  is  given 
by  the  formula  J—  2ma*  ,  '  ,*  Find  I  when  a=  15.25, 
m  =  907,  r,  =  15,  Tj  =  23^- 

42.  If  ik  «  ^^,  find  *  when  J=  310500,  I  -  201,  r=  15. 

43.  A  quantity  i|  is  given  by  the  formula  9  »  j^ ;  given 
J-  3105 X  10»,  /  =  201,  r  -  0555,  T «  15,  find  17. 

44.  Toung*s  modulus  IT  is  given  by  the  formula 

find  r,  if  Ji*  =  200,  I  ->  -326,  L  -  46-5,  b  ->  1089,  d  -  -518. 
PATBuoa  X 
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45.  If  y  =  J^£l^ML»,  and  if  p,  =  582-4.  p,  =  596-7,  p, = 585-6. 
find  y. 

46.  If  ^=2»rJ^and  if  r=22,  «-=  52-3 x 8-79,  log^== 
1.5739,  find  H. 

206.  It  will  be  shown  in  a  later  chapter  that  in  theoretical  work 
the  base  10  is  not  the  most  convenient  base ;  it  is,  therefore,  necessary 
to  calculate  the  logarithms  to  any  other  required  base  when  the 
logaiithms  to  base  10  are  known.  For  this  purpose  the  following 
theorem  is  used. 

To  find  the  logarithms  io  base  h  when  the  logarithms  to 
base  a  are  known. 

Given  log„  N  and  loga  &,  it  is  required  to  find  log^  N. 

Let  logj  TIT  —  X,  then  6^  •=  ^. 

Take  the  logs  of  both  sides  of  this  equation  to  base  a. 

X  log.  b  =  log.  N 

...     a:«  ^1^. 
logfo  N  ' 

Example.     Find  log,  15-75. 

1       1  r;  7c      logio  15.75  __  M973  log  M973  «  -0782, 

log,  15.76  =     J'og^^  7     -  :g45i-  i^g  .8451  «  -9270. 

=  1417.  DiflP.  =  1512. 


Note. — ^The  formulae  of  §  203  are  true  for  any  base. 

207.  By  means  of  logarithms  equations  containing  x  as 
an  index  or  part  of  an  index  can  sometimes  be  solved. 

Example  I.  Solve  8 .  2«+8  =  192 .  8*~8. 

Rewrite  3 .  2*+»  =  3 . 2«.  3*-^. 

Divide  by  2«  2'-«  -  3'-». 

Take  logs  (^-3)  log  2  «  (a?-3)log  3 

.-.  a?  =  3. 
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Example  II.  Solve  8^^  =  72^^. 

Take  logs  3a?  log  3  =  (2 a? -5)  log  7, 

i.e.  3  X  .4771a;  =  (2a;-5)  x  -8451 

1.4313X  =  1.6902  a?- 4-2255. 
Transpose  '2589  a;  =  4*2255 

^  4.2255 
*  ""    .2589  ' 
and  the  solution  can  be  finished  by  ordinary  division  or  by  using 
logarithms. 

208.  Example.  The  following  table  gives  corresponding 
values  of  two  quantities,  x  and  j : 

28*83 
14.04 

Try  whether  x  and  y  are  connected  by  a  law  ya^  =  c ;  and  if  so 
determine  as  nearly  as  you  can  the  values  ofn  and  c. 

If  yaf^  =  c, 

then  log  ^+n  log  a;  =  log  c 

Denote  log  ^  by  t;  and  log  x  by  u, 

then  V'\-nu  =  log  c 

If  therefore  we  plot  a  graph  for  u  and  v,  i.  e.  for  log  x 
and  log  y,  the  graph  will  be  a  straight  line. 


y 

1016 

1226 

14.70 

20.80 

2454 

X 

87.86 

3184 

2643 

1908 

1683 

log  X    1-5724 
log  y    1-0069 


1-4961 
1-0885 


1-4221 
M673 


1-2806 
13181 


1-2130 
1-3899 


1-1473 
14599 


Fig.  51  shows  that  the  graph  is  almost  exactly  a  straight  line. 
Therefore  we  are  justified  in  assuming  that  log  y  +  n  log  x  =  log  e. 
Substitute  a  pair  of  values 

1-0069  +  n  X  1-5724  «  log  c, 
1.4599  +  nxM473^1og(;. 
Subtract        ~  -4530  +  n  x   4251  ^  0 ; 

4530      - ^ 

•••  '*-42yi'^-^ 

s  1*1  to  1  decimal  place. 

log  c  =  2-7365  ; 

/.    c  =  550  to  2  sigmflcant  figures. 
Require^  law  is  yx^'^  =  550. 
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Examples  XZIL 

1.  Prove  that  log.  b,  \og^  a  =  1. 

2.  Find   which    of  the    magnitude!    v^    and    i^'lS    ia  the 
greater, 

3.  Qive  reason!  Tor  choosing  ID  as  the  baae  of  logarithmt. 
Calculate  log,  64,  log,  MO,  log,  6-4. 

4.  Find  (i)  the  number  of  digits  and  the  first  significant  figure 
in  2""",  (ii)  the  position  of  the  first  significant  figure  in  (-5)'"^. 

5.  Prove  that  log.  ab  =  log,  a  +  lag, b. 

Qiven  logl2  =  x,  log  16  ^y,  express  log  2  and  logS  in  terms 
of  X  and  y. 

6.  Whj  is  it  that  logarithmic  tables  give  onlj  mantissae  ? 
Find  the  ralue  of  (1234)*  x  {.007)*. 

Solve  the  following  eqaatioiu : 
7.  3- =  177147.  8.  8*'' -248. 

fl.  2^-"-'' =  4096.  10.  2^'+4'-80. 
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11.  a;«+y'  =  425,  logar+logy  =  2. 

12.  5»'-«>'  =  3125,  ll*'-^*'  =  14644. 

13.  7«*-6.7*  +  5  =  0. 

14.  The  following  quantities  are  thought  to  follow  a  law  like 
po**  =  constant.  Try  if  they  do  and  find  the  most  probable  value 
of  n. 

V  12  3  4  5 

p  205        114         80         63  52 

15.  At  the  following  draughts  in  sea-water  a  particular  vessel 
has  the  following  displacements  : 


Draught  %  feet 
Displacement  7*  tons 


15         12  9  6-3 

2098      1512     1018        586 
Try  to  get  a  simple  rule  connecting  T  and  h, 

16.  In  some  experiments  in  towing  a  canal  boat  the  following 
observations  were  made ;  P  being  the  pull  in  pounds  and  v  the 
speed  of  the  boat  in  miles  per  hour  : 

V    1*68       243        3*18        3*60       4-03 
P      76  160        240  320         370 

Find  an  approximate  formula  connecting  P  and  r. 

17.  Prove  the  formula  ^  =  p/'l  +  ^^  )  •  If  A  is  130,  when 
P  is  100,  and  n  is  7*5,  find  r. 

18.  li  pt^  is  constant,  and  \i  p  =  \  when  f  =  1,  find  for  what 
value  oi  V  p  is  0*2.  Do  this  for  the  following  values  of  ib, 
.0*8,  0*9,  1-0,  1*1.    Tabulate  your  answers. 

19.  Calculate  to  4  significant  figures  2.307^«  and  23.07-*" 

20.  y  =s  a  +  hx^  is  the  equation  to  a  curve  which  passes  through 
the  three  points  a;  =  0,  y  =  1-24 ;  a?  =  2-2,  y  =  5»07  ;  x  =  3-5, 
y  «  12*64  ;  find  a,  &,  n. 
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0 

I 
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6 
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• 

9 
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6 

6  7  8  9 
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54 
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7143 
7226 
7308 
7388 

7152 
7236 
7316 
7396 
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5  6  7  7 

6  6  6  7 
5  6  6  7 
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MISCELLANEOUS  EXAMPLES 

1.  If  rr  =s  1,  y  =  —  2,  2r  =  3,  find  the  value  of 


H^-i{y-i(^-^~y)}]. 

2.  Show  that 

[(p  +  q)a'-{r-8)b][(p'-q)a-¥(r+8)h]-4qrab 

=  [(l)  +  g)a  +  (r+«)6][(jp-g)a-(i-«)H 

3.  Find  the  factors  of: 

(i)    a(a:»~y»)  +  6(ar«-2Ty  +  y«); 
(ii)    a«-4&»-12&-9; 
(iii)    a*-b^-c'  +  €p-2bc-2ad. 

4.  From  two  towns  a  miles  apart,  A  and  B  started  out  at  the 
same  time  to  meet  each  other,  A  going  p  miles  an  hour  and  B 
q  miles  an  hour.  How  long  will  it  be  before  A  and  B  meet  ?  How 
far  will  thej  respectively  have  travelled  ? 

5.  Simplify: 

(i)    a  +  _  — ■  +  — „-  -; 

^  ^  2x  —  a        a  —  2x 

,..,       1  1  ar-8 


ar  +  2      ;r»-4      a:«  +  5a:+6 

6.  Prove  that  a? -a  is  a  factor  of  f{x)  if  /(a)  =  0. 

Hence,  show  that  5a?*-2a:'-24«*  +  8a:+16  can  be  divided  by 
«'-4. 

7.  Solve : 

^       a:  — 1       a:      x      a:  +  2' 

(ii)    2jr4y  =  «  +  ar  +  3  =  y  +  2r, 
3a-  +  2y-4«  =  -6; 

1  2         4 

8.  Draw  the  graph  of  (i)  y  =  2a;,  (ii)  ir  +  2y-=6. 
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9.  Explain  what  is  meant  by  the  words  term,  variable,  graph, 
function. 

10.  A  and  B  have  seventeen  coins  between  them,  which  are  all 
half-crowns  or  florins.  A  has  tvrice  as  many  florins  as  half-crowns 
and  B  has  two  more  half-crowns  than  florins ;  also  ^  has  a  shilling 
more  than  B.    How  much  has  each  ? 


11.  If  a-6  =  a?=  3  and  o  +  6  +  a:  =  2,  find  the  value  of 

12.  Divide  io»  +  |a«ar-2a*  by  \a  +  x. 

13.  Simplify 

i{xix  +  l)(x  +  2)-^x{x''l){x-2)}+^{x'-l)x(x  +  l). 

14.  Find  the  factors  of: 

(i)    ax-2a-Sx  +  e;  (iii)    x*  +  i:x^ +  12x^9; 

(ii)    a^'  +  x-eOO;  (iv)    <i»  +  3a»6  +  3alr«-l-J'  +  c». 

15.  Fiud  the  simplest  expression  that  can  be  exactly  divided  by 
each  of  the  following  expressions : 

16.  If /(a?)  =  8ic*-5a;  +  4,  find  the  value  of 

f{x-2)-^f(x)-fix  +  2). 

17.  Solve  the  equations : 

(i)     a{x-^y)-h{x-y)  =  2a\ 
(a'-6')(ar-y)  =  4a»6; 

(ii)     3a?-[2a:  +  4-(8ar-5)]  =  6ar  +  2-[8a:-2-(8-2x)]. 

18.  A  person,  having  a  sum  of  money  to  divide  among  A,  B,  and 
C,  gave  A  one-third  and  JC20  more,  B  one-third  of  what  was  left 
and  £20  more,  and  C  one-third  of  what  was  then  left  and  £20 
more,  which  exhausted  the  amount.  How  much  did  A,  B,  and  C 
respectively  receive? 

19.  Show  by  drawing  graphs  that  the  three  equations 

3x-2y=13,  y  =  4a?-14,  2a?+5y  +  4  =  0 
are  satisfied  by  the  same  values  of  x, 

20.  Prove  that  the  value  of  a  fraction  is  unaltered  by  multiply- 
ing its  numerator  and  denominator  by  the  same  quantity. 
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21.  Prove  that  a  —  (b-c)  :=a-h  +  c,  and  that 

State  any  restrictions  to  the  valaes  of  the  letters  that  yon  assume 
in  your  proof. 

22.  Multiply  ia:»-Ja:  +  J  by  iaJ'  +  aj  +  J. 

23.  Find  the  H.  C.  F.  and  L.  C.  M.  of 

6y»-y-2,  8y*  +  5y+2,  3y»-y«  +  y  +  2. 

4        4  8        9 

24.  Find  the  square  root  of  s«*  +  oa?-l--  +  T—i • 

y         6  X      4ar 

25.  Apply  the  ordinary  rules  for  indices  to  prove  that 


^(^7""=^ 


f+9 

26.  State  and  prove  the  rules  for  *  transposing  *. 

27.  Solve: 

1-1 1+ ' 


1  +  -       1 s 

X  a:+2 

(u)    1  -a*  +  — T 3—  +  — 5 =  0. 

a*  a^  or  a 

28.  State  and  prove  the  formula  for  solving  a  quadratic 
equation. 

Solve  3:r'~4a?-9»0  by  two  algebraical  methods  and  one 
giaphical  method. 

29.  A  room  is  such  that,  if  it  had  been  5  feet  longer  and  3  feet 
narrower  its  area  would  have  been  unaltered,  and  if  it  had  been 
5  feet  wider,  it  would  have  been  a  square.  Find  its  length  and 
breadth. 

30.  By  drawing  a  graph  find  the  minimum  value  of 

3a^-5a:+13; 
and  verify  by  an  algebraical  method. 


31.  If  a  «  1,  &  «  -2,  c  »  I,  find  the  value  of 

a»  y  ^ 
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32.  Divide 

8«*-l8a*y  +  9a^y«  +  4a!y'-3y*  by  2a:»-a!y-y«. 

33.  Simplify: 

...  4 a;  — 5a  3 

^*'     a? -  3 a      a:*-5ac  +  6a»  "  a:-2a ' 

,...  a^'-fg*  _j^  /2a  4- a?      o-2ar  \ 

^"^     2a«  +  3aa:-2a:»  '  I  2a -a:  "^  a  +  2^ A 

34.  A  room  a  feet  long  and  (  feet  wide  is  carpeted  in  sach 
a  way  as  to  leave  a  margin  of  c  inches  ¥ride  between  the  carpet 
and  the  walls.    Find  the  area  of  the  margin. 

35.  If  aa^-^bx-^c  is  equal  to  0  when  ar=  1,  equal  to  1  when 
a?  =  2,  and  equal  to  6  when  a?  =  3,  find  the  values  of  a,  &,  and  c, 

36.  Solve : 

,..        1  _2 12 

^^^    2a:-3'*"a;-5~ar+4' 
(ii)    g~4      y~3      2ar  +  5       l-y_g, 

37.  A  and  B  can  do  a  piece  of  work  in  10  days,  A  and  C  can  do 
it  in  12  days.  If  the  work  is  done  by  all  three,  and  B  receives  £3 
more  than  C,  find  how  much  A  and  B  together  should  receive. 

38.  Justify  the  method  of  solving  quadratics  by  factors. 
Draw  the  graphs  of : 

_      (i)     (y-2ar+l)(y  +  2a:-l)  =  0; 

(ii)     (y-2a?  +  l)«  +  (y  +  2a:-l)«  =  0. 

39.  Solve  «*y-ajy*  =  6  =  2ay. 

40.  If  a  man  spends  22«.  a  year  on  tea  whatever  the  price  of  tea 
-may  be,  what  amounts  of  tea  will  he  receive  when  the  price  per 
'lb.  is  12, 16, 18,  20,  24,  28,  33,  and  36  pence  respectively?  Gi^ 
results  to  the  nearest  quarter  of  a  lb.  Draw  a  curve  to  the  softie 
of  41b.  to  the  inch  and  lOd,  to  the  inch  to  show  the  number  of 
pounds  that  he  would  receive  at  intermediate  prices. 


41.  Find  the  value  of 

when  a  =  1,  6=  —2,  c  =  J. 

42.  Prove  the  laws  (i)  a'^xa''^  a~+» ;    (ii)  (a"*)*  =  a"^. 

If  these  laws  are  true  for  all  values  of  m  and  ft,  what  must  be 
the  meaning  of  ai  ? 
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48.  Find  the  aquare  root  of  ar<-8a:*+2a?+12+  r---or,  • 

44.  (i)    Find  the  product  of 

a^-2x  +  4,  a?'  +  2ar  +  4,  x-2,  x  +  2\ 
(ii)    Find  the  focton  of 

aV  +  6»y»  +  l-2aa?  +  2Jy-2ai>ay. 

45.  Simplify: 

(i) 1+^    . 


\+xy 


....     /-       126         36    \  /^  .    86         126  \ 

46.  Plot  the  graph  of  y  =  +  V^.  How  does  it  differ  from  the 
graph  of  ap-y'  =  0? 

47.  Solve: 

r\    3?— 1      a?-2      a?— 8_x--4. 

^^^    iTi  "  «  +  2  "^  iTS      ar  +  4' 

(ii)    a:»  +  4y*  =  17,    8aj-2y=-l. 

48.  If  aand^aretherootsof  a:'-/>a?+g»0,  provethata+/3«p, 
afi^  q.    Find  the  equation  whose  roots  arc  a*  and  jS*. 

49.  Divide  a  straight  line  6  inches  long  into  two  parts,  so  that 
three  times  the  rectangle  contained  by  the  two  parts  shall  equal 
half  the  square  on  the  whole  line. 

50.  If  the  value  of  ^ac-l^  is  positive,  prove  that  the  value  of 
the  expression  ax*  +  &r + c  is  of  the  same  sign  for  all  values  of  x. 


51.  What  is  meant  by  each  of  the  following  words : — ^factor,  term, 
degree,  homogeneous?  Write  a  homogeneous  expression  of  the 
third  degree  in  x  and  a.  Which,  if  any,  of  the  following  state- 
ments are  obviously  untrue  ?    Give  reasons. 

(i)    a»  +  6*  +  c"-8atc  =  (a-^b+c)  (a^-^l^  +  c^-bc'-ea-ah); 

(ii)    (a  +  6  +  c)»  =  (i*+J^+c'  +  8(Jc+ca  +  ai>)  +  6oAc; 

(iii)    (a?+a)(x+6)(a?+c) 

=  ic*  +  a^(a'  +  6*+c*)  +  a:(6c+ra  +  a5)  +  aif. 

52.  (i)    Resolve  a^+27  into  factoi-s; 

(ii)    Resolve  86a*  +  l&'-fic'  +  i&c-4ca~6a&  into  two  equal 
factors. 
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58.  Solve  a:^  +  Sx  =  6  correct  to  two  decimal  places  and  verify 
both  Bolutiona. 

54.  Solve  x  +  y  =  2,  ic»+y»  =  3J. 

55.  If  ?  =  ^  =  ?=Jfc,  prove  that  ifc=^^"g;-^^  . 

a      0      c  ap—bq  +  er 

56.  A  motor  car  nins  from  ^  to  B  b j  one  road  in  37|  minutes. 
Another  car  goes  bj  a  different  road  which  is  5  miles  longer,  and 
travelling  10  miles  an  hoar  quicker  reaches  B  in  85  minntes. 
Find  the  rates  and  distances. 

57.  Draw  in  a  single  figure  the  graphs  of 

^  '     ^  2ar+l 

58.  A  line  6  cm.  long  is  divided  into  two  parts ;  find,  by  drawing^ 
a  graph,  where  the  point  of  division  must  be  in  order  that  the 
product  of  the  lengths  of  the  two  parts  may  be  as  great  as 


59.  A  glass  h  inches  high,  a  inches  in  diameter  at  the  top,  and 
narrowing   to   a  diameter  of  h  inches   at   the   bottom,  holds 

— — |os ■  pints.    What^will  a  glass  hold  for  which  *  =  4, 

a  =  3.7,  6  =  1.7  ? 

A  vessel  is  to  be  made  to  hold  a  pint,  to  be  4>5  inches  high 
and  to  have  sides  sloping  so  that  the  bottom  diameter  is  2*3  inches 
less  than  the  top  diameter.  Find  these  diameters  to  the  nearest 
tenth  of  an  inch. 

60.  Prove  that  the  numerator  and  denominator  of  a  fraction 
may  both  be  multiplied  or  divided  by  any  quantity  without 
changing  the  value  of  the  fraction. 

8a^-38a:"+59a?-80 


Reduce  to  its  lowest  terms 


6«»  +  13a:*-18a:-80 


X  X  .  \ 

4x 


61.  Simplify    ^"^^  ^    ^ ^ 

2  +  i 


ce^-l  •  X 

62.  Solve : 

(i)    a?»-(a  +  6)a?+a6»=0; 

(ii)    a?"— (a  +  6)a?+a6»  c*. 

Justify  the  method  of  solving  quadratics  by  facton. 
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63.  There  are  two  nambers  each  connBting  of  the  same  two 
digits.  Their  product  is  8478,  and  one  of  them  exceeds  four  times 
the  sum  of  the  digits  by  3.    What  are  the  numbers  ? 

64.  Simplify: 

(i)   {(^)y(W}'-5-^(SYV); 

(ii)     -y2»x(27-r2«». 

65.  Solve  a?  +  2y  =  7, 

ay-3x  +  2y-6  =  0. 
Verify  graphically. 

66.  Quantities  x  and  y  are  known  to  be  connected  by  a  relation 
of  the  form  y^hx-^-c.  From  the  table  g^ven  below  find  graphically 
or  otherwise  the  values  of  h  and  c. 

a;      0      1      2      3      4 
y   -1      2      5      8     11 


67.  A  square  reservoir  measuring  a  yards  each  way  receives  the 
drainage  of  }>  acres.  It  is  found  that  a  thunderstorm  raised  the 
level  of  water  in  the  reservoir  by  c  inches.  What  depth  of  water 
fell,  if  it  may  be  supposed  to  have  fallen  uniformly  over  the  whole 
area,  and  that  all  the  water  which  fell  found  its  way  into  the 
reservoir  ?  Give  a  numerical  result  for  the  case  a  =  40,  5  »  20, 
ol4. 

68.SimpHfy    (J^±ylz^/. 

If  ar'  —  aff  +  l,  show  that  x*  «  5ar  +  8. 

69.  State  the  factor  theorem  in  words  and  symbols.    Prove  it. 
The  expression  a^-Qs^+lba^+Sz-l^  has  four  factors,  find 

them. 

70.  Show  that  V^  x  vV  =  V^- 

By  actually  solving  the  equation  s^^Zx  +  b  »  0,  show  that 
the  product  of  the  roots  is  5. 

71.  Solve  2aj  +  3y     =    7  J 

3a:*+«y  +  4y*=»36) 

What  kind  of  curve  does  the   second   of   these  equations 
represent  ? 

72.  A  man  who  walks  at  the  rate  of  4}  miles  per  hour  has 

PATIBSOV  XJ 
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20  minnies  starfc  of  another  who  walks  at  the  rate  of  5  miles  per 
hour.   When  and  where  will  he  be  overtaken  ?   Solve  graphically. 

73.  A  wine  merchant  bought  a  cask  of  sherry  for  £9  and,  after 
losing  3  gallons  by  leakage,  sold  the  rest  of  the  cask  at  six  shillinga 
per  gallon  above  cost  price,  thereby  realizing  a  profit  of  33|  per 
cent,  on  his*  whole  outlay.  How  many  gallons  did  the  cask 
contain? 

74.  Draw  the  graphs  of 

y  =  ar  — Sar— 4    and    y=-' 
Hence  solve  the  equation  a^  —  Sa^  —  ix  ==  1. 


75.  A  goldsmith  measures  a  finger,  for  which  he  is  to  supply 
a  ring,  by  putting  it  into  a  series  of  graduated  holes  in  a  card. 
The  right  hole  is  18  millimetres  in  diameter.  The  ring  is  to  be 
circular  in  section,  and  its  thickness  (that  is  the  diameter  of  the 
circular  section)  is  to  be  1*6  mm.,  so  that  the  outer  diameter  of 
the  ring  is  to  be  21*2  mm.  Assuming  that  the  volume  of  such 
a  ring  of  inner  diameter  p  mm.  and  outer  diameter  q  mm.  is 

T  Cp  +  ?)  (?  "PYi  fi^d  ^^®  volume  of  the  ring.    Find  also  its  weight 
4 

and  value  if  the  metal  weighs  164  grams  per  cm.,  and  is  worth 

29.  Id,  per  gram. 

76.  Simplify: 

...     g»->4ay-21y'  ,  g'~13ay-f  42^^ 
^^'    a:»-9ay  +  20y*  '   «»+8xy-40y«  ' 
....  x+l  .  y+1  .  z  +  l 


(ar--y)(jp-2r)      (y-z)(z-x)       {z-x)(z-'if) 

77.  Out  of  £x  a  man  pays  a  bookseller's  bill  for  £y  being  allowed 
2d.  in  the  shilling  discount,  and  also  a  butcher's  bill  for  £z  bein^ 
allowed  5  per  cent  discount.  The  balance  he  divides  equaUj 
among  his  m  children  ;  how  much  does  each  get  ? 

78.  Solve  the  equations : 

(i)     (2a?+8)(a?-l)  =  4a?  +  6; 
....       147         25  /„       8  \ 

(iii)    a:+y  +  «yas5,    ay-y»l. 
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79.  Find  by  a  graphical  method  the  roots  of  the  equation 

Verify  your  result  by  calculation. 

80*  Define  logatithm,  characteristic.  Calculate  by  logarithms 
the  values  of 

81.  A  crew  which  can  row  at  the  rate  of  10  miles  per  hour  on 
still  water,  finds  that  it  takes  twice  as  long  to  pull  up  a  certain 
reach  against  stream  as  it  does  to  come  down  the  same  reach : 
find  how  &st  the  river  flows. 

82.  A  rectangular  garden  is  to  be  divided  into  six  equal  rect- 
angular portions  by  three  lines  parallel  to  the  sides.  If  two  of 
the  lines  are  drawn  parallel  to  the  length  and  the  remaining  one 
parallel  to  the  breadth  of  the  garden  the  perimeter  of  each  portion 
is  224  yards ;  if  two  of  the  lines  are  drawn  parallel  to  the  breadth 
and  the  third  parallel  to  the  length  the  perimeter  of  each  portion 
is  216  yards.    Find  the  area  of  the  garden. 


83.  Simplify 

(y-«)"  +  («-a:)'+(a:-y)«-f-2(y-«)(«-a:)  +  2(af-a:)(«-y) 

+  2(aT-y)(y-*). 

3C  X  OS 

Prove   that   the   result   of  adding   + r  + to 

*•    «+a      x  +  h      x+e 

is  the  same  for  all  values  of  x. 


x-^a      x-^b      x  +  c 

84.  Find  values  of  a  and  b  in  order  that 

a;>  +  (a+l)ic*  +  (6-3)a?-2 
may  be  divisible  by  the  square  of  a;  +  2. 

85.  Find  for  what  values  of  x  the  expressions 

(1)    -Q —'bx,  (u)    ^^^3^ 

are  always  positive. 

86.  State  what  meanings  are  attached  to  a-i  and  ai,  and  why. 

Prove  that     Vs  +  -v/5  +  V^3  -  V^  =  -/lO. 


Solve     '/8  +  v^+  */Z-a/x  -  v^. 

u  2 
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87.  Solve: 

(i)     (a?-l)(a:-2)  +  (a?-3)(a?-4)  =  2(ar-2)(a:-3)  +  x; 

..    _i L.  =  i_. 

^"^    x-l      a?  +  3      35' 
(iii)    a?'-y«  =  40,    a;  +  5  =  6(y-l). 

88.  A  person  sells  goods  at  £31.  5^.  and  gains  as  many  pounds 
per  cent,  as  the  goods  cost.    Find  the  cost  price. 

89.  The  length  of  a  rectangular  field  is  119  yards  and  its  breadth 
is  19  yards.  How  much  must  the  length  be  diminished,  and  how 
much  must  the  length  be  increased,  in  order  that  the  area  of  the 
rectangle  may  remain  the  same,  while  its  perimeter  is  increased 
by  24  yards  ? 

90.  Graph  the  function  10  +  34a;~0*6a:'.  Find  ils  maximum 
value  and  the  values  of  x  for  which  it  vanishes. 


91.  Prove  that 

x(a'hb'{-c-{^d-^  ...)  =^  xa-^ocb  +  xC'\-xd+  .... 

Show  that  if  yon  multiply  together  two  numbers  of  m  and  n 
digits  respectively,  the  product  is  a  number  containing  at  least 
n  +  m  —  1  and  at  most  n  +  m  digits. 

92.  Show  that 

(a  -  5)«  (a* «« +  6*  3^)  +  a&  (aa?H  V)M2  («' a^  +  fr' y')  -  «*  (a?"  +  y")} 

^Ca'a^  +  dV)*. 

93.  State  and  prove  the  condition  that  od^  +  ax  +  h  may  be  exactly 
divisible  by  x  +  c. 

Hence,  or  otherwise,  find  the  condition  that  a^  +  ax+h  and 
a^+px  +  q  should  have  a  common  factor. 

94.  If  a:'  +  3a;  +  4  =  y,  find  what  value  of  y  will  g^ve  equal  roots 
for  X,    Illustrate  your  answer  graphically. 

95.  Simplify  the  expressions : 

(x''b)(x-c)      (g—c)  (x-a)      {x-a){x-h) , 


(i) 


....      (a  —  b)^x-c         (b-c)A/x'-a  (c  —  a^^/x-b 

^(x-'a)(x—b)      ^(x—b){x-c)      iv^(a:-c)(a?-a) 
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96.  Trace  the  following  graphs  (to  a  scale  1  inch  =  1) : 
(i)    y=1.4ar~0.8; 

(ii)     y  =  0-25  ur\ 
Hence  solve  the  equation  ar*  =  5'6jt?  — 3-2. 

97.  The  value  of  the  expression  ox  +  Zfa:*  is  3  when  ^  »  2,  and 
its  value  is  -^  when  x  =  -|;  find  the  values  of  a  and  h,  and  draw 
a  graph  showing  the  values  of  the  expression  for  all  values  of  x 
between  -  5  and  +  5. 

98.  Calculatei  by  means  of  logarithms,  the  values  of 


99.  Find,  by  two  distinct  methods,  the  value  of 

»'-11.8«*  + 10.3a: -121  when  a:  =  12. 

100.  In  New  Zealand  a  scheme  of  old-age  pensions  is  in  existence, 
whereby  any  one  of  more  than  65  years  of  age  is  entitled  to  a 
pension  of  £p,  provided  that  his  income  does  not  exceed  £,q. 
For  every  pound  of  income  above  £>q,  £1  is  taken  off  the  pension, 
and  persons  in  receipt  of  income  equal  to  or  greater  than  Hip+q) 
have  no  right  to  a  pension.  If  n  be  the  total  number  of  persons  of 
more  than  65  years  of  age,  a  the  percentage  of  those  with  incomes 
greater  than  £(jp+g)  per  annum,  h  the  percentage  with  incomes 
less  than  £,q  per  annum,  Hr  the  average  income  of  the  remainder, 
show  that  the  annual  cost  of  the  scheme  to  the  State  is 

**    {{100-a)i>  +  (100-a-6)(5--r)}. 


100 

101.  Solve : 

(i)    2(a:-a)(a  +  &)-{ar-36)(a-6)  =  8fl6; 

(ii)    (5x-l)(3-a?)«8a:; 
(iii)    4a^  +  y«  =  101,    2a:-y  =  ll. 

102.  Simplify : 

(iii)     V(a-^hU-i  -r  ¥a^ h* c-\ 
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108.  Show  that  if  the  roots  of  the  qaadratic  ax'-^-bx-^-c  *=  0  are 
imaginary,  then  the  expression  ax^-^-hx-^c  has  for  all  values  of  ae 
the  same  sign  as  a, 

104.  Draw  the  graph  of  y  =  a^. 

Employ  it  to  show  that  the  equation  a^Sx-^-l  =  0  has  three 
real  roots,  and  determine,  roughly,  their  values. 

105.  Prove  that  loga'^^ploga  and  log  a- log  &  =  ^^Sz  ' 

If  log  2  s=  0?,  log  3  B  ^,  find  in  terms  of  x  and  y  the  logarithms 
of  },  75,  .0015. 

106.  The  law  connecting  the  pressure  and  volume  of  a  given 
mass  of  gas  is  pv*  a  C  where  p  is  the  pressure,  v  the  volume,  and 
y  and  C  are  constants.  If  the  gas  is  such  that  its  pressure  is 
doubled  when  its  volume  is  compressed  from  100  c.c.  to  Glc.c,  find 
the  value  of  y. 

^107.  Un  triangle  a  pour  cdt^s  a  =  13,  &  =  14,  c  «  15  ;  calculer : 
(i)    la  surface  S; 
(ii)    le  rayon  R  du  cercle  circonscrit  donn^  par  la  formule 

108.  De  Ja'ar  +  Jaar'  +  far*  retrancher  -Ja*a?+Joa:*  +  fa*. 

109.  Determiner  m  et  n  de  telle  sorte  que  le  polyndme 

a?*  — 3«'  +  mx  +  n 
soit  d ivisible  par  x*—2x  +  A. 

110.  Eztraire  la  racine  carr^e  des  polyn6mes  suivants : 

(i)    a«'»  +  2a"'y»  +  y«*;  (ii)     1 -2a:  +  5a^-4ar'  +  4x*. 

111.  Calculer  les  puissances  et  les  racinea  suivantes : 

112.  Resottdre  les  syst^mes  d^^uations  suivantes: 
(i)    a?  +  y=16,    y  +  «=-22,    ar  +  ar=28; 

r'\  1  1         _  5 

^"^    3a:-2y+l '*'ar  +  2y-3      12* 

1  1  ^  1 

a:  +  2y-3      3ap-2y  +  l  ^12* 

*  In  some  London  University  Examinations  a  knowledge  of  French 
and  Gtoiman  mathematical  terms  is  required.  A  few  questions  in 
these  languages  may,  therefore,  be  found  useftiL 
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1 13.  Construire  la  courbe  repr^sent^  par  T^quation 

1 

114.  Ddmontrer  lea  propri^tes  saivanteB : 

(i)  La  caract^ristique  du  logarithme  d*un  nombre  plus 
grand  que  1  contient  autant  d'unii^s  moina  que  le  nombre  a  de 
chiffres  a  sa  partie  enti^re ; 

(ii)    Le  logarithme  d'une  racine  d*un  nombre  ^gale  le 
logarithme  de  ce  nombre  divis^  par  Tindice  de  la  racine. 


115.  Yerwandle  in  ein  Produkt  von  zwei  oder  mehr  Faktoren : 
(i)    a«  +  6»;  (ii)    8ei»  +  12a«  +  6a+L 

116.  Lose  die  Klammem  und  yereinflEtche  mOgliohst  : 

(i)    (c-6)(a?+a)«  +  (a-c)(a?  +  6)«  +  (6-a)(a?  +  c)«; 

<")  (i-i)(hi)-(i-i)a-i)- 

117.  Lose  die  folgenden  Gleichungen : 

(i)     (4a:-i)(5x+})  =  (2x  +  J)(10a:-i); 
(ii)    (x+l)»  =  «»  +  l  +  3a:(a?+l); 
(iii)    0,5a:-y  =  J;    0,6a?+y  =  f. 

118.  Finde  eine  Ungleichung  von  der  Form  x<a  oder  x>a, 
wo  a  eine  bekannte  Zahl  ist : 

(i)    7a:-3>4(ir-l); 

....     l-4ar      2  +  x  .  4-8g      5..       . 
<"^    T2 9"'^~8^~6(^+^^>^- 

119.  Yerwandle  in  eine  Potenz  mit  gebrochenem  Exponenten : 
yt^     yS*^^.    Vereinfache  (a*-&-aA)-». 

Berechne  logarithmisch  auf  zwei  Dezimalstellen 


<i 


,|13,48x5,67 
(0,912)t 


120.  Mit  wieviel  ZifFem  wird  5     geschrieben? 
Lose    7»'+«  +  4'+«  =  7»'+»  +  4'+». 


EXAMINATION    PAPEES 

OXFORD  AND  CAMBRIDGE  SCHOOLS  EXAMINA- 
TION  BOARD. 

Examination  fob  Naval  Cadetships.    July,  1906. 

1-10.  Arithmetic. 

11.  Find  the  value  of  2ic'-a:'-iF-2  when  x  =  1-5. 

12.  Resolve  into  factors : 

4a:*-20ir  +  25,    2a^-x-lb,    (3a?-2)«-(2ar-.3)«. 

13.  Simplify  (i)   2(aT  +  y)«-(4ar-3y)y-2(a:»-y»); 

....     a^  —  cfi      a^-\-a^ 
a  —  dr        a-\-€r 

14.  Solve  the  equations : 

,.,     2a:-3       3ar-2  ^    1       ^ 

W   -5 1T--'I0  =  ^' 

(ii)     3a:  +   y  =  2, 
a:  +  3y=9. 

15.  A  certain  sum  exceeds  £5  by  as  much  as  £Z  exceeds  the 
half  of  that  sum.    What  is  the  sum  ? 

Examination  fob  Natal  Cadetships.    July,  1907. 

1-5.  Arithmetic. 

6.  Multiply  l-2a  +  3a«  by  3-2a  +  a'. 
Divide  6+a-16a»  by  3-4o. 

7.  If  ar  =  -2,  find  the  value  of 

1-a:  _  1  -a?*  _  2  +  a? 
3+i      5"^"      "?"' 

8.  Resolve  into  simple  factors : 

6aH13a  +  6,    6a«  +  5a-6. 
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9.  Simplify     r —  +  — £ • 

10.  Solve  the  equation 

-3-  +-2 J--0. 

11.  Solve  the  simultaneous  equations : 

2      5**^' 

3  ■"  2   "  *• 

12.  A  farmer  sells  6  more  than  one-third  of  his  flook  of  sheep ; 
then  he  sells  7  more  than  one-third  of  the  remainder.  He  has 
still  one-third  of  his  original  flock.    What  was  the  number  of  it  ? 


ARMY  QUALIFYING  EXAMINATION. 

Seftembeb,  1907. 
[Candidates  must  not  attempt  more  than  six  questions.] 

1.  Multiply  3v^-ay  +  2j^  by   ^^y-2^^. 

2.  Divide  8a'-ft»  +  c"-H6oftc  by  c  +  2a-«>. 

3.  Prove  that  the  expressions 

2«'-3a?"-2x+3,    4x'-8.r»  +  x  +  3,    4«»-4ar*-5a:  +  3 
have  a  common  factor. 

4.  Solve  the  equations : 

6a:  +  4y-22r-  5  »  0, 
3a:-2y-j-4a  +  10=0, 
5ar-2y  +  62r+13=0. 

5.  Simplify  the  expression 

(x  +  y)«-(a  +  fr)»       (y  +  2r)"-(ar-f-fr)' ' 
and  find  the  value  of  the  simplified  expression  when 

ir=3,    y  =  -l,    2r  =  4,    10  =  -6. 
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6.  Solve  the  equation    2  ^  -  \/bx+ 1  +  J  =  0. 

7.  Draw  the  graphs  of  the  equations 

4a;  +  2y-17  =0,    y  = -2a:*  +  8a;-2; 

name  the  values  of  x  and  y  common  to  both,  and  show  clearly 
the  directions  which  you  take  as  positive  along  the  axes  of 
reference. 

8.  A  man  pays  a  bill  for  5  tons  of  coal  and  22  thousand  cubic 
feet  of  gas,  the  whole  amounting  to  £10. 13«.  If  the  cost  of  coal 
were  8  per  cent  lower  per  ton  and  that  of  gas  12|  per  cent,  lower 
per  thousand  the  bill  would  have  been  £9. 128.  Find  the  prices 
of  coal  per  ton  and  gas  per  thousand. 


OXFORD  LOCAL  EXAMINATIONS. 

Preliminabt.     1907. 

Elbhektaby. 

1.  Find  the  quotient  and  remainder  when 

«*-3ic*  +  ic"  +  4a?+2  iadividedby  a:*-a:+l. 

2.  Find  the  value  of 

{x'-y){x-s)      (y-«)(y-a:)      (z'x)(z-y)* 
when  a:  =  2,  y  =  1,  2r  =  —  3. 

8.  Find  the  H.  C.  F.  and  L.  C.  M.  of 

2  1 

4.  Simplify    — KT rTi^i  and  divide  the  result  by  a -J. 

5.  Solve  the  equations : 

(i)    (a?+2)(a?  +  3)«(a?  +  4)(a:  +  5)  +  2; 

....     12  3 

(»)    -  + 


X      ar  — 1      a?— 2 

6.  A  man  buys  oranges  at  the  rate  of />  a  shilling  and  by  selling 
them  at  q  pence  a  dozen  makes  a  profit  of  r  per  cent.  Show  that 
2hpq  -  36r  =  3600. 
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7.  A  man  has  been  saving  annaally  a  quarter  of  his  income. 
His  income  is  increased  by  £50  and  now  he  saves  a  third  of  his 
income  and  finds  that  he  is  saving  annaally  X25  more  than  before. 
What  was  his  original  income  ? 

HlOHEB. 

1.  Divide  a*(6  +  c)  +  5*(c  +  a)  +  c'(a  +  6)  by  a  +  h  +  c. 

2.  Resolve  into  factors : 

(i)    4a:»+15ay-4y»;  (ii)    a*-2a*  +  6«-a  +  5. 

3.  If  2«>=a  +  c,  show  that  (a-6)*  +  2fr«  +  (6-c)«»  a«  +  c«. 

4.  Solve  the  equation    - — ^  +  - — -.  =  ^  • 

^  a?  +  3      a:+4      2 

5.  (i)    Divide    arl  +  a?tyl-2y  by  a?^-yi. 

(ii)    Simplify    ^l^  +  ^H^. 

3-^7      3  +  v^ 

6.  A  man  has  j£200  invested,  partly  at  4  per  cent,  and  partly  at 
8|  per  cent.y  and  his  total  income  from  these  investments  is 
X7. 12«.  How.  much  is  invested  at  4  per  cent,  and  how  much 
at  8^  per  cent.  ? 


CAMBRIDGE  LOCAL  EXAMINATION. 

Preliminabt.     1907. 

[Candidates  can  pass  in  Algebra  by  doing  sufficiently  well  in 
Part  I  of  this  paper.    Processes  not  algebraical  are  permitted.] 

Pabt  I. 

1.  Simplify    a:-[y-2  {ar-(y  +  a?)+2y}+2ar]. 

2.  Add  the  product  (a  +  &  + 1)  (a  -  6 + 2)  to  the  product 

(a  +  6-^l)(a-6-2); 
and  verify  the  result  when  a  =  4,  b  =  1. 

S.Divide  a?*  +  a:»-5ar^  +  13a;-6  by  a:«  +  3a:-2. 


816  EXAMINATION  PAPERS 

4.  Simplify: 

1(1   l)  +  J(Ui) 

...     a\a      0/       b\  a      h/ 

....    x-1  (,         1  2     ) 

5.  Solve  the  following  equations,  verifying  your  solutions : 

^^^       5     "■    10        To"* 
(ii)     a?+2y  =  3o-6,    2ar  +  y  =  3a  +  6. 

6.  Divide  100  into  3  parts,  such  that  }  of  the  first,  f  of  the 
second,  and  f  of  the  third  are  all  equal. 

Part  II. 

7.  Resolve  into  factors: 

(i)    a*  +  db  +  ac^bc;  (ii)    a:*-6a?-187; 

(iii)     (a?-2)f-(a?-2). 

8.  Find  the  H.  C.  P.  and  the  L.  C.  M.  of 

a»-3a:-2    and    a?-x^-bx-S, 
expressing  them  as  products  of  factors. 

9.  Solve  the  equations  : 

(i)    a^-7ar  =  30; 

(u)     =-  4-  rt  =  1 

V  ^    x  +  l      x  +  2 

correct  to  2  decimal  places. 

10.  A  question  on  progressions. 

11.  Taking  one  inch  as  unit,  draw  with  the  same  axes  the  graph 
of  the  lines  2x-{-y  »  2,  2a;  +  6  =  3y,  y  =  1 ;  and  find  from  your 
figure  the  co-ordinates  of  the  three  points  at  which  the  lines 
interaect. 
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COLLEGE  OP  PRECEPTORS. 
Third  Glass.     Christmas,  1907. 

1.  tleariange  the  following  expression  in  ascending  powers  of  at, 
and  show,  by  means  of  brackets,  what  are  the  coefficients  of  the 
different  powers : 

Sba^-l  ax-ax* '-eb"2bx^-^ba?'-l-laa^.. 

Find  also  the  value  of  the  expression  when  a  =  2,  &  =  0, 
ar  =  — 1. 

2.  Multiply  7/)*-2i>*gr-6jp'gr*  by  3i>' - jpg  +  gr». 

3.  Divide  a^-2jc'y'  +  y*  by  a^  +  a:y  +  y*. 

4.  Without  more  working  than  is  necessary,  calculate  the 
coefficient  of  a^  in  the  product  of 

X*-29a^-20x^  +  b  by  2x^-x^-x+l. 

5.  State  which  of  the  following  expressions  cannot  be  resolved 
into  factors,  and  write  down  the  factors  of  sucli  as  can  be  so 
resolved : 

2a  +  2^    a»-6«,     a«  +  6«,    a»-ft»,    o^  +  t*,    a^-b*,    a*  +  b\ 

6.  Find  the  H.C.  F.  of  2a:*-9a?+7  and  8a:*-5«  +  2; 
and  the  L.  C.  M.  of  (a?+ 1)*,  (a? -I)*,  a^- 1. 

7.  Simplify  the  expressions  : 

,;;  11    a-b 

W    -a-'b'-W'' 

(ii)        JL   +   J^.f|Z^; 

^        x-y      x-k-y       x'-y* 

^         \y      xj      \x-y     y-xJ 

8.  Solve  the  equations : 

(i)    §x-5  =  ^a:  +  J; 

(ii)    a'ic-c  =  &*a;  +  d; 

.....     3a:-l    .  6-a;      x-2      „      a?+2 

(111)  -^^--  +  -4 g-^^^^-sr* 
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9.  If  two  men  start  together  in  the  same  direction,  walking' 
b  and  c  miles  per  hour  respectively,  c  being  greater  than  &,  find 
the  distance  between  them  after  d  hours. 

Also,  if  they  start  at  a  minutes  after  noon,  how  many  minutes 
will  the  faster  man  be  in  walking  x  miles,  and  by  what  o*clock 
will  he  accomplish  that  distance  ? 

10.  Boys  equal  in  number  to  one-fifth  of  a  form  are  promoted 
out  of  it  and  twice  as  many  promoted  into  it ;  also  four  new  boys 
join  the  form.  It  is  then  found  that  the  number  of  boys  in  the 
form  has  been  increased  by  one-third.  Find  the  numbers  in 
the  old  and  new  forms. 


Secoio)  Class  or  Junior.     Christmas,  1907. 

1.  Write  down  the  following  products : 

(i)    (x-2y)(2aT-3y);  (ii)     (3a:  +  y)(3x-4y) ; 

(iii)    (2x  +  by){x  +  if);  (iv)    (a  +  6)  (a-ft+c). 

2:  Find  the  square  root  of 

4a?*  +  8V-4a;'y-15a^y»+16y*. 

3.  Find  the  H.  C.  F.  of 

l-a:«  +  2«'-a?*    and     l-3ar-l-4a:*-3«»  +  ar*. 

4.  Resolve  into  factors : 

(i)    a^  +  20a:-96;  (ii)  .a:* -20* +  96; 

(iii)    2a^y-8y';  (iv)    a:"  +  2ajy  +  y»-a?-y. 

5.  Solve  the  equations : 

/•\    « /      o\     2a?  — 13      X     n 
(i)    |(a:-6) g —  =  3""^» 

....     2x-y      2y-a?      n     a       k  q 

(u)     -j^  --^  =0,    4a:-5y=-9; 

(iii)    2a?+y-=15,    3y-2«13,    ar  +  y-Sar  = -87. 

6.  Simplify: 

,..         — a?4-5  a?— 5  a?— 7 


2a^-5a?  +  2      2»»  +  a;-l      a:'-2a?-3 

...   ff*-y-c'-f2&c 
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7.  (i)    A  rectangular  lawn  x  feet  wide  and  y  feet  broad  is 
surrounded  by  a  path  z  feet  wide.     What  is  the  area  of  the  path  ? 

(ii)  Apples  cost  x  shillings  a  score.  How  many  will  be 
obtained  for  a  sovereign  ?  How  many  more  will  be  obtained  if 
the  price  is  lowered  a  shilling  a  score  ? 

(iii)  A  cistern  can  be  filled  by  one  tap  in  x  minutes,  by 
another  in  y  minutes.  If  both  are  opened,  in  what  time  will  it  be 
filled? 

8.  Solve  the  equation 


ar-2      aJ-3      4a?-2 

The  numerator  of  a  fraction  is  greater  than  the  denominator 
by  7;  if  the  numerator  and  denominator  are  each  increased  by  18, 
the  two  fractions  differ  by  2.    Find  the  fraction. 

9.  A  train  starts  from  a  station  X  at  midday  and  arrives  at  F  at 
4  p.m.  Another  train  starts  from  F  at  1  p.m.  and  arrives  at  X 
at  3.30  p.m.  They  meet  28  miles  from  X  Find  the  distance  from 
JtoF. 

Either, 

10  A.  A  man  can  make  a  articles  of  one  kind  in  a  week.  He 
can  make  h  articles  of  another  kind  in  a  week.  How  many  can  he 
make  in  a  week  if  he  make  the  same  number  of  each  ? 

Or, 

10b.  Draw  a  graph  of  ^-x-ai?,  and  find  from  it  the  greatest 
value  of  the  expression. 
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OXFORD  AND  CAMBRIDGE  SCHOOLS  EXAMINA- 
TION BOARD. 

EXAMIKATIOK   FOR  SoHOOL   CeBTIFICATES.      JuLY,    1906. 

Algebra. 

[In  order  to  pass  in  Elementary  Mathematics,  Candidates  must 

satisfy  the  Examiners  in  Part  I.] 

Part  I. 

1.  Add  together  (a -6)*  and  4  a  (a +  6)',  and  subtract  from  your 
resnlt  a*(5a  +  86)  (a  +  &). 

2.  Find  the  H. C. F.  of  ar»  +  3a?''+16  and  a:»-5a?*-48,  and  the 
L.C.M.of  18(iF'-6ar>+lla?-6)  and  12(a?«-7ar-Hl2). 

3.  Solve  the  equations  : 

..  '   Jl 2_      _1_  X 

^^^    X"\      a:-2  "^  a?-3  "^  (a:-l)(a:-2)(a:-3)""^' 
(ii)    »»  +  28a?=165. 

4.  Prove  that,  if  x  +  y  =  1, 

5.  Simplify  the  expressions : 

\-x        4 

+  i 


l+ic»  4     ' 


(ii) 


»»         1+a^ 
6+c  c  +  a  a  +  6 


(a-&)(a-c)      (&-c)(6-a)      (c-a)(c-6) 

6.  Round  the  edge  of  a  rectangular  court  which  is  half  as  long 
again  as  it  is  broad  runs  a  path  3  feet  wide.  If  the  area  of  the 
path  is  1584  square  feet,  find  the  dimensions  of  the  court. 

[The  following  questions  are  to  be  attempted  only  by  Candidates 

who  do  not  attempt  Part  II.] 

A.  Resolve  into  factors : 
(i)    a?*-10a?»  +  9; 

(ii)    a^-a»6+a6«-&». 
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B.  Solve  the  equations  : 

iF+y  =  2a  +  6, 
3a:  +  2y  =  7a  +  36. 

C.  Prove  that,  if  a,  b,  c  are  three  consecntive  whole  numbers, 

D.  Draw  the  graph  of  the  function  Sai^  —  lOx+l  from  x  ^  -I 
to  a:  =  4,  and  determine  from  your  figure  the  values  of  x  for  which 
the  value  of  the  function  is  —4. 

High  SB  Gebtificate.    July,  1906. 

[In  order  to  pass  in  Elementaty  Mathematics,  Candidates  must 

satisfy  the  Examiners  in  Part  I.] 

Part  I. 

1.  Find  the  value  when  a  =  2,  6  =  -1,  c  =  -2,  of: 

(i)    3c-2ac«+^; 

..      (6'-hl)«-2a6  +  l~a'-y 

2.  Multiply    a*  +  96*  +  c*  +  36c  +  ac-8ad  by  a  +  36-c. 
Divide    3a*-5a»«>+6a*ft*-3a«>»  +  5*  by  a*-a6  +  ft«. 

3.  Simplify: 

(i)    4(4a:+l)«-6(4a?-l)(a?-l)-4(a:+l)(10a:-l); 

..         hc(a-^b)  2abc  ab(h+c) 

^"^    (a-b)(a-c)      (b-c)(b-a)      (e''a)(e-b)' 
Find  the  H.  C.  F.  of  20a*-8a^6  +  6*  and   64a*-8ay  +  56*. 

4.  Draw  the  graphs  of  a;  a^  1  +y  and  2:p  +  4y  »  17  in  the  same 
diagram.  Hence  solve  the  two  equations  simultaneously.  [Take 
1  inch  as  your  unit.] 

5.  Solve  the  equations : 

(i)     («  +  5)(ar-3)  =  (ar-5)(a?  +  3)  +  4; 

(ii)    (Mr-fry  =  2(a«-6«),    ar-2y  =  -'36; 
(iii)    Sx^+x-2^0. 

6.  A  man  buys  a  certain  number  of  photographs  for  £l.  Two 
get  damaged,  and  by  selling  the  remainder  for  2d,  each  more  than 
they  cost  he  makes  one  shilling  profit    How  many  did  he  buy  ? 

PATKRSOir  T 
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[The  following  questionB  are  to  be  attempted  only  by  Candidates 
for  Certificates  who  do  not  attempt  Part  II.] 

A.  Factorize: 

(i)    a?-^\  (ii)    a6(a;*-y')  +  a?y(a'-6*). 

B.  PindtheH.C.F.  of  aj'  +  a:"-2   and   a^  +  2a!*-3. 

Show  that    (x  +  y  +  2r)»-x'-/-2;'  =  3(y  +  2r)(2r  +  ar)(wr  +  y). 

C.  Solve : 

(ii)     rt(ar*+l)«a?(a«+l). 

D.  ^  is  8  years  older  than  1^ ;  10  yeara  ago  he  was  twice  his 
age.    Find  their  present  ages. 


CENTRAL  WELSH  BOARD. 

Elementary  Mathematics,  Juniob  Certificate. 

July,  1906. 

1.  Find  the  value,  when  a  =  -},  6  =  2,  c  =  -  J,  of 
2a  h  %e 


(2a  +  6)  (2a  +  8c)      (6  +  2fl)  (6-3c)      (3c  +  2o)  (3c-6) 

2.  Simplify: 

(i)     (a  +  5  +  r)(6<?  +  co  +  a6)-(6  +  f)  (c  +  rt)(a  +  6); 

,..v     /__2 Jl_  \   /JL_      _1_  \ 

^"^     \a;-3      «-2/'U-l      ar-3y' 

3.  Resolve  into  factors  the  following  expressions : 

(i)     (2ar-rt)«-(:r-3a)»; 
(ii)     a:»-a?-2(x*-l); 
(iii)    ;>'-2pjf  +  g^-8|>  +  3g. 

4.  Simplify    -l^-^i-^-lj-r 

5.  Solve  the  equations : 

(i)    3(ar-l)  +  5(a?-2)+--g^-  =0; 
....     T'-a  ,  a:-6       „ 
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6.  Solve  the  equatioofl  3a; -4y  »  1,  2tf-x=  1  both  gpraphically 
and  algebraically. 

7.  A  man  saves  annually  one-third  of  his  income.  When  his 
income  is  increased  by  XI 00  a  year,  he  only  saves  one-fourth,  but 
finds  that  he  is  saving  annually  £12. 10^.  more  than  before.  What 
was  his  original  income  ? 

8.  A  man  buys  two  horses  for  £70,  By  selling  one  of  them  at  a 
profit  of  10  per  cent.,  he  gains  altogether  £10.  What  did  he 
pay  for  each? 


Elementary  Mathematics,  Juniob  Certificate. 

July,  1907. 

1.  Multiply   together   ff»-3ff6*  +  26=»    and    a^-3a*6  +  4J',   and 
divide  the  product  by  a*  -  5  a'  6'  +  4  b*. 

2.  Resolve  into  factors : 

(i)     2ac'-3j:y-2y»; 

(ii)     (a?-2)«-(a:-2); 

(iii)     a(rt+l)-&(6+l). 

3.  Find  the  H.  C.  P.  of  a?*  +  a^  +  l  and  a?*  +  2ic»  +  aj*-l ;   and 
find  the  L.  C.  M.  of  these  two  expressions  and 

aJ^-x*-j^  +  3.r«-3x+l. 

4.  Simplify : 


(ii) 


a-1       a  +  l       aUl* 


(a  +  b  +  c)*'-(a-b  +  c)(a  +  b-c) 

5.  Solve  the  equations : 

(i)     «(a:-6)  +  i(x-2)  +  J(^-l)=-4x-17; 

....        1^1         2 

(ii)     + J  «  -• 

x  —  a      x  —  b      X 

In  the  case  of  the  second  equation,  verify  your  solution. 

6.  Show,  by  drawing  graphs,  that  the  values  of  x  and  y  which 
satisfy  the  equations  x+2^sl,  8ar-^»2,  satisfy  also  the 
equation  2x-Sy  «  1. 
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7.  A  man  starts  to  bicycle  from  ^  to  J?  at  the  rate  of  12  miles 
an  hour.  When  he  has  completed  half  the  journey  his  bicycle 
breaks  down  and  he  starts  to  walk,  doing  the  next  2  miles  in 
half  an  hour.  He  is  now  picked  up  by  a  conveyance,  which  taJces 
him  the  rest  of  the  way  at  the  rate  of  8  miles  an  hour.  If  the 
whole  journey  occupies  an  hour  and  a  half,  what  is  the  distance 
from  ^  to  B  ? 

8.  A  grocer  has  two  kinds  of  tea.  When  mixed  in  the  pro- 
portion of  5 : 1  the  mixture  is  worth  l^.  lid,  a  pound ;  when 
mixed  in  the  proportion  of  1 : 2  the  mixture  is  Worth  Is,  Sd, 
a  pound.   What  is  the  value  of  a  pound  of  each  kind  of  tea  ? 


Practical  Hathekatics.    July,  1906. 

[1.  Explain  the  nature  and  use  of  the  slide  rule-] 

2.  Determine  the  factors  of : 

(i)    a«-68;  (ii)    3a:«-13a;-10; 

(iii)    a^-2ab  +  h^-ac  +  b€. 

3.  Prove  that  log  ab  =  log  a  +  log  h. 

Take  out  of  the  tables  the  logarithms  of  327  and  -00327. 
Use  tables  to  find  approximately  the  value  of  50i,  (^/. 

4.  Draw  the   graphs    of  2j?+1    and  x^  between  the  values 
+  4  of  X, 

Use  the  graphs  to  find,  correct  to  the  first  place  of  decimals, 
the  roots  of  a^-2x-l  =  0. 

5.  At  noon  on  Monday  one  clock,  which  loses  10  minutes  a  day, 
is  an  hour  fast,  and  a  second  clock,  which  gains  a  quarter  of  ai^ 
hour  a  day,  is  20  minutes  slow.  When  will  they  both  indicate 
the  same  time  ? 

Draw  graphs  to  represent  the  variation  of  each  61ock,  and  by 
means  of  the  graphs  verify  your  solution. 

[There  were  also  questions  in  Arithmetic  and  Geometiy.] 
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Additional  Hathex\tios.    July,  1907. 

1.  If  2^  is  a  function  of  x,  and  coii'esponding  to  the  values  of 
0,  1,2,  3,  4,  5,  6,  7,  8,  9,  10  of  0?  the  observed  values  of  ^  are 
10,  99,  9^,  95,  9.1,  8.7,  8,  7-1,  6,  44,  0  respectively,  represent  y 
graphically  for  values  of  x  between  0  and  10,  and  find  the  values 
of  y  when  x  =  (i)  4.5,  (ii)  8-5. 

2.  Find  the  condition  that  the  roots  of  the  quadratic  equation 
aa^  +  hx-{-c  ^0  should  be  real. 

If  a  and  0  are  the  roots  of  the  equation 

a^-3a?  +  l  =0, 

find  the  equation  whose  roots  are   , — ;: »    ^ • 

^  1+3     1+a 

3.  Solve  the  equations : 

(i)    xy=l,  J^'i/^IU; 


(ii)     V'i-a^+^e  +  a?^  y6(ar  +  l), 
4.     (i)    Find  the  square  root  of  5  +  \/Sl> 

-v/5  +  2  .  8+^/5 


(ii)    Simplify 


v^-2  *  3-75 


5.  Interpret,  justifying  your  interpretation,  a^,  a   ^» 
Simplify   (aU«)-*x  (6-ic-i)-»4-(a»6-*c*)-i 

6.  Prove  that  logr  =  loga-log6. 

If  log,o2  =  X,  log,o3  =  y.   Iog,o7  «  z,  express  in  terms  of  x, 
y,  and  z  the  logaiithms  to  the  base  10  of  125,  -147,  ^.002205. 

[7,  8,  and  9  were  beyond  the  scope  of  this  book.] 
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Coefficient,  18. 
Common  fiictor,  176. 

multiple.  176. 
Commutation  laws,  188,  184. 
Conditional  equation,  84. 
Constant,  68. 
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Ellipse,  equation  of,  229. 
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Equations,  simple,  84. 

literal,  87. 

simultaneous,  91. 

of  a  graph  or  curve,  189. 

simultaneous  quadratic,  166. 

fractional,  191. 

quadratic,  201. 

indeterminate,  266. 

involving  surds,  278. 
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law,  266. 
Exponent,  121. 
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theorem,  162. 
Factors,  162. 
Formulae,  78,  189. 
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of  simple  equation,  94. 
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248. 

Homogeneous,  180,  246. 
Homer's  method  of  division,  1 16, 

166. 
Hyperbola,  228,  280. 

Identity,  84, 160. 
Imaginary  roots,  122,  202. 
Indeterminate  equation,  266. 
Index,  29. 

laws,  264. 

factional  or  negative,  267. 
Infinity,  228. 
Integral  expression,  181. 
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Interpolation,  189. 
Involution,  120. 

law,  2((5. 
Irrational,  191. 

Like  terms,  16. 

signs,  48. 
Linear  equation,  180. 
Logarithm,  288. 

Mantissa,  200. 
Maximum,  288,  257. 
Mensuration  formulae,  140. 
Minimum,  238,  267. 
Monomial,  180. 
Multiplication,  signs  of,  18. 

wim  negative  quantities,  47. 

of  algebraic  expressions,  102 

of  powers,  108,  264. 

mental,  104,  154,  162. 

effractions,  188. 

of  roots,  278. 

Negative  quantity,  82. 
addition,  kc,,  88. 

Ordinate,  76. 
Origin,  46. 

Plotting,  66. 
Positive  number,  84. 
Power,  29. 
Problems,  78, 144,  251. 

graphical,  241. 
Product,  18. 

Quadratic  expression,  180. 
surd,  196. 
equations,  201. 
graphical  solution,  205. 


Quotient,  111. 

Radical  sign,  121. 
Rational,  174. 
Rationalizing,  275. 
Rectangle,  27. 
Remainder,  theorem,  151. 
Root,  of  an  equation,  84. 
of  a  quantity,  121. 

Signs  of  equality  and  inequality, 

180. 
Simultaneous  equations,  91. 

graphical  solution,  94,  205. 

quadratics,  242. 
Solution  of  an  equation,  85. 
Square,  29. 

of  a  sum,  122,  125. 
Square  root,  126. 

of  a  quadratic  surd,  277. 
Subtraction,  sign  of,  9. 

of  negative  numbers,  41. 

of  algebraical  expressions,  43. 

effractions,  188. 
Sum,  algebraic,  17. 
Surd,  272. 
Symmetry  of  curves,  219. 

Term,  11,  180. 
Transposing,  86. 

Unknown  quantity,  84. 

Variable,  68. 

Zero,  228. 
multiplication  by,  18. 
division  by,  148. 
products,  202. 
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CHAPTER    XXIII 

HOMOGENEOUS  EXPRESSIONS.  CYCLIC  ORDER 
AND  SYMMETRY,  INDETERMINATE  CO- 
EFFICIENTS, HIGHEST  COMMON  FACTOR. 
SQUARE  ROOT.  CUBE  ROOT.  MISCELLA- 
NEOUS EQUATIONS 

This  chapter  is  in  the  nature  of  a  revision  chapter  and  treats  of 
various  theorems  and  methods  of  work  which  were  regarded  as  too 
advanced  in  character  for  insertion  in  Part  I. 

209.  Homogeneous  EzpresBions.  An  expression  in 
whioh  all  the  terms  are  of  the  same  dimensions  is  called 
a  Homogeneous  expression.    Thus 

a^+xtf  +  2f,  a»-8a6c  +  63  +  c», 
are   homogeneoua      It    may  sometimes  be  necessary  to 
mention  what  letters  are  regarded  as  giving  dimensions, 
e.g.  a;'+a^^^+2a;^  +  8^  is  homogeneous  in  x  and  y^  but  is 
not  homogeneous  if  a  is  regarded  as  a  dimension. 

It  is  clear  that  a  homogeneous  expression  remains  homogeneous 
when  it  is  multiplied  by  another  homogeneous  expression  or  when 
its  terms  are  rearranged.  This  supplies  a  ueeftil  test  for  accuracy 
in  work. 

Bxample.    Find  the  cube  (>f  (8  a  +  6 — c). 

Suppose  this  example  were  worked  as  follows 

(3a  +  6-c)»  =  (9a«  +  6a*-6ac  +  6»-26c  +  c*)(8a  +  6-c), 

=  27a»  +  27a*6-27a*c+9(rf>*-18(rf>c-6a6«c  +  9ac« 
+  6»-86»c  +  86c-c». 

Here  a+6— e  is  homogeneous  of  one  dimension,  therefore  (a+6— c)' 
must  be  homogeneous  of  three  dimensions ;  but  in  the  expanded  form 
-6ab'c  is  of  four  dimensions,  86c  is  of  two  dimensions.  Therefore 
those  two  terms  must  be  wrong. 
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210.  Cyclic  Order.  So  far  it  has  always  been  under- 
stood that  the  letters  are  arranged  in  alphabetical  order,  the 
higher  powers  of  each  letter  coming  before  the  lower  {>o^ir6r8^ 
so  that,  for  instance,  a^h  comes  before  ah^  and  ab^  before  dbc 
It  is  often  more  convenient  to  arrange  the  letters  in  cyclic 
order.  We  suppose  the  letters  arranged  in  a  circle 
(Fig.  52),  and  then  in  any  expression  the  letters  are  arranged 
in  the  same  order  as  in  going  round  the  circle,  e.  g.  a  before 
5,  h  before  c,  c  before  a.  Thus  in  (a—h)  (a—c)  (b — c)  the 
letters  are  arranged  in  alphabetical  order,  if  arranged   in 

Fig.  62. 

cyclic  order  the  expression  would  be  —  (&— c)  (c—a)  {a — b); 
the  —  sign  being  introduced  because  (a—c)  =  — (c — a). 
Notice  that  b—c  is  placed  first  as  being  the  factor  that 
leaves  out  a,  then  c—a  as  leaving  out  b,  and  lastly  a — b 
which  leaves  out  c;  also  c—a  is  written  instead  of  a — c, 
because  c  comes  before  a  as  one  goes  round  the  circle. 

Example.    Arrange  a^  +  2a&  +  2ac  +  &'  +  2&c+6'   in  cyclic  order. 

Expression  =  a'  +  &*  +  c*  +  2&c+2ca  +  2a6. 

211.  Symmetry.  If  an  expression  is  unchanged  in  value 
when  two  of  its  letters  are  interchanged  it  is  said  to  be 
symmetrical  with  regard  to  those  letters. 

Examples,  a +  6,  2a^~3&^  a^h-k-a^c-{^h^a-¥Wc,  become  re- 
spectively 6  + a,  2Z>'— 8  a*,  h^a-^-Wc-^-a^h-^-a^Ct  when  the  letters  a 
and  h  are  interchanged.  It  is  seen  that  the  first  and  third  of 
these  are  unaltered  in  value  although  the  order  of  the  terms  is 
changed.  They  are,  therefore,  symmetrical  v^ith  regard  to  a  and 
6;  but  2  a'— 8  ft"  is  not  symmetrical. 

An  expression  may  be  symmetrical  with  regard  to  three  or  more 
letters,  e. g.  a-¥h-\rCf  a*  +  ft'  +  c' — ^dbc^  are  both  symmetrical  with 
regard  to  the  three  letters  a,  ft,  and  c. 
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Some  expressions  change  sign  when  two  letters  are  inter- 
changed, but  do  not  change  sign  when  each  letter  is  replaced 
by  the  letter  that  follows  it  in  the  circle,  e.  g« 

becomes  'b^(c-'a)'\-c^{a-'h)'^a^(h—<^  when  such  a  change 
is  made.  In  such  expressions  there  is  said  to  be  oyolio 
symmetry,  although  there  is  not  absolute  symmetry.  In 
future  we  shall  call  an  expression  symmetrical  if  there  is 
either  absolute  or  cyclic  symmetry. 

212.  The  Symbols  2  and  IT.  2  is  the  Greek  capital  8 
and  is  used  to  denote  ^  sum  of  all  terms  like '.  It  is  called 
sigma* 

IT  is  the  Greek  capital  P  and  is  used  to  denote  'product 
of  all  factors  like '.     It  is  called  pi.  "* 

Thus,  if  it  is  known  that  the  letters  a,  &,  c  occur  sym- 
metricaUy,  2  (a)  means  the  sum  of  all  terms  like  a,  i  e. 
S(a)  =  a+&+c.     Similarly  n(a)  =  dbc. 

S(6-c)=(6-c)  +  (c-a) +  («-&). 

For,  if  we  wish  to  obtain  the  terms  like  &— c,  we  move  round 
the  circle  putting  c  wherever  there  was  &,  a  where  there 
was  c,  and  h  where  there  was  a. 

Examples  XXUIa. 

Arrange  the  following  expreesions  in  cyclic  order : 
1.  a6»+2o&c  +  ac*  +  6'c  +  &c2  +  a«6  +  a*c. 

3.  a»  +  8a6  +  4ac+36*+46c  +  2c". 

4.  Write  a  Bymmetrical  homogeneous  expression  of  the  second 
degree  in  a,  h,  c. 

5.  What  must  be  added  to  ai^-¥2hc  to  make  the  result  (i)  sym- 
metrical with  regard  to  a  and  h,  (ii)  symmetrical  with  regard  to 
a,  hj  and  o  ? 

6.  Write  down  in  factors  the  simplest  symmetrical  expression  of 
the  fourth  degree  that  has  a  +  b  —  c  as  a  factor. 


intet 
can  I 
form 


[Bi 
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214.  The  following  examples  show  how  the  principle  of 
symmetry  and  the  use  of  cyclic  order  may  be  employed  to  shorten 
work. 

Bxample  I.    Find  the  factors  of  a^{b'-c)  +  l^{c''a)-h(^(a-  b). 

The  expression  is  symmetrical,  homogeneous,  of  fourth  degree. 

Pat  6  =  c,  expression  =  0  +  6'(6-o)  +  &"(a-Z>)«0; 

.'.    h—c  is  a  &ctor; 

.*.    by  symmetry  {c  —  a),  (a—b)  are  also  factors. 

There  must  be  a  fourth  factor  of  the  first  degree  since  the  origi- 
nal expression  is  of  four  dimensions ;  also  that  factor  must  be 
symmetrical. 

The  remaining  factor  is  therefore  a  +  6  +  c. 

There  may  be  a  numerical  factor,  call  it  N; 
thena'(6-c)  +  &»(c-a)  +  c»(a-6)=2V(a  +  6  +  c)(6-c)(c-a)(a-6). 

On  the  right-hand  side  the  coefficient  of  a^  is  —Nib—e); 
comparing  this  with  the  left-hand  side  it  is  seen  that  the  identity 
is  satisfied  when  ^  =  - 1. 

Or  put  a  =  2,  &  =  1,  c«0  then  8-2  =  iV(3)(-2)(l), 

Hence  the  factors  are  -  {a  +  b+  c)  (b  —  c)  {c  -  a)  {a  -  6). 

Example  II.    Simplify 

1  11 


(a-b){a''c)(x  +  a)      (a-b)  (b-c)  (x+b)      {a-b)(b-c){x+c) 
First  arrange  in  cyclic  order. 
Ex.  —  '  ' 


{a-b)(c-'a){x-\-a)      (b-c){a-b)(x-\-b) 

1 


{c''a)(b''c)(x-^c) 

The  expression  is  now  symmetrical  and  the  second  fraction  can 
be  obtained  from  the  first  by  oyolio  permutation,  i.e.  by 
changing  a  into  &,  b  into  c,  c  into  a,  and  the  second  fraction 
can  similarly  be  changed  into  the  third. 

Reduce  to  common  denominator. 

„ {b-c)(x  +  b)(x  +  c)+  ...  -h  ... 

■"     (6-c)(c-a)(a-6)(ar  +  (i)(j:  +  6)(x  +  c)' 

There  is  no  need  to  fill  in  the  second  and  third  terms  as  they 
are  obtained  from  the  first  by  cyclic  permutation. 
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Amusge  the  numerator  according  to  powers  of  x. 

g^        ^     jc»2(fe-f)-^jrS(y-f')-f  2  {he\b-c)} 

Denominator 
but  2  ih-c)  =  0,  2  (M-c*)  =  0, 

2ftci6-c)=  -(6-f)(c-fl)(a-6), 
see  Ex.  XXTTI  a.  Nob.  11, 13. 

Szamiile  TTT.    JVocv  the  identity 

(j~6)tx~c)      (j~c)(x-g)      (x~o)(x-ft)  _  - 
(a-6)(a~f)  "^  (6~c)(6-a)  "*"   (c-a){c-h)  —    ' 

Pat  X  =  a,  then  left-hand  side  =  1  +  0  +  0;  .\x^a  satisfies  the 
equation. 

Similarly  x^b,  x  »  c,  also  satisfy,  since  the  left-hand  side  is 
symmetrical. 

Hence  an  equation  of  the  second  degree  has  more  than  two 
roots,  which  is  impossible  unless  the  equation  is  an  identity 
(Part  I,  §  148). 

•'.    Given  equation  is  an  identity. 

Examples  XXTTT  b. 

Resolve  into  fibctors : 

1.  a»(6-c)  +  6»(c-fl)  +  c*(a-6). 

2.  a«(2>  +  c)+d*(c  +  a)  +  c«(a  +  6)  +  2adc. 

3.  a«  +  ft*  +  e*-2lr»c«-2c»a«~2a«R 

4.  2  {aj»(y-^)},  5.  (y-r)'  +  (s-x)»  +  (x-y)». 

Simplify : 

a  ^  1  1 

'  x(z-jf){x-z)       yiyziiy-x)       r(3r-x)(5-y) 

'^'  2  l(a-6)(a-c)(x  +  a)J  * 

a  h  c 


8. 


(a-h)  (a-c)      (6-c)  (6-a)      (c-a)  (c-&) 
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Prove  the  identities : 

JO    (a-a?)(a-y)       (5-a;)  (ft-y)       (c-.a?)  (c-y)  _ 
(a-6)(a-c)       (6~c)(6-a)      (c-a)(c-6)  - 

-^    (a-6)(a-c) 

(a-ft)(a~c)  "*■  (6-c)(6-o)  "*■  (c-a)(c-6)  — 

What  third  unsymmetrical  expression  are  they  both  equal  to  ? 
a  h  c 


■'■('-:)(•-:)    ('-IX'-D    (■-j)('-|) 
18.  (f  +  ?  +  f)(f  +  y  +  f)-ff  +  y)(y  +  i)('f +  ?)=!. 

\y      ^      a/\«      a?      y/       \y      2/\2:      ic/Va?      y/ 


215.  Extension  of  Fftctor  Theorem.  If  f(x)  =  o  when 
rt;  =  a  and  alao  when  x=^hj  then  x—a  and  a?— 6  are  both 
factors  oif(x)  at  the  same  time. 

We  have  assumed  this  theorem  in  previous  work ;  the  need  for 
it  is  seen  by  considering  the  factors  of  an  arithmetical  number, 
e.  g.  36.  The  factors  are  2,  4,  6,  9,  12,  18 ;  but  9  and  18  are 
not  simultaneous  factors.  Now  the  fsictor  theorem  proves  that 
if  f(a)  «0,  and  /(6)  =  0,  x-a  and  a?-6  are  both  factors;  we 
proceed  to  prove  that  their  product  (x-a)(a;-&)  is  a  factor. 

•.•    f(a)  =  0;  -•.    a: -a  is  a  factor. 

Let   / (a?)  =  (a;  -  o)  X  <^  (a?). 

Put   a:  a=  6,   then 

but   /(ft)  =  0,   and   ft-az^fcO; 

.-.    <^(&)  =  0. 

.'.    a;-&  is  a  factor  of  <^(a;). 
Hence  (x—a)  (a; -6)  is  a  factor  of  f(x). 
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By  continuing  this  process,  the  more  general  theorem  can  be 
proved : 

If  /(a),  f{b),  f(c) ...  each  =  0,  then  the  product 

(ar-a)  (x-h)  (x-c) ...  is  a  factor  of /(a?). 

216.  If  an  equation  of  the  n^^  degree  is  satisfied  by  more 
than  n  different  values  of  the  variable,  then  the  equation  is 
an  identity. 

Let         PqX^+PiX^-^+p^x^^^+  ...  +jp«_ia:+|>„=  0* 

be  the  equation  when  reduced  to  its  simplest  form,  and  suppose  it 
is  satisfied  by  the  n  roots  a,  6,  c, ...  n,  and  by  some  other  root  q. 

By  the  feMstor  theorem 

l?o^+J'i«^**"*+  •..  +i>B=i>o(^-<»)(^-^)(^~^)  •••(^■■*•)• 
Pat  xssq;   then  the  left-hand  side  vanishes  since  a:  ss  ^  is  a 
solution  of  the  equation ; 

but  none  of  the  factors  q-a^  q-b,  ...  vanish,  since  a.,.n  axe 
different  from  q ; 

The  equation  is  now  reduced  to    piX^^-^+p^oi^-^ ...  +|>n  ■=  0. 

This  is  satisfied  by  more  than  n  —  1  values  of  x^  and  exactly  as 
before,  Pi  is  shown  to  be  zero.  In  the  same  way  all  the  successive 
coefficients  are  shown  to  vanish.  Hence  the  equation  is  an 
identity. 

217.  If  two  expressions  of  the  n^^  degree  are  equal  for 
more  than  n  values  of  the  variable,  then  the  coefficients  of 
like  powers  on  the  two  sides  must  be  equal;  or  in  other 
words,  the  expressions  are  identically  equal. 

Let         j)©^" +l>i^"~*  •••  +1>»  =  ffo^'*+2i'^*'"'^+  •••  +ff« 
for  more  than  n  values  of  x, 

*  Po9  Pi  I  •••»  aro  just  as  distinct  as  different  letters p,  9,  r,  s, ... ;  bat 
they  have  the  common  property  of  being  coefficients.  MThen  quantities, 
although  different  in  value,  are  used  in  the  same  connexion  or  have 
some  common  property,  it  is  useful  to  denote  them  by  the  same  letter 
with  subscript  numbers  or  sometimes  with  dashes. 
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Then  the  equation 

(i>o-go)a?*+(i'i-3i)«""'+  ...  +(i>»-gn)  =  0 

is  satisfied  by  more  than  n  valaes  of  x. 
Hence  by  the  previous  section 

This  theorem  is  generally  called  the  Principle  of  In- 
Coeffioients. 


Kote.  In  Part  I,  p.  161 ,  we  say,  'The  equality  will  be  an  identity 
if  the  ooeffioients  of  x  on  each  side  are  the  same  * ;  in  this  section  we 
have  proved  the  converse,  '  If  the  equality  is  an  identity,  the  coeffi- 
cients of  like  powers  on  each  side  must  be  the  same.' 

Suppose  A  («-2)+B(x-8)  =8ac-6. 

Up  till  now  we  have  only  been  justified  in  saying  that  the  identity 
will  be  true  if  ^+£  -  8  and  2^+8B  «  6,  thus  leaving  it  doubtful 
whether  there  are  other  ways  of  satisiying  tiie  identity.  But  now  we 
have  proved  that  A-¥B  must  equal  8,  and  2  ^  +  8  B  must  equal  5. 

Example  I.  Fadorize 

Step  I.    Factorize  the  terms  of  the  second  degree 
6a;*  +  ay  -  16y»  =  (2ar  -  3y)  (3a:  +  5y). 

ft 

Step  II.   Try  to  find  constants  a  and  h  so  that 

(2a:-8y  +  a)(3a?+5y  +  6)  =  6a:»  +  a?y-15y»  +  8a;  +  26y-8. 

The  terms  of  the  second  degree  cancel,  and  there  is  left 
(3a  +  26)a?+(5a-36)y4al>  =  8a:+26y-8. 

Hence  by  the  Principle  of  Indeterminate  Coefficients 

3a  +  22»->8 
5a-3&«26 
aft  =-8. 

There  are  no  factors  unless  these  equations  can  be  satisfied  by 
the  same  values  of  a  and  ft. 

By  solving  the  first  two  equationsi  it  is  found  that  0^4, 
ft— -2;  and  as  these  values  satisfy  the  third  equation,  the 
required  factors  are  (2 x  -  3y  +  4)  (3 ar  +  5y  -  2). 
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It  follows  that  the  graph  of 

6«Hxy-16y2-|-8x  +  26y-8  -  0 

consists  of  the  two  straight  lines  whioh  are  the  graphs  of 

2x-8y+4  »  0  and  8a;+6y-2  -  0; 

since  any  values  of  x  and  y  which  satisfy  either  of  these  will  alao 
satisfy  the  original  equation. 

Bzample  II.    Ea^ess  8n^— 4n^+5n+2    in   the  Jorvn 
ilw(n— l)(n-.2)  +  i?(n)(fi— l)+Cn+2>. 

Since  3»'-4n*  +  5n+2  =  ^(n»-3n»  +  2n)  +  B{n«-n)  +  C»  +  2>, 
we  have  by  equating  coefficients  of  like  powers 

-3^  +  B  =  -4 

Z)  =  2, 
whence  -4  =  8,  B  =  5,  0=4,  2)  =  2. 

C^:  ^^ .-''-  ^Ub;  CW:  [A^ciuyju  ^5. 

^^"    "   '    ^       ■    "        HIGHEST  COMMON   FACTOR 

218.  General  Theorems. 

(i)  If  ^  is  a  factor  of  an  expression  A,  it  is  also  a  factor 
otmA  where  m  and  A  are  rational  integral  expressions. 

For  supi>08e  A  ^  Fxa, 

then  mA  ^mxFxa; 

.  *.    F  is  a  factor  of  mA. 

(ii)  If  f' is  a  common  factor  of  two  expressions  A  and  B, 
it  is  a  factor  o{  pA  +  qB  where  p  and  q  are  any  rational 
integral  expressions.         Lct    "Pn-^C^Bsr  3. 

For  suppose  A^  Fxa,    B-Fx5, 

then  pA+qB"  paF  +  qbF 

-  {pa+qb)Fi 
,'.    FisA  factor  of  pA + qB, 

Example.  Find  Hie  H.  0.  F,  qf  s?— 6x^-^6  x-^  12  and 
2sfi4'X^ 12  X  "  27, 

Corollary  to  (ii).—  The  HCF  isTA-^B  Is  a.  facW  of 
S,    %■  hence  a.  C.E  of   A'^^S. 


or-ollary  to  im)-  'The  H.cr  c>f  AsfS  is  a.  tacior 

o€  B    ^  Vience  a  C.K  of  A^  B. 
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Use  this  theorem,  choosing  j?  and  g  so  as  to  make  a^  vanish. 
Any  common  factor  is  a  factor  of 

=  13ar»-22a?-51 
=  (13ir+17)(a:-3). 
13  07+ 17  cannot  be  a  factor  since  13  a;  is  not  a  factor  of  a^, 
80  that  the  only  possible  common  factor  is  :r— 3. 

On  dividing,  or  by  the  remainder  theorem,  this  is  found  to  be 
a  factor  of  both  expressions,  and  is  therefore  the  H.  G.  F. 

(iii)  If  ^  is  a  factor  of  A  and  also  of  pA  -k-qBj  it  must  be  a 
factor  of  B,  provided  q  is  not  divisible  by  F  or  any  factor  of  F, 

For  suppose  A  ^  aF, 

and  pA-^qB  ^kF, 

Substitute  for  A  in  this  last  identity, 

then  paF+qB  «  kF, 

Transpose  qB  —  (*— pa)  F, 

hence  B  must  be  divisible  by  F, 

In  the  last  example  x—S  is  a  factor  of  pA+qB;  in  order  to 
prove  that  it  is  a  common  factor  of  A  and  B  this  theorem  shows 
that  we  need  divide  only  one  of  the  quantities  A  or  B. 

219.  The  H.  C.  F.  of  any  two  expressions  can  be  found  by 
a  method  similar  to  that  used  in  Arithmetic  for  finding  the  G.  G.  M. 
of  two  numbers.  By  the  theorems  of  this  article  we  can  prove 
that  the  method  is  correct. 

Example  I.  Findthe  H.  C.F.  of  ia^+^x^—lSx+b  and 
6i»*-5a;3-18fl:2+l7ic-.5. 

(A)         4a;^+  4x«-13a?+5        6a?*-  ba^-l^x^-h  17a:-  5      (B) 
4ar»-  6a:«+  2a?  2 


+  10a:*-15a?+5      12a?*-10aj»-26aj«+  84;r-10 
+  10a*-15a?+5      12a?*  +  12a;»-39a!»+  15ar 


-22aj»  +  18a^+  19a: -10      (C) 

CoYolldxy   -to  the      zl 

tC^O    ditto     Wh    have    b?       44a?»-26a:»-  38a?+20 

insertedl  aubo ve . -  u^^ux^-nsx^^^ 

-35|-70a^  +  105a?-36      (D) 


H.C.F.  =2a:»-3a:+l.  2a:»-     3a?  +  l        (E) 

The  HCH  of  A.tl-3  15  the   H^CV.  df  fl^5. 
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DeAote  the  various  expreesions  by  the  letters  Af  £,  C,  2>  as  sfaov^n. 

All  common  fiiotors  of  J.  and  B  are  fsustors  of  2  J3— 3x^  (Theorem  ii), 
i.  e.  are  factors  of  CL 

.-.  the  H.  G.  F.  is  a  fieustor  of  C  and  is  the  H.  G.  F.  of  C  and  A,  sinee 
all  common  factors  of  C  and  A  are  also  factors  of  B  (Theorem  ill). 

All  common  iisctors  of  A  and  C  are  fieictors  of  — 2C— 11^  i.e.  are 
factors  of  D,  L  e.  the  H.  G.  F.  is  a  flftctor  of  D. 

—86  is  a  fSactor  of  D  but  is  clearly  not  a  fiMstor  of  A  nor  of  B. 

.*.  we  may  reject  the  factor  —85,  so  that  the  expression  £  now 
contains  the  H.  G.  F.  if  there  is  one. 

Hence  the  H.  G.  F.  is  the  H.  G.  F.  of  A  and  E  (Theorem  iii),  bot  on 
dividing  1?  is  a  factor  of  A. 

. '.  J?  is  the  H.  G.  F.  of  A  and  E,  and  therefore  of  A  and  D,  and 
therefore  of  A  and  B. 

When  this  method  has  been  used  several  times,  it  can  be 
shortened  by  using  detached  coefficients  (Port  I,  §  116). 

Instead  of  choosing  the  multipliers  so  that  the  term  of  higliest 
dimensions  cancels,  it  is  often  advisable  to  make  the  constant 
terms  cancel.    Consider  again  the  previous  example. 

s^     a^    X    \  a*    a^    a^     X      1 

(A)  4+  4-13  +  5  6-  5-13  +  17-  5  (B) 

4-6+2  +  4+  4-13+  5 


+  10-15  +  5  a:  |6-  1-  9+  4  (C) 

+10-15+5  a    ;; — ;rr~7  ,jy^ 


X 

,6- 

-  1- 

9  + 

4 

-7 

6- 
2 

1- 

9  + 

4 

12-  2- 
12  +  12- 

18+  8 
39  +  15 

— 

14  + 

21- 

7 

(E) 

2-  3+  1  (F) 

Here  the  H.  G.  F.  of  A  and  B 

s  the  H.G.F.  of  ^  and  ^+B,  i«e.  of  ^  and  C 

»  the  H.  C.  F.  of  A  and  D  since  z  is  clearly  not  a  common  factor 

-»  the  H.  G.  F.  of  2D-8^  and  A 

B  the  H.  C.  F.  of  £  and  A 

■>  the  H.  G.  F.  of  F  and  A  since  —  7  is  not  a  common  factor. 

Note.  When  a  quadratic  remainder  is  reached  which  cannot 
itself  be  the  required  H.  C.  F.,  it  should  be  resolved  into  fiustors. 
Then  one  at  least  of  the  factors  can  be  rejected  as  not  being 
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a  possible  common  factor.  Thus,  in  the  example  of  §  218, 
(13a:'-22a;-151)  cannot  be  the  H.C.F.  since  13  is  not  a  fyyctor 
of  1 ;  on  resolving  into  factors  (18a; + 17)  is  rejected  and  only  (a;-  8) 
remains  to  be  considered. 

220.  Square  Boot. 

Method  I  has  been  given  in  Chap.  XII.      ^i  12.6 . 

Method  n.  Finding  the  sqoare  root  is  a  particnlar  case  of 
resolving  into  factors,  and  if  the  method  of  Chapter  XII  cannot  be 
applied  that  of  §  217  can. 

Example.    Find  the  agptare  root  of 

a:«+8aJ»+12**-10a^+28aj»-12«+9. 

By  the  method  of  Chapter  XII  it  is  clear  that  the  first  two 
terms  are  a^-^Aa^  and  that  the  last  term  is  +3. 
Assmne  that 

(x'+4ic«  +  ar+6)«  =  a:«  +  8«»  +  12a?<-10«'  +  28a:»-12a?+9; 
then    (2a  +  16)a?*  +  (8a  +  26)«»+(a«  +  8J)a:*  +  2a6a:+6* 

=  12a?*-10a^+28«"-12a:+9. 

We  have  therefore  to  find  whether  the  values  of  a  and  h  that 
satisfy  2a  +  16«12  and  8a  +  2&«  -10, 

will  also  satisfy  a"  +  8J  «  28, 

2aft«-12, 
and  ft* »  9. 

The  first  two  equations  give  a  »  -2,  &as3;  and  these  satisfy 
the  other  three  equations. 
.'.    the  square  root  is    «* + 4a;*  -  2a? + 3. 

Method  m.    The  following  method  is  often  used : 

aj'+4a:'-  2a;  +  3  square  root 
2a^  ««  +  8«»+12a?*-10ir»  +  28«'-12af+9 

^^ 

2aj'  +  4aj"  8a:»+12a?* 

8^*^  +  16^* 
2ar»  +  8«»-2a?  -  4a?*-10«»  +  28«* 

-  4a?*-16a:»+  4g» 
2a:»+8a:*-4a:+8  6ar»+24«*-12a?+9 

6a:* +  240:'- 12a?  4^9 

Square  root  =  a:'  +  4«"-2a:+8. 

PATMISOV  u  B 
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Step  I.  Airange  ezpreaaion  in  deeoending  powers  of  x.  Take  the 
square  root  of  the  term  of  highest  degree  and  write  the  square  root 
down  at  the  side  or  on  the  top  as  is  done  in  this  example.  Sabtract 
the  square  of  the  first  term  from  the  original  first  term  and  bring 
down  the  next  two  terms. 

Step  II.  At  the  left-hand  side  place  twice  the  term  of  the  root  already 
found  (yiz.  2  x').  Treat  this  as  a  divisor  and  divide  the  highest  term 
left  in  the  right-hand  expression  (yiz.  Sx")  by  2z'.  This  gives  4x*  as 
the  second  term  in  the  root.  Before  multiplying  add  this  second  term 
to  the  trial  dirisor,  thus  obtaining  2x'+4x'.  Multiply,  subtract,  and 
bring  down  the  next  two  terms. 

Step  III.  Add  the  term  of  the  root  last  obtained  to  the  last  diviaor 
(i.e.  add  4z>  to  2afl+4x^).  The  new  divisor  thus  obtained  should 
always  be  tvrice  the  portion  of  the  square  root  already  found.  Obtain 
the  next  term  as  in  Step  II,  add  this  next  term  (— 2x)  to  the  divisor, 
multiply,  and  subtract :  continue  the  process  till  there  is  no  remainder 
or  until  a  remainder  is  reached  of  lower  degree  than  the  divisor. 

Proof  of  Method  TIL 

Since  (a  +  6)»«  a*+2a6+b»,  we  know  that 

Now  we  can  always  find  the  first  term  of  the  square  root ;  subtract 
the  square  of  the  first  term  of  the  root  from  the  original  expression 

(a«  +  2a5+6*)-a«  =  2db-^bK 

In  this  case  we  know  that  the  second  term  of  the  root  is  b ;  but  w^e 
can  get  h  by  dividing  the  first  term  of  the  remainder,  vix.  2ai»  by  2  a^ 
i.  e.  by  twice  the  first  term  of  the  root.  Now  a  may  stand  for  any 
expression,  e.  g.  the  first  term,  or  the  first  two  terms  or  the  first  three 
terms  of  the  required  root ;  hence  we  have  the  general  rule  : — 

When  any  portion  a  of  a  square  root  has  been  found,  and  the 
square  of  that  portion  has  been  subtracted  from  the  original 
expression,  the  next  term  in  the  root  can  be  found  by  dividing 
the  remainder  by  twice  the  portion  of  the  root  already  found. 

The  work  is  arranged  as  already  shown,  viz. 

rt'  +  2a6  +  6»  \a  +  b 

2a +  6  2afc  +  6' 

2a6  +  ft« 
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221.  Cube  Boot 

If  a  cube  root  ia  exact  it  can  usually  be  found  by  inspection, 
or  by  indeterminate  coefficients. 

Example  I.    Find  the  cube  root  of 

By  inspection,  the  cube  root  begins  with  x'  and  ends  with  —1. 
Assume  that  a^+px^+qx^l  is  the  cube  root. 

«(x»+ia>)»+...  +  (««-l)» 

Equating  the  coefficients  of  a^  and  of  x,  we  see  that  the  only  possible 
exact  cube  root  is  a^~x*— x~l. 

This  should  now  be  cubed  to  make  sure  that  the  original  expression 
is  an  exact  cube. 

There  is  a  method  similar  to  Method  III  for  square  roots. 
In  this  the  trial  divisor  is  three  times  the  squara  of  the  portion 
of  the  root  already  fpund,  to  this  we  add  three  times  the  product 
of  the  portion  already  found  and  the  new  term,  together  with  the 
square  of  the  new  term. 

Example  II.    Find  the  cube  root  of 

o«  +  6a»  +  15a*  +  20a»  +  15a«  +  6a  +  l. 

o" + 2  a  + 1    cube  root. 

a«+6a"  +  15a*  +  20a»  +  15a«  +  6a+l 

8a*+  6a»+  4a«  6a'^+16a*  +  20o« 

3aH12a»  +  12a»  6a'^-fl2a«+  8a» 

3a*  +  12a'+15a'  +  6a  +  l  8a*  +  12a''  +  15a«  +  6a  +  l 

Cube  root    a* + 2  a  + 1. 

Examples  20011  o. 

1.  Find  the  fectors  of  6a?*-7ay-8y»-8a?+y+2. 

2.  Show  that  the   graph   of  6«*  +  7a;y-8y»-4a:+5y-2- 0 
consiBts  of  two  straight  lines.    Draw  the  graph. 

3.  Find  the  value  of  c  in  order  that  2a?»  +  iry-6y'  +  8a?-4y+c 
may  be  resolved  into  factors.  . 

b2 
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4.  Find  the  values  of  h  and  c  in  order  that  there  shall  be  no 
remainder  when  «*+6ir'— 20«'  +  &r+<j  is  divided  by  a:*  — 3a; +  2. 

5.  Find  the  H.  C.  F.  and  L.  C.  M.  of 

«*-2«'+2«-l  and  2iB'-3«*  +  l. 

6.  Find  the  H.  G.  F.  of 

ir»  +  2a^  +  2a?  +  l  and  «*-»'-«+l. 

7.  Prove  that  the  product  of  any  two  algebraical  ezpressioiis  is 
equal  to  the  product  of  their  H,  G.  F,  and  L.  G.  M. 

8.  Find  the  square  root  of 

^•+2iP*+3a?'-8a^-9a?'-10a?+25. 

9.  Find  the  H.  G.  F.  of 

4a?*  +  5aj"  +  7«+2  and  16«»  +  10»+7. 

10.  Find  the  H.  G.  F.  of 

800-«(l  +  3af)*  and  192 -a? (1- 3a?)'. 

11.  Find  the  H.  G.  F  of 

«»-«»-4a^-3a?-2  and  5a:*-3««-8a?-3. 

12.  Extract  the  square  root  of 

81  (a?*  + 1)  +  36a?  («•  + 1)  - 158  a!«. 

13.  Find  the  square  root  of 

14.  If  m  and  n  are  two  integers  with  no  common  divisor  except 
unity,  show  that  m*  +  n^  and  m'— n'  can  have  no  common  divisor 
other  than  2. 

15.  Factorize  l+y(l  +  af)«(l  +  ay). 

16.  Find  the  H.  G.  F.  of 

9a?«-7a^+4a?-3  and  3a?»+2x'+3a;»  +  l. 

17.  Factorize  (a?+a)P  +  (ar+J)«-(2a?+a  +  6)». 

18.  Find  the  square  root  of 

(a?+l)(a:  +  2)(a?  +  3)(a?+4)  +  l. 

19.  Find  the  square  root  of 

a;«(a:«  +  l)-a:(a?  +  l)(2a?-l)  +  i. 

20.  Find  the  square  root  of 

9a^  +  66a?  +  163aj«  +  154a? + 49. 
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21.  Resolve  into  factors 

22.  Find  the  H.  G.  F.  of 

2aJ-9a^  +  lla?-.3  and  4aj»-4»»-5a:+3. 

23.  Find  the  fl.  G.  F.  of 

9«»+lla^-2  and  81«»+lla?+4. 

24.  Find  the  square  root  of 

«*  +  l-12a?(j:»  +  l)  +  38a:«. 

25.  Extract  the  square  root  of 

26.  Find  the  square  root  of 

4aV+96V-4a«c-6afcc+12aW  +  a«. 

27.  Find  the  H.  G.  F.  of 

96a5>  +  52a:*  +  12a:+l  and  128ir»  +  64a^+14x+l. 

28.  If  2»*+a«-6a?*-(w:-2  is  exactly  divisible  by  aj«  +  2ar+l, 
find  the  value  of  a. 

29.  Extract  the  square  root  of 

9"^8"*"9         3"^9' 

30.  Find  the  square  root  of 

«?(«+!)  (a:+2)(«+3)  +  l. 

31.  Find  the  value  of  y  which  will  allow  of  the  following 
fraction  being  reduced  to  lower  terms: 

a:'-f(4y-l)3c»  +  a;+l 
ar»  +  (4y+l)a:*  +  3a?+r 

82.  Find  the  cube  root  of 

l-6a  +  21a«-44a'  +  63a<-54a»  +  27a«. 

83.  Find  the  cube  root  of 

a:«-12«»  +  54ic«-112«»  +  108a^-48«+8. 

84.  Find  the  cube  root  of  27081081027. 

85.  Divide  1  by  1  -a?  to  5  terms.    What  is  the  remainder? 

86.  Find  the  square  root  of  1  --x  to  5  terms. 

87.  Find  the  cube  root  of  1  —:r  to  3  terms. 

88.  Find  the  condition  that  a^-^-px-^-q  and  OT'  +  ax+ft  should 
have  a  common  fitctor. 
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39.  Find  the  neceamy  condition  thai  ax^+fcr+csO  and 
rjc'  +  fer  +  assO  should  bave  a  common  root,  if  a  and  c  are 
different  qnantities. 

40.  Find  numerical  values  of  A^B^Cw  that 

x*  A  B  C 

(X'-2f  ^  {X'2f  ■*"  (x^2f  ■*"  (x-2) 

may  be  an  identity. 

MifloeUaneoiis  Eqiiatioiia. 

The  object  of  the  following  examples  is  to  show  how  the  work 
in  connexion  with  equations  may  often  be  lessened  ;  or  how  equa- 
tions which  appear  incapable  of  solution  by  elementary  methods 
may  be  reduced  to  a  solvable  form. 

222.     Qaadratlo  Equations. 

Example  I.  Quadratic  equations  with  literal  coefficients  are 
usually  solved  by  factors. 

Solpe  (o  +  6)ic*-f(a+26+c)a?  +  (6+c)  =  0. 

This  factorizes  at  once  {(a  +  6)  a:  +  (6 + c)}  {«  + 1}  =  0 ; 

h  -he 


-1  or  — 


a  +  6 


b  c 

Example  II.  The  relations  (X-^-fi'^  —  ,a(/3=-  are  very  useful 

and  often  give  a  quick  solution. 

Solve  (a?-6)(a:-c)s=  (a-6)(a-c). 
One  root  is  obviously  x  ^  a. 
The  sum  of  the  roots  is  h  +  c; 
,\    the  remaining  root  is  h  +  c-a. 

Example  III.    Form  an  equation  uhose  roots  exceed  ihe  roois  of 
«»-5a?-8  by  2. 

Let  y  tss  a?  +  2, 

then  a?  =  y-2. 

But  X  satisfies  the  equation  a^-^bx-S^O; 

.'.    y  satisfies  the  equation  (y  -  2)*  -  5  (y  -  2)  -  8  «  0 ; 

i.e.    y»-9y  +  6  =  0. 

Hence  the  required  equation  is  a^—9x  +  Q  =  0, 
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Example  IV.    If  x  is  real,  prow  that    ,         _v  can  hate  all 

values  except  such  as  lie  between  2  and  —  f. 
Denote  Uie  value  of  the  fraction  by  k. 

Then  _i^±?_ 

x«  +  2ar-l'" 

Treat  this  as  a  quadratic  equation  to  find  x. 

Multiplying  8a;«  +  2  =  Jb:»  +  2ib?  -ib. 

Trantpose  (8-A?)a?'-2A:a:+2+A:  =:  0, 

But  X  ia  real ; 

.  •.    4P  -  4  (3  -  A?)  (2  +  k)  is  positive ;       (Part  I,  §  150) 

i.e.    A:'-6-A:  +  As'  is  positive; 

i.e.    2^:*— A:— 6  is  positive; 

i.  e.    (2k  +  3)  (*  -  2)  is  positive ; 

i.  e.    2  {A?-  ( -|)}  {A:-2}  is  positive ; 

.*.    k  cannot  lie  between  2  and  - 1. 

223.  Equations  of  degree  higher  than  seoond.     These  can 
often  be  reduced  to  quadratic  equations. 

Example  I.    Solve  (a:-8)  (x-4)  (ar-5)  (as-B)  =  24. 

Rearrange  factors  (x  -  3)  (a?  -  6)  (x  -  4)  (a?  -  5)  =  24. 

Multiply  in  pairs  (^-9^+18)  (a;*-9;c  +  20)  =  24. 

Treat  a:*— 9:r  as  the  unknown  quantity, 

(j:» - 9a;)*  +  38  (jc«  - 9a?)  +  386  -  0. 

Factorize  («•  -  9  a?  + 14)  (a;*  -  9a?  +  24)  =  0. 

Hence,  either  a;*-9a:  +  14=0   or  a?'-9a?  +  24  =  0,  and  these 
can  be  solved  in  the  usual  manner. 
A  similar  method  may  be  used  with  such  equations  as 

2a?»-3a?-l  + v^2a:»-3a?  +  5  «0. 

Replace  ^/2a?*-3a?  +  5  by  y  so  that  2x'^-3a?+  5  —  y*. 
The  equation  now  becomes  y'-6+y  =  0 ; 

i^e.    (y  +  8)(y-2)«0. 
Hence  ^2a?'-3a?+5  =  2  or  -3. 
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Bzample  II.    Solve  V'2a:"  +  2a?  +  3  +  a/2s^Tx^  =  2a?. 

Notice  that      (2a?*  +  2a?+3)-(2aj«+ar  +  3)  «  «. 

Divide  each  ride  of  this  by  the  corresponding  ride  of  the  original 
equation 

V'2a:*+2a?+3-V'2«*+a?+3=  \. 
Add  this  to  the  original  equation  and  divide  by  2, 

v'2^M^2^+3  «a?  +  J. 

Square  2a;'  +  2a:+3  ««'+4«+A» 

which  is  an  ordinary  quadratic. 

Bxample  III.    Solte  (a  +  &r)(6-ar)  =  (-  +  »)(fr  -  -)• 
Remove  brackets, 

X                or       X 
Transpose      ahya^-  ^  j  -=  (ft*  -  a*)  fa? j ; 

.'.    either  a?  —  =  0  or  aft(a?+-)«B:  6*-a'. 

These  can  now  both  be  solved  by  the  ordinary  methods. 

In  equations  of  this  character  it  is  often  useful  to  recollect  that 

Bzample  IV.    Solve  a?*-I0ar»+26a?*-10a?  +  l  =  0. 

The  peculiarity  of  this  equation  Is  that  the  coefficient  of  the  highest 
power  is  the  same  as  the  constant,  and  the  coefficient  of  the  next 
.  A  Y  '.  I ;         highest  power  is  the  same  as  the  coefficient  of  the  first  power.    Such 
equations  are  called  reoiprooal  equations. 

Divide  by  a^  and  rearrange, 

a?*  +  2+  1.  -lO^a?  +  1  W24  -  0; 

i.e.    ('a?  +  M*-10^a?  +  ^j  +  24  =  0; 

.%    a?  +  -  «=  6  or  4. 

X 

And  the  solution  can  be  completed  by  the  ordinary  methods  for 
quadratic  equations. 


0    -..t  ( 
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224.  Simnltoneoas  Qnodratlo  Bquattoiu. 


Example  I. 

y  +  »     5 

zx        3 

»  +  a?  ~  4' 

xy        2 
«  +  y     3' 

(i) 

(ii) 
(iii) 

Invert  each  equation. 

y+«_ 1      1 _5 
yz    ^  z      y      6 

(iv) 

Similarly 

1      1      4 
x'^'z^V 

1      1      3 
y^  X     2' 

(V) 

(vi) 

Add  iv,  V,  vi 

„/l      1      1\      5+8+9 

2  f  -  +  -  +  -  I  =  — c —  > 
Va?      y      z/           6 

divide  by  2 

1      1      1      11 

-  +  -  +  -«-a-- 
a;      y      )7       6 

Subtract  iv 

a:      6' 

• 
•  • 

X 

=  1. 

Subtract  v 

• 
•  • 

y 

-2. 

Subtract  vi 

• 
•  • 

z  > 

^8. 

Bxample  II. 

y(a?  +  2r)  =  6, 
2r(a:  +  y)  =  c, 

(i) 

(ii) 
(iii) 

Remove  brackets  and  regard  yz,  zx,  and  xy  as  the  unknowns. 
Add  the  three  equations  and  divide  by  2. 

a-^h  +  c 
yz+zx-^xy^ — 2 —  ' 

For  convenience  put  2*  =  a+5  +  c. 

Then  yz-\'zx+xy  =  s. 

Subtract  i  yz  —  s-a,  (iv) 

Similarly  zx  =  e—h,  (v) 

xy^8—c.  (vi) 
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Multiply  these  last  three  eqnatioiu  together  and  take  square 
«x»t-                     «y«  -  ±  ^/(«-a)(«-6)(#-e). 
Divide  in  turn  by  iv,  v,  vi  

*=±\ s-a    —   ' 

and  similar  values  for  y  and  z ;  the  signs  being  all  +  or  all  - . 

225.  Let  (X,  /3,  7 ...  be  the  roots  of  the  equation  /(x)  «  0  where 

Since  /(a),  /(^,  /(y),  &o.,  each  equal  nothing, 

(a-a),  («-/5),  («-7) ...are  all  factors  of /(«;. 

Hence  Po**+Pi**"'+  •••  +P» 

=Po(«-a)(«-«(«-7)... 

=  Po{a^-(a+/5+r..)**"H(ai8+a7+/57+...)«*"*+- 

+(-.a)(-/3)(-7)...}. 

Therefore  by  the  Principle  of  Indeterminate  Coefficients, 

5(a)  =  -^S   s07)-?t,... 

Po  Po 

a/57...«  +  ^ifni8even,  - —if  n  is  odd; 

Po  Po 

i.e.     «(-l)«^. 

Po 

We  have  had  a  particular  case  of  this  when  dealing  with  quad- 
ratic equations.  In  Part  I,  §  149,  it  has  been  shovm  that  if  (X  and 
P  are  the  roots  of  the  quadratic  equation 

a«"  +  fta:  +  c  =  0, 

then  (X  +  ^=^ — »  a^=:-« 

a  a 

Questions  dealing  with  symmetric  functions  of  the  roots  of  an 
equation  are  most  easily  dealt  with  by  using  these  relations. 

Example  I.  Find  the  value  of  5  («»)  and  S  (a— /3)^  M 
each  of  the  eqtMtions  : 

(i)  8r'-2ir+4  =  0.        (ii)  a?-4«»+3a;+l  =  0. 

Let  01  and  j3  be  the  roots  of  the  first  equation. 

Then  a+3  =  8i    aP  =  J. 

Hence       2  (a»)  =  (a + 3)»  -  2a3  =  J  -  J  =  -  ^ . 
2(a-3)'  =  (a+3)«-4ai3  « 1- V  =  -**. 


MISCELLANEOUS  EQUATIONS  865 

The  second  equation  is  of  the  third  degree  and  may  have  three 
roots. 

Let  (X,  fif  y  be  the  roots, 

then    cx+0+y  =  4,    ^y  +  >CX  +  CX^  =  3,    a/3y=  -1. 

s(a*)  =  (a+^+v)»-2(j8y+ya+a^)  =  16-6  =  10 
s(cx-j8)»«a«-2a/3+3*+|3*-2/3y+y*+>*-2ya  +  a» 
=  2{a•+^*+>'-^y->a-a^} 

=  2(10-3) 
=  14. 

Example  II.  I/oc  and  fi  are  the  roots  of  the  equation 

form  the  equation  whose  roots  are  l-k--  and  1  +  - . 

p  a 

Required  equation  is 
but 


-1 

4- 

0(» 

+2aj34 

:^- 

s 

6» 

6« 

a 
Hence  equation  is 

aca:»-6«a?  +  6«  =  0. 

226.  Elimination. 

If  there  are  more  equations  than  there  are  unknown 
quantities  there  must  be  some  relation  between  the  co* 
efficients  if  they  are  all  satisfied  by  the  same  values  of  the 
unknown  quantities.  This  relation  is  found  by  eliminating 
the  unknown  quantities. 

Example  I.    Find  the  condition  that  ctx  =  h,  cx^  d^  should 

Mh  he  true  at  the  same  time, 

h      ft 
Clearly  the  condition  is  -  =  -  i  e.  &c— oo?  =  0. 
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Bzample  IL    MiminaU  x  from 

and  aV  +  6'ir+c'=0.* 

This  coald  be  done  by  solving  each  equation  separately  and 
then  equating  the  two  yalnes.  This  method  would  be  very  long^t 
and  the  following  method  should  always  be  adopted : 

ajc"  +  &i?+c«0.  (i) 

aV  +  6'x+c'«0.  (u) 

Eliminate  a^. 

Multiply  i  by  a'  and  ii  by  a. 

aa'a^  +  a'bx-^a'e^  0. 

aa'a^-^ab'x+ac'  ^  0. 
Subtract  (a'b  -  ab')  x  =  ac'-'  c'c.  (iii) 

Eliminate  the  constant. 
Multiply  i  by  c'  and  ii  by  c. 

ac'a^-Vhc'x-h-cc'^  0. 

Subtract  (ae'  -  a'c)  «• + (^?'  -  6'c)  a:  =  0. 

Now  X  is  not  zero,  therefore  we  may  divide  by  x ; 

.•.    (oc'  -  a'c)  ap  =  &'c  -  hc\  (iv) 

From  iii  and  iv  we  get  two  different  forms  for  the  value  of  x ; 
equating  them,  we  have  the  result  of  elimination 

ac'  —  a'c  __  h'c  —  be' 
a'b—db'  ~  ae'  —  a'c 

Clearing  of  fractions  this  becomes 

{ab'  -  a'6)  (be'  -  b'c)  =  {ac'  -  a'c)\ 

Vote.  Sinoe  the  two  original  equations  are  true  for  the  same  value 
of  X,  the  two  expressions  ax'+to+c,  a'a?+b'x+<f,  have  a  oommon 
factor.  Hence  all  the  work  could  be  applied  to  the  following  queetion. 
Find  the  amditicn  fhat  aac*+to+e,  and  a'x'+b'x+c'  ^om  a  ecmmon 
factor. 

Example  m.    Eliminate  x  and  y  from 

ai«+ftiy+Ci  =  0, 

Solve  two  of  the  equations  and  substitute  the  solutions  in  the 
third  equation. 

*  See  footnote  on  p.  840. 
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Examples  XXIII  d. 

Solve : 

1.  a^+a?+l  =  -/3(2a:+l). 

2.  y«-36  =  6y+2-/y«-6y-28. 
8.  a?(a?— a)  +  (a  +  6)(a-6)  =  oa?. 

4.  (2a?-a)(2a?-6)-(2a?+a)(a?+6)  +  a(ar+46)  =  0. 

x^h      x-a 

6.  Va:«+2a?--4  +  v'i»'+2a;  +  l  «  5. 

7.  (a:+l)»«5(v<?+2^+2-l). 

8.  (a:«  -  30a?)  (aj"  -  80a: + 200)  +  8064  =  0. 

9.  aJ  +  (a:«-aaj  +  6»)*=  — +  6. 

10.  v'2a:*-8a;  +  7  +  i/a:*-5a:+9  =  -/2a:"-6ar+7  +  -/a:«-7a?+9. 

11.  Find  the  relations  between  the  coefficients  of  the  equations 
cM^  +  ^ar+c  B  0  and  la^-^mx+n  vb  q,  if  the  roots  of  one  equation 
are  the  reciprocals  of  the  roots  of  the  other. 

12.  Prove  that  the  sum  of  the  cubes  of  the  roots  of  the  equation 
aj*-|>a:+g  =  0  \&^^^pq, 

13.  Form  the  quadratic  equation  whose  roots  OL  and  /3  are  deter- 

115 

minedbya  +  p  =  5,  ^j  +  g  — «• 

14.  Find  the  value  of  h  that  makes  the  roots  of  the  following 
equation  equal         a:«-2(2+A:)a:  +  A:«+44  =  0. 

15.  If  the  di£Fierence  of  the  roots  of  the  equation  ai^-k^px-^-q  ^  0 
is  1,  prove  that  i>»  +  4g» «  (1  +  2g)«. 

16.  What  is  the  condition  that  the  equation 

2aa?(aa?+nfc)  +  (n«-2)ifc*  =  0 
has  real  roots  ? 

17.  Solve  a:"+y*  =  29,  (a?-y)  (a^-y")  «  851. 

18.  Solve  2(«'  +  ^)-9(a?+^)  +14«0. 

19.  Solve- +^  =  2,  7-^?'r 
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20.  If  (X  and  /3  are  the  roots  of  ax^-^bx  +  e  =  0,  find  an  equation 

.  .  1  +  a      ,  l+^ 

whose  roots  are  —5--  and  — ^  • 

21.  Solve  f  =  I  =  I  =  . i — -- . 

2      3      6      2x  +  Sif+6z 

22.  Prove  that  if  the  roots  of  aa^-\-2bx  +  c  =^  0  are  imaginarj, 
the  roots ofaaj*  +  2(a  +  6)a?+a  +  2&  +  c  =  0are  also imag^inary. 

23.  Construct  an  equation  whose  roots  shall  exceed  the  roots  of 
aa^  +  2&a:+c  =  0  by  three. 

-  -24.  What  is  the  condition  that  one  of  the  roots  of  the  equation 
aa^'^-2bx+c^0  is  the  reciprocal  of  one  of  the  roots  of  the 
equation  a V + 2  6'a? + c'  =  0  ? 

25.  Form  an  equation  whose  roots  are  less  by  3  than  the  roots 
of  a:' -27a? -36  =  0. 

26.  Solve  a:*-10ar»-f22a;*  +  10a?  +  ls=0. 

ic*--3;c— 2 

27.  Show  that,  if  a?  is  real,  the  fraction  — ^ = —  may  have 

Zx  —  o 

any  value  by  properly  choosing  x.    How  could  this  be  shown  by 
a  graph? 

28.  It  is  required  to  choose  k  so  that  the  equation 

a:*-(3Ar  +  4)a?+A:«  +  4  =  0 
may  have  real  roots.    What  restriction  is  there  to  the  value  of  ib  ? 

29.  The  cooi*dinates  of  a  point  are  given  by  a;  =  4m,  y  «  8m% 
where  m  is  any  real  quantity.  What  is  the  equation  of  the  locus 
of  the  point  ? 

30.  Eliminate  h  and  k  from  the  equations : 

a:  +  24      4     a:+15      3 

31.  Find  the  value  of  a  if  the  same  values  of  x  and  y  satisfy  the 
three  equations 

2a?  +  3y  +  5  =  0,    3ar-ay  +  l  =  0,    a?  +  y-2  =  0. 

32.  What  is  the  relation  between  p,  g,  and  r  if 

^  =  a?+(a-l)y,    2  =  ar  +  (6-l)y,    r  =  a?  +  ((;-l)y ? 

33.  Solve  y2r+«r  +  a?y  =  a'-a5'=  6*-y'«  c'-»'. 

34.  Solve  x  +  y-\-z  =  \  (a:"  +  y'  +  a:")  =  -arya;  =  2. 

35.  Solve  x-a  =  y-b  =  z-c  =  ^^a^y^r. 
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86,  Solve    yar+w  (tf  +  z)  =  a^-tn\ 

37.  Solve    a?(y+«)«=4J, 

y(z  +  x)  =  5, 
2f(a?+y)«=2. 

38.  Solve   y«  «  6,  «a;  =  3,  ay  =  2. 


CHAPTER  XXIV 

RATIO   AND   PROPORTION.     VARIATION. 

GRAPHICAL    ILLUSTRATIONS. 

SLOPE  OP  A  CURVE 

Ratio  and  Proportion. 

227.  Two  quantities  may  be  compared  either  by  finding  their 
difference  or  by  finding  how  many  times  one  is  contained  in  the 
other.  Thus,  if  we  wish  to  compare  the  weights  of  two  parcels, 
one  weighing  5  lb.  and  the  other  101b.,  we  may  say  either  that  one 
weighs  51b.  more  than  the  other,  since  10-5  »  5,  or  that  one 
weighs  twice  as  much  as  the  other,  since  10  -r  5  »  2.  If  the 
weights  were  5  lb.  and  7  lb.  respectively,  we  should  say  that  the 
lighter  weight  is  f  of  the  heavier  weight,  since  5  -^  7  =  f .  This 
could  otherwise  be  expressed  by  saying  that  the  ratio  of  the  lighter 
weight  to  the  heavier  is  as  5  is  to  7. 

The  ratio  of  two  nnmbers  x  and  y  is  the  quotient 
obtained  when  x  is  divided  by  y  ;  the  ratio  is  written  x  :  y 
and  is  read :  a;  is  to  y. 

The  ratio  of  two  concrete  quantitieB  of  the  same  deno- 
mination,  containing  x  units  and  y  units  respeetiyely, 
expresses  how  many  times  the  second  is  contained  in  the 
first  and  is  measured  by  the  ratio  x  :  y. 
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It  is  clear  from  the  definition  that  the  ratio  of  one  quantity 
to  another  is  the  same  as  the  multiple  or  fraction  the  first  im 
of  the  second. 

If  two  ratios  are  equal,  the  sign  : :  (read '  as  *)  is  sometimes  used 
instead  of  « ;  thus,  a:h::c:d  (a  is  to(a8cisto<Q  means 
a:b^  c:d. 

Examples  XXTVa. 

What  is  the  ratio  of : 

1.  3  yds.  1  fb.  3  in.  to  5  yds.  ? 

2.  3  Ih.  10  oz.  to  4  lb.  5  oz.  ?         8.  £5  to  3^.  ? 

4.  je5to£3?  5.  £5  to  3  yds.? 

Are  the  following  statements  true  ? 
6.  3:5rr  27:45.  7.  3  tons :  5  tons  =  27 :  45. 

8.  3  tons :  5  tons : :  27  minutes :  45  minutes. 

9.  8  tons :  5  cwt.  =  27  shillings :  45  pence. 

Find  X  so  that  the  following  statements  may  be  true  : 

10.  4:7=:  19:07.  11.  4  fL  :7  ft.  ::19«.  :a;shilling8. 

12.  3:a?  =  £14:£15.  13.  a::5J::  13  ft.:5yds. 

14.  Prove  that,  ifa:h::c:d^bc  must  equal  ad. 

State  and  prove  the  converse. 

15.  If  a:+5  :a?  =  19 :  12,  prove  that 

(i)  ar  +  5:5::19:7,      (ii)  a::5::12:7. 

16.  If  a :  6  =  c :  d,  prove  that 

(i)    6  : a  =  d : c,  (ii)    aic=ih:d, 

(iii)    c:d  =  a:b,  (iv)    d:c  =:b:a, 

17.  Find  two  numbers  in  the  ratio  of  4  to  7  whose  sum  is  297. 

18.  There  are  two  areas  A  and  B;  A  contains  just  as  many 
square  yards  as  B  contains  square  metres.  Find  the  ratio  of  ^  to 
i$  as  a  decimal  assuming  that  a  metre  equals  3*28  ft. 

19.  Two  numbers  are  in  the  ratio  of  3  to  5 ;  the  larger  of  them 
increased  by  2  is  to  the  square  root  of  twice  the  smaller  number 
as  16  to  3 ;  find  the  numbers. 

20.  Two  numbers,  whose  sum   is   2  a',  are  in  the  ratio   of 

oh  ah 

<*  +  ^  ■"  rrr  ^^  0-6  +  — =■ .    Find  the  numbers. 
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228.  Ratio  and  Proportion  can  be  treated  independently  of 
fractions ;  consequently  there  are  several  expressions  in  common 
use  the  meanings  of  which  must  be  known  although  the  need 
for  them  no  longer  exists. 

The  first  term  of  a  ratio  is  called  the  antecedent,  the  second 
term  the  consequent. 

The  ratio  a' :  b^  is  called  the  duplicate  ratio  ofa:b» 

The  ratio  o^ :  b'  is  called  the  triplicate  ratio  ofaib. 

The  ratio  V^ :  v^  is  called  the  sub-duplicate  ratio  of  a :  b. 

&c.,  &c. 

The  ratio  a:c  is  said  to  be  compounded  of  the  ratios  a:b 
and  b:c. 

Since  o  :  c  =  -  =  r  x  - ,  we  see  that   ratios   can   be  com- 

c      b      c 

pounded  by  multiplying  the  corresponding  fractions. 

A  ratio  is  said  to  be  of  greater  inequality,  equality,  or  less 

inequality  according  as  the  first  term  is  greater  than,  equal  to, 

or  less  than  the  second. 

229.  If  a:b  ^  c:df  then  a,  b,  c,  d  are  said  to  be  in  pro- 
portion; a  and  d  are  called  extremes,  b  and  c  means;  also  d 
is  called  the  fourth  proportional  to  a,  b,  and  c. 

If  a :  b  =  6 :  c,  then  b  is  called  the  mean  proportional  between 
a  and  c,  while  c  is  called  the  third  proportional  to  a  and  b. 

If  a:b  ^b:c^  c:d„.t  then  a,  &,  c,  (2,...  are  said  to  be  in 
continued  proportion. 

a:b:c::x  lyizis  aa  alternative  method  of  writing 

230.  If  a :  b  =  c:  (2,  we  have  already  seen  that  ,=31  so  that 

o      a 

questions  involving  proportion  can  be  solved  by  replacing  the 
ratios  by  fractions.  In  this  way  the  following  general  theorems 
may  be  proved : 

If        a :  &  =  c :  ({y  then 

& :  a  =  ({ :  Cy  (invertendo) 
aic^hid,  (altemando) 
a-{-b :  &  =  c+d :  d,  (oomponendo) 
a— & :  h  =  c— d  :  d,  (dividendo) 
a-k-hi a—b  =  c-k-dic-^df  (oomponendo  at  dividendo), 
and         bc  =  ad. 

PATBBSOV  11  C 
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These  resolte  should  be  recollected  and  may  always  be  referred 
to  by  the  ^corresponding  Latin  word. 

We  give  a  proof  of  one  of  these,  and  leave  the  rest  as  exercises 
for  the  student. 


a       c 
b^  d' 

Add  1  to  each  side. 

h'-a^^' 

a  +  b      c+<J 

Le. 

a+b:  b  ^  e+did. 

231.  The  ratio  of  two  podtiye  quantities  a  and  h  is  made 
mors  nearly  equal  to  unity  by  adding  the  same  positiTe 
quantity  to  both  of  them. 

(I  "^  X 

It  is  required  to  show  that  r is  more  nearly  equal  to  1  than 

T  i  when  a,  &,  and  d;  are  all  positive. 

Case  I.    a>h\  then  a :  h  and  a+;e  :5 + a;  are  greater  than  1. 

a      o  +  a?      (a-h)x      ,  .  ,  .         ... 
r  —  ir. —  =  \  t-L  /  <  9  which  is  positive. 
b      b  +  x      ©(o+ar)  *^ 

O        0  +  X 

Case  IL    a<b;  then  a :  b  and  a+x:b  +  x  axe  less  than  1. 


+  x      a      (ft-a)a?      ,  .  ,  .         ... 

";~"  •"  i:  —  i.,i  .    ; ,  which  is  positive. 

+  x      b      b(b  +  x)  '^ 


These  two  cases  are  sometimes  stated  as  separate  propositions : — 

A  ratio  of  greater  inequality  is  diminished  by  increasiDg 
the  antecedent  and  consequent  by  the  same  quantity. 

A  ratio  of  less  inequality  is  increased  by  increasing  the 
antecedent  and  consequent  by  the  same  quantity. 
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232.  If     ~  =  ^  =  -=  ...,    then  each  fraction  equals 

Let  k  denote  the  value  of  each  fraction ; 
then  a=^hle, 

c  =  dkf 
e^/k, 


•     t     • 


Add  (a+c  +  «4-...)  =  (&  +  d+/+..-)*; 

In  a  similar  way  the    following   general   theorem   may  be 
proved : 

If    fc  "  5  ^  /•  ==  •••>   ©•ch  fraction  equals 
Example  I.    ^  r~- =  "T"- *" -4t  »  <*«» 


By  inverting 


y+«-a?      af+a:-y      a?+y-"« 
ft+c      c  +  a      a  +  6 


X  y  z 

Each  fraction  =  (c+«)  +  (a  +  ft)-(fe+<^) 

y     +     «      —     ap 

By  symmetry  each  fraction  = or 


z+x~y         x+y-z* 
h  c 


•  • 


Example  11.    Solve 


tf+z—x     z  +  x—y      x+y^z 


a*+b*  2ab 

0  2 
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[Each  fraction  =  [(^^«);^(x->)']±[(a>^a)Mx-»']   ,^^  ^^ 

signs  being  taken  together.] 
By  (i)  adding,  (ii)  subtracting  the  numerators  and  denominators, 

each  side  =  ^^^i^«^i^:i^. 
eacnsiae-   ^^^^j,   -   ^^^^^^ 

Take  square  root  — r-i-  =  ±  — r  • 

ag  +  g  _  a?-&  _  o+6        r.      _  (a?+g)-(ar~6)"l 
Caiel.        a  +  ft-a-ft"*    26  T^' ""  (a+^-.(a-fc)J  • 


0?  = 


Case  II. 


22» 

x  +  a      — (a:-6)      c  +  6 
a  +  &         a-6  2a  ' 

-a*  +  2a6  +  6« 


flp  = 


2a 

This  equation  may  also  be  solved  as  follows : 

(a?+a)«  +  (a?-&)»^a'+y 
(a?+a)«-(ar-6)»        2a6  * 

Componendo  et  dividendo : 

2(a?  +  a)'_a'-f2ad-f-y 

2(a:-&)«  ■"  a«-2a6+6»' 
Take  square  root 

a?  +  a      a  +  6  a?  +  a      —a— 6 

^ or    ' ^ ■ 

flp— fr     a— 6  x—b       a— 6 

Dmdendo     — -^  =  -^t-    or    -— r-  «  — 5 

a+b        2b  a  +  6         —2a 

a«  +  6»  -a»  +  2ad  +  6* 

•*•    *  *=    0,,       or     5 • 

2b  2a 

233.  If  two  integers  a  and  b  can  be  found  so  that  x:y  ^aib^ 
then  0?  and  y  are  said  to  be  oommezuinrable.  If  no  such  integers 
can  be  found  x  and  tf  are  inoommexunirable. 

Thus  .3:     -Us  33:   U, 

V^.Vi2«    1:     2, 

VS:  V5-   1:V2; 

therefore  •&  and  Ai  are  commensurable,  so  are  V^  and  v^  >  ^^t 
^3  and  V^  are  incommensurable  since  v^  is  a  surd. 
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But  even  though  x  and  y  are  incommenBurable,  integers  a  amd 
h  can  always  be  found,  so  that  x\y  =  a :  &  to  any  required  degree 
of  accuracy.  Hence  the  results  already  proved  on  the  under- 
standing that  the  quantities  are  commensurable  are  true  also  for 
incommensurable  quantities.  Thus  if  work  is  required  to  be 
correct  to  4  significant  figures,  we  have  »/%  =  1*414. 

.-.    a/3  .Ve  =  1 :  1414  «  500 :  707, 

and  for  the  required  degree  of  accuracy  we  have  found  the  ratio 

Single  quantities  are  called  inooxoxnenBurable  when  they  are 
incommensurable  with  unity,  e.g.  V7,  v  (the  ratio  of  the  length 
of  circumference  of  any  circle  to  that  of  its  diameter),  are  incom- 
mensurable. 

Examples  XZIVb. 

If  a\h^c\d^  prove : 

1.  2a:3&«  2c:3cf. 

2.  3a-5c:2a  +  3c  =  36-5rf:26  +  3d. 

3.  c^-vabx^-^-ca^ahx  cd, 

4.  (a  +  5)(c  +  rf)«^(c  +  tf)»=~(a  +  fc)«. 


\a     a  J      \b      cj  abc 


6.  Find  a  fourth  proportional  to  f,  },  f ;  and  a  mean  pro- 
portional t-o  -On  and  453. 

7.  Prove  that 
a:*-4a?y+y»:a:*-2v^a!y-y*=sa^+2V^a?y-y":a:«+4a:y+y». 

Show  that  each  ratio  =  a:-(2-  V5)y  :a?  +  (2-  v^) y. 

8.  There  are  two  numbers  in  the  ratio  2:3;  if  20  be  added  to 
each,  the  sums  are  as  6 : 7.    What  are  the  numbers  ? 

9.  If  b-4a :h  +  4a  «  1 : 2,  find  the  value  of  h:a and  of 

36  +  5a:36-5a. 

10.  U  aib^hic^  e:d,  prove  that 

11.  If  aih^cid,  show  that  ab  +  cd  is  a  mean  proportional 
between  o'  +  c*  and  6*  +  ^*. 
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12.  Find  a  third  proportional  to  (i)  $  and  ^,  (ii)  */i  and  -323, 
(iii)  .323  and  v^. 

13.  If  five  quantities  a,  hy  c,  d,  e  are  in  continued  proportion, 
show  that  the  ratio  of  the  first  to  the  last  is  the  fourth  power 
of  the  ratio  of  any  two  consecutive  quantities. 

14.  If  ^T =  -z — ^.  X  and  y  beinff  unequal,  show   that 

each  is  equal  to  -j-^ — >  and  also  to  x  +  y  +  z. 

15.  li  axhxxc\d,  show  that 

2a  +  3&:2c+3(;::3a-4&:  3(7-4(2. 

16.  If  a  +  &:6+c  =  c  +  cf:d  + a,  prove  that 

a  =  e    or    a  +  ft  +  c  +  daeO. 

17.  If  a,  &,  c  are  positive  quantities,  show  that  -=■ —  is  greater 
or  less  than  r  according  as  a  is  less  or  greater  than  h. 

If  r  is  a  positive  proper  fraction,  show  that  positive  integers 

Xtt  '4- 1/ 

X  and  y  can  always  be  found  such  that  -r — -  is  equal  to  any  given 
proper  fraction  which  is  greater  than  ^  • 

18.  If  a:6::c:df,  prove  that  {^\  +  ^|j  ^^^' 

19.  If  X  and  y  are  unequal,  and  x:y  is  the  duplicate  ratio  of 
x—z:y-Zj  then  2r  is  a  mean  proportional  to  x  and  y, 

20.  If  a?':  3/ : ;?' : :  a?y :  Of": yar,  prove  that 

x:y:z::  x'y' :  a;'' :  y V. 

21.  If  ^^    ^ ==  55 — I — r  =  o    .  oi> — »  fi»<l  t^e  ^^ae  of 

26  +  2c-a      2c  +  2a-6      2a  +  2b-c 

a :  &  in  terms  of  ar,  y,  and  z, 

22.  If  a :  6 : :  6 :  c : :  c :  rf,  prove  that 
(i)    axdr.V'K?', 

(ii)    a»  +  (P:ft'  +  c»::a'-6c  +  cP:(a6«f)*. 

23.  If  «  >  6  and  a>c^a  being  positive,  and  if  a :  6 : :  c :  cf,  prove 
that  a  +  d-(6  +  c)  is  positive. 
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24.  If  T- =  — -^^ — r  =  — -T —  >  prove  that 

6+c-a      c+a-6      a+b-c     ^ 

y+z     z  +  x     g+y 
a  b  e 

Solve  the  following  equations : 

25.  s/x-^-A/bi  V^-  -sA  =  a : 6. 

26.  ar:27::y:9::2:a?-y. 

g-    a  +  2«+v'a'-4a:*      5a? 


28. 
29. 


«"-a?+l  ""  a'-a  +  l  ' 

a*  +  3a:»-2a?+4     a^  +  8a?-2 


a»-8a5«  +  2a?  +  4      a:*-3a?  +  2 
80.  Find  x\y\z  from 


Variation* 

234.  If  two  changing  quantities  y  and  a?  are  so  con- 
nected that  the  ratio  of  simtdtaneous  values  of  y  and  x  is 
constant,  then  y  is  said  to  vary  directly  as  (or,  simply,  to 
vary  as)  x.    The  symbol  x  signifies  '  varies  as '. 

Hence,  if  y  oc  or,  then  -  =  il%  where  h  is  a  constant  (that  is,  in- 

X 

dependent  of  x  and  y). 
Similarly,  if  y  oc  «**,  then  y  =  fcr*. 

If  j^oc  -,  then  y  is  said  to  vary  inversely  as  x. 

Many  examples  of  variation  have  occurred  in  Arithmetic 
under  the  heading  'Proportion,*  'Rule  of  Three,'  or  'Unitary 
Method.* 

The  time  a  journey  takes  varies  directly  as  the  length  of  the 
journey. 
The  time  a  journey  takes  varies  inversely  as  the  speed. 
The  cost  of  building  a  wall  varies  as  the  length  of  the  wall. 
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235.  If  A  cc  B  when  C  is  constant,  and  a  O  when  S 
is  constant,  then  A  o:  BG. 

{If  the  base  of  a  triangle  is  unchanged,  the  area  variee  as  tlie 
li eight ;  if  the  height  is  unohanged,  the  area  varies  as  the  base  ;  ho^vr 
does  the  area  change  when  both  height  and  base  change  ? 

The  cost  of  purchasing  coals  varies  as  the  price  per  ton  if  the  number 
of  tons  consumed  is  constant,  and  varies  as  the  number  of  tons  if  the 
price  is  constant ;  how  does  the  cost  vary  if  the  number  of  tons  and 
the  price  both  change?} 

This  extremely  important  proposition  may  be  proved  in  two 

Method  I. 

AozB  when  C  is  constant ;        .*.    ^  =  ik,B,  (i) 

where  k^  does  not  contain  ^  or  ^  but  may  contain  C 

A  oc  C when  B  is  constant;        .'.     A*=k^C,  (ii) 

where  k^  does  not  contain  A  or  C  but  may  contain  B» 

Equations  i  and  ii  show  that  A  contains  both  B  and  C  as 
factors  each  to  the  first  degree  only; 

.-.    Arr^kBC,  (iu) 

where  k  does  not  contain  ^  or  f  or  C,  i.  e.  ^  a  BC. 

Method  n. 

Let  A,  B,  C  and  a,  &,  c  be  two  sets  of  simultaneous  values. 
Suppose  B  changes  to  b  while  C  remains  constant,  then  A 
changes  to  some  value  A\  so  that  A\  h,  C  are  simultaneous  values. 

By  definition  of  variation    -j?  =  -r-  •  (i) 

Now  while  B  retains  the  value  b,  suppose  C  changes  to  c,  then 
A  completes  the  change  to  a. 

Hence  —  =  —  •  (ii) 

a        c  ' 

Multiplying  i  and  ii  —  =  -r- ; 

i.e.    -=77;  as  T-  =  a  constant ; 
BC      be 

i.e.    Aoc  BC. 

Wheo  A  oc  BC,  A  is  said  to  vary  Jointly  as  BC, 
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Corollary.    If  A  varies  directly  as  B  and  invenely  as  C  then  A 

B 

vanes  as  -^ ' 

Example  I.    If  xcc  y  and  y  oc ;?,  show  that  xoc  z. 

Since  xcc  y,  x^h^y  where  k^  is  constant. 
Since  yoc  z^  y  =  k^z  where  k^  is  constant. 
Substituting  x^k^k^z  where  kjc^  is  constant ; 
•  .'.    a?  a  c. 

Example  H.    If  Tac  ^  and  if  r«  1,  trh^n  I  =  39,  >fnd  ^0 
value  of  I  when  2*  =  J. 

i.e.     T^^m.  (i) 

But  r  =  1,  when  /  -  39  ; 

/.    1  -  fc»  X  39.  (ii) 

Dividing  39  ^  ^' 

Hence  when  T^\,  / «  ^  =  9J. 

Example  III.     If  x^x.  — ,  anrf  a?i,  Oj,  ftj,  c,,  dj,  «»,,  /,  ai"B 

5fmu/toneoti«  valuest  find  the  value  x^  corresponding  to  the  set  of 
values  a,,  6j,  c„  rfj,  ^8,/2. 

,  ahc 
and  a:,  =  ;k^^^'» 


<^2*l/s 


S 


Divide  a:^  =  ar,  x^x^x^x^x^x^. 

«!        ^1         Ci         a«        «|        ft 

This  is  the  general  question  of  which  the  Arithmetic  examples 
of  unitary  method  are  particular  cases. 

Example  IV.  Three  circular  coins  of  fxidii  i,  \,  and  i  of  an 
inchf  and  of  thickness  ^,  ^,  and  -^ofan  iftch  respectively,  are  melted 
together  and  formed  into  a  circular  coin  }  of  an  inch  in  thickness. 
Assuming  that  the  areas  of  circles  vary  as  the  squares  of  their  radii, 
find,  to  three  places  of  decimals,  the  radius  of  this  single  coin. 
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If  the  area  of  a  circle  is  A  square  inches  and  the  radius  is 
r  inches,  then  -4  x  r",  i.e.  -4  =  At*. 
Also  the  volume  of  the  coin  V  &=  Area  x  thickness. 
Hence  F,  =  A?  x  (|)»  x  J^y  =  ^fc, 

F,  =  fcx(i)«xtV  =  Tfo*, 

Adding  these  we  obtain  the  volume  of  the  single  coin.     Let 
X  inches  be  required  radius.  ^ 

Then  r,+ r,+ F,  =  fcxa^^xj; 

^  —      16      » 

.*.    radius  =  •325  inch. 

Examples  XXTVe. 

1.  The  following  values  of  two  quantities  x  and  y  are  observed. 
Is  it  possible  that  yccx*^ 

X    I'l    2.3    2.7    3.2 
y    14    3.0    3-6    4*3 

2.  If  a;  B  7  when  y  ^h,  and  if  y  =  25  when  x  =  35,  can  joq 
find  the  value  of  x  when  y  <=  3*7  ? 

3.  If  xcc  y/g^ ;  and  if  a?  =  2  when  y  =  4  and  0  =  8,  find  y 
when  or  ==  3  and  2r  =:  27. 

4.  If  ^  equals  the  sum  of  two  quantities,  of  which  one  is 
constant  and  the  other  varies  inversely  as  x ;  and  if  a?  =  2  when 
y  SB  0,  and  rr  a=  3  when  y  ==  1,  find  the  value  of  y  when  x^6. 

SS  V  1 

5.  If  a:  oc  -^  and  s^cc^,  show  that  ar «  -  • 

6.  Given  that  zccx  +  y,  and  yo:a^;  and  that  when  a? «  |,  the 
values  of  y  and  2r  are  j^  and  I,  express  z  in  terms  of  x, 

7.  A  quantity  y  is  the  sum  of  two  quantities,  of  whioh  one 
varies  as  x  and  the  other  as  -  •    Given  that  when  a;  =  3,  y  »  14, 

X 

and  that  when  a?  s  J,  y  as—^^  find  the  two  values  which  x  may 
have  when  y  =  2. 
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8.  The  sum  of  the  squares  of  two  quantities  varies  as  the  sum  of 
the  quantities,  and,  when  the  quantities  are  equal  but  not  zero, 
each  of  them  is  equal  to  2.  Find  the  values  of  one  when  the 
other  is  ^. 

9.  If  y  <x  */xy  and  if  y  is  5  when  x^%y  state  the  true  formula 
connecting  x  and  y.    What  is  y  if  ocr  is  9  ? 

10.  If  a?  C3C  y"— 2",  when  y  oc  f'  and  zccfi;  and  if,  when  <  =  3, 
a:  =  0,  and,  when  ^  =  —  1,  a?  =  8,  find  x  when  <  =  2. 

11.  y  =  aa^  +  ba^.  When  a: «  1,  y  =  4*3,  and  when  a:  =  2,  y  is 
30 ;  find  a  and  h.    What  is  y  when  a;  =  1*5  ? 

12.  If  a  oc  ^,  and  if  «  &=  64  when  ^  =  2,  find  the  value  of  t  when 
8  »  196. 

13.  If  ^oc  Dlr",  and  if  D  is  1810  and  t^  is  10  when  His  620, 
find  if  if  2>  is  2100  and  v  is  13.    (Use  logarithms.) 

14.  The  horse-power  of  the  engines  of  a  ship  varies  as  the  cube 
of  the  speed ;  if  the  horse-power  is  2000  at  a  speed  of  10  knots, 
what  is  the  power  when  the  speed  is  15  knots  ? 

15.  The  electrical  resistance  of  a  wire  is  £  a  l/cP^  where  I  is 
length  and  d  is  diameter ;  its  weight  is  Woe  kP,  Show  that 
R  a  W/d*,  If  a  pound  of  wire  of  diameter  d  =■  0*06  inch  has 
a  resistance  of  0-25  ohm,  what  is  the  resistance  of  a  pound  of 
wire  of  the  same  material,  the  diameter  being  0*01  inch  ? 

16.  If  y  is  equal  to  the  sum  of  two  quantities  one  of  which 
varies  as  x  and  the  other  as  - ;  and  y  ^na-i-h  when  x*^  a,  and 

X 

y  ^  a  +  nh   when    x  ^h,    find    two   values   of  x  which    make 
y  =  nafr  +  l. 

17.  If  the  receipts  on  a  railway  vary  as  the  excess  of  speed 
above  20  miles  an  hour,  while  the  ezx>enses  vaiy  as  the  square 
of  that  excess,  find  the  speed  at  which  the  profits  will  be  greatest, 
if  at  40  miles  an  hour  the  expenses  are  just  covered. 

18.  Explain  the  statement  that  the  volume  of  a  cone  'varies 
jointly  *  as  its  height  and  the  square  of  the  radius  of  the  base. 
The  height  of  a  certain  cone  is  equal  to  the  radius  of  its  base. 
If  the  height  were  increased  by  an  inch,  and  the  radius  of  the 
base  were  unaltered,  462  cubic  inches  would  be  added  to  the 
volume ;  or  if  the  radius  were  decreased  by  an  inch  and  the  height 


372  VARIATION 

were  anchanged,  902  cubic  inches  would  be  taken  from    the 
volume.    Find  the  height  and  volume  of  the  cone. 

19.  There  are  two  maps,  one  to  the  scale  of  2  inches  to  the 
mile,  the  other  to  the  scale  of  half  an  inch  to  the  mile.  The  &rea 
of  an  estate  on  the  first  map  is  146  square  inches,  what  is  the 
area  of  this  estate  on  the  second  map  ? 

20.  Electric  lamp  filaments  of  length  Z,  diameter  d,  being*  made 
of  the  same  material  and  kept  at  the  same  temperature  by  the 
application  of  v  volts,  the  candle  power  is  proportional  told  and 
also  to  v^d*/L  There  is  a  10-candle  power  lamp  whose  /  =  8  and 
0  s=  100 ;  we  wish  to  make  a  20-candle  power  lamp  with  v  =  150  ; 
find  I  for  the  new  lamp. 

21.  The  value  of  a  coin  varies  directly  as  the  square  of  the 
diameter  while  its  thickness  remains  the  same,  and  directly  as  its 
thickness  when  its  diameter  remains  the  same.  Two  silver  coins 
have  their  diameters  in  the  ratio  of  4 : 3.  Find  the  ratio  of  their 
thicknesses,  if  the  value  of  the  first  be  four  times  that  of  the 
second. 

22.  The  pressure  of  the  wind  on  a  plane  surface  varies  jointly  as 
the  area  of  the  surface  and  the  square  of  the  velocity  of  the  wind. 
It  is  found  that  the  pressure  on  a  square  foot  is  1  lb.,  when  the 
wind  is  moving  at  the  rate  of  15  miles  an  hour.  Hence  find  the 
velocity  of  the  wind  when  the  pressure  on  a  wind  gauge  1  sq.  yd. 
in  area  is  16  lb. 

23.  In  any  class  of  turbine  if  P  is  power  of  the  waterfall  and  H 
the  height  of  the  fisill,  and  n  the  number  of  revolutions  per  minute, 
then  it  is  known  that  n  oc  jy>»  p-^.  When  the  power  is  100 
horse-power  and  the  fall  is  6  feet,  there  are  50  revolutions  per 
minute.    Find  n  for  a  &11  of  20  feet  and  75  horse-power. 

24.  In  uniformly  accelerated  motion,  other  things  being  equal, 
the  distance  described  from  rest  varies  as  the  square  of  the  final 
velocity.  Under  these  circumstances  two  bodies  describe  distances 
such  that  their  final  velocities  are  as  4  is  to  5.  Also  the  final 
velocity  of  a  body  describing  a  distance  equal  to  the  sum  of  those 
distances  is  two-thirds  of  the  final  velocity  due  to  1230  feet  Find 
the  two  distances. 

25.  A  carrier  charges  3<2.  each  for  all  parcels  not  exceeding 
a  certain  weight ;  and  on  heavier  parcels  he  makes  an  additional 
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charge  for  every  7  lb.  above  that  weight.  The  charge  for  half  a  cwt. 
is  Is.  Sd,,  and  the  charge  for  126  lb.  is  five  times  that  for  a  quarter. 
What  is  the  scale  of  charges  ?    Verify  by  a  graphical  illustration. 

26.  The  duration  of  a  railway  journey  varies  directly  as  the 
distance  and  inversely  as  the  velocity.  The  velocity  varies  directly 
as  the  square  root  of  the  quantity  of  coal  used  per  mile  and 
inversely  as  the  number  of  carriages  in  the  train.  In  a  journey 
of  25  miles  in  half  an  hour  with  18  carriages,  10  cwt.  of  coal  is 
required.  How  much  coal  will  be  consumed  in  a  journey  of 
15  miles  in  20  minutes  with  20  carriages  ? 

27.  Two  persons  are  awarded  pensions  which  vaiy  as  the  square 
root  of  the  number  of  years  they  have  served.  One  has  served 
9  years  longer  than  the  other  and  receives  a  pension  greater  by 
£50.  If  the  length  of  service  of  the  first  had  exceeded  that  of  the 
second  by  4}  years  only,  their  pensions  would  have  been  in  the 
proportion  9:8.  How  long  had  they  served,  and  what  were  their 
respective  pensions  ? 

28.  The  consumption  of  coal  by  a  locomotive  varies  as  the  square 
of  the  velocity.  When  the  speed  is  16  miles  an  hour  the  con- 
sumption of  coal  is  two  tons  per  hour.  If  the  price  of  coal  be 
10«.  per  ton,  and  the  other  expenses  of  the  engine  be  11a.  dd,  an 
hour,  find  the  least  cost  of  a  journey  of  100  miles. 

236.  The  following  geometrical  theorems  are  useful  in  the 
graphical  treatment  of  proportion  and  variation : 

Theoirem  I.  If  a  straight  line  is  drawn  parallel  to  a  side  of  a  triangle, 
it  outs  the  other  two  sides  proportioDally. 

Theorem  II.  If  two  triangles  are  equiangular,  the  ratios  of  corre- 
sponding sides  are  equal. 

Theorem  III.  If  two  triangles  have  one  angle  of  the  one  equal  to  an 
angle  of  the  other  and  the  sides  about  the  equal  angles  proportional, 
their  the  triangles  are  equiangular. 

237.  Theorem  I  leads  to  the  geometrical  method  of  finding 
third  and  fourth  proportionalB. 

Bxample.    Find  a  Jburth  proportional  to  8,  5,  7. 
Draw  OA  «  8,  and  produce  to  B,  making  AB  =:b. 
Draw  OD  making  any  Ungle  with  OB,  and  cut  off  OC  »  7. 
Join  AC.    Draw  BD  parallel  to  AC  to  meet  OC  produced  at  P, 
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Then  CD  represents  the  required  fourth  proportional  x ; 
•/    AC  is  parallel  to  BD,  OA:AB::OCiCD        Th.  I,  § 


I.e. 


3:5    ::  7    :  x 


6  B 

Fio.  58. 
288.  Theorem  II  gives  the  proof  of  the  geometrical  method 
for  finding  a  mean  proportional. 


7      O    C 

Fio.  54. 
Example.    Find  a  mean  ptvpcrtional  hehceen  5  and  7. 
Draw  -4J9  =  7  +  5  and  cut  off  AC  =  7. 
Bisect  AB  at  0. 
On  AB  describe  a  semicircle. 

Draw  CD  perpendicular  to  AB  cutting  the  semicircle  at  2>. 
CD  represents  the  required  mean  proportional  x. 
For  if  AD  and  BD  are  drawn,  ACD  and  BCD  are  equiangular 

triangles;  .-.    AC:CD=CD:BC, 


1.  e. 


X 


X 


5. 


Algebraioal  Proof. 
Take  0  as  origin  and  AOB  as  axis  of  x. 
Then  equation  of  circle  is    ic* +y^  =  6', 
and  equation  of  CD  is  x  ^  1, 

These  meet  where  y'  «  6*  - 1' ; 

.-.    CZ)»«35-5x7. 
i.  e.  CD  is  mean  proportional  between  5x7.    The  general  proof 
can  be  written  out  in  exactly  the  same  way. 
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289*  So  &r  the  fact  that  the  equation  of  a  straight  line  is 
of  the  first  degree  has  been  determined  by  experience  only,  we  can 
now  give  a  proof. 

To  find  the  equation  of  a  straight  line  cutting  the  axes  at  A  and  B. 
Let  OB  s  &,  OA  —  a  (where  a  and  h  may  be  positive  or  negative ;  in 
the  figure  OB  is  positive,  OA  negative). 
Draw  a  parallel  line  through  the  origin. 


Take  any  number  of  points  P,  P^,  P^  ...  on  the  line  AB ;  and  let  their 
ordinates  PN,  PiN^,.,,  out  the  parallel  line  at  Qand  Q^. 
Then  the  triangles  QON,  </0N'  are  equiangular ; 


ON        ONi 


ON, 


Hence  the  ratio  QN  i  ON  is  constant  whatever  point  on  the  line  is 
taken.    Let  it  equal  m. 
Then       *  QN^mxONy 

but      QN  »  PN^PQ  =  PN-OB  =  y-b  and  ON'^x; 
•  '.     I/— b  —  mx,    or    y  —  mx-^b. 

This  is  true  for  the  coordiuates  of  any  point  on  the  line  AB  and 
is  therefore  the  equation  of  AB. 

In  a  similar  way  it  may  be  shown  that  the  equation  of  any 
straight  line  may  be  put  in  the  form  y^mx-\-h. 

By  using  the  converse  of  Th.  II,  the  converse  proposition  may 
be  proved,  viz.  If  an  equation  can  be  put  in  the  form  y^mx-k-h, 
its  graph  is  a  straight  line. 
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240.  Proportional  Parts  (see  Part  I,  §  205). 

If  the  values  yp  y^  corresponding  to  x^^  and  x^  are  known,  it 

is  often  required  to  derive  the 
value  y  corresponding^  to  an 
intermediate  value  x. 

The  values  (x, ,  y^  (a?^ ,  y^  are 
represented  by  the  points  P„ 
P,  in  Pig.  56  and  P,  P*.  JP^ 
are  possible  points  correspond- 
ing to  the  value  x. 

If  it  is  known  that  P  lies  on 
the  line  P1P21  ^^^  principle 
of  proportional  parts  applies 
accurately,  for  by  equiangular 
triangles 

PK  ^  P^K^ 
P,K      P,K,' 


1.  e. 


Fig.  66. 


Xi  "~  x^ 


X      X2 

Th.  II,  §  236. 
And  y  -yj  can  now  be  found. 

But  if  it  is  not  known  that  P  lies  on  the  line  PiP,  so  that  P  may 
be  in  such  a  position  as  P  or  P',  then 
the  above  proportion  is  not  true. 

Usually  the  values  Xj  and  X2  are  so 
close  together  that  the  corresponding  arc 
P1P2  is  almost  indistinguishable  from 
a  straight  line  as  in  Fig.  57,  and  then  the 
principle  of  Proportional  Parts  may  be 
applied  with  sufficient  accuracy  for  the 
particular  question  under  discussion. 

Example.    Given     log  3-62  »  -5587, 
log  3*63  «  •5599,    Jtnd  log  3-627. 
Here  the  graph  would  be  practically  a  straight  line ; 
log  3-627 -log  3-62  _  log  3*63 -log  3-62 
3.627-862        ""        3^3-3.62 

i.  e.    excess  «  —  x  -0012  « -0008 ; 

•ui 

.*.    log  3-627  = -5595. 
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241.   Bate  of  ▼aariation. 

Consider  th 

values  for  a?,  yi,yf,  ys^ 

X      0    1 

2    8      4      5 

y,      3    5 

7    9    11     13 

y.     0    1 

4    9    16    25 

y»  -2   1 

4    7    10    13 

It  is  seen  that  when  x  increases  by  1,  y,  always  increases  by 
2»  ys  always  increases  by  3,  but  that  the  increase  of  y,  is  at  first 
1,  then  3,  then  5,  &c.  The  rate  of  increase  of  y^  is  constant 
and  twice  the  rate  of  increase  of  :r;  y,  increases  three  times  as 
fast  as  X,  but  the  rate  of  increase  of  y,  is  variable. 

242.  If  the  rate  of  variation  of  y  is  a  constant  multiple 
of  the  rate  of  variation  of  x,  the  corresponding  graph  is 
a  straight  line ;  but  if  the  rate  of  variation  is  not  constant, 
the  graph  is  a  curve. 

Let  Xif  yi  be  a  pair  of  simultaneous  values  of  x  and  y  and 
let  the  rate  of  variation  of  y  be  f»  times  that  of  x. 

Then  y - yi  =  m  {x-x^. 

This  is  an  equation  of  the  first  degree  if  m  be  a  constant. 

Therefore  the  graph  is  a  straight  line. 

If  m  be  not  constant  it  will  be  a  function  of  x  and  y;  and 
the  equation  y —yi  <=  m(x'-n^)   will  not  be  of  the  first  degree. 

Hence  the  graph  will  not  be  a  straight  line. 

Oiio  ON* 

2i4o.    In  §  239  the  constant  m  which  measures  the  ratio  ^^ 

depends  upon  the  size  of  angle  QON  (which  is  equal  to  BAO) 


P  A 

Fio.  58. 

and  can  be  used  as  a  measure  of  the  slope  of  the  straight  line. 
Slope  may  be  measured  by  the  angle  or  by  the  vertical  rise  for  a 

*  In  Trigonometry  this  constant  ratio  is  called  the  tangent  of  the 
angle  that  the  straight  line  makes  with  the  axis  of  x. 

PATBSSOV  II  P 
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given  horizontal  distance.  Thus  in  Fig.  58  the  slope  of  PQ  is  1  in 
4,  which  is  equivalent  to  saying  that  PQ  makes  an  angle  of  14** 
with  the  horizontal. 

The  slope  *  or  gradient  of  a  straight  line  is  equal  to  the 
ratio  of  the  difference  of  the  ordinates  of  any  two  points  on 
the  line  to  the  difference  of  the  abscissae. 

If  the  equation  of  a  straight  line  be  put  in  the  form 
y  z=  mx-^-h,  then  '  tn '  is  the  slope  or  gradient  of  the  siarai^ht 

""^'  '  244.    In     the 

case   of  a    curre 
the  gradient  con- 
tinually changes. 
The    gradient    of 
any  chord  PQ  is 
called  the  averac^e 
gradient   of   the 
curve  between  the 
points  P  and  Q. 
Fmu  59.  If  Q  is  indefinitely 

close  to  P,  so  that  the  chord  has  become  a  tangent  (Pait  I, 

§  151),  the  gradient  of  the  tangent  measures  the  gradient  of 

the  curve  at  the  point  P. 

Example  I.    Verify,  that  the  gradient  at  any  point  of  the  graph  of 
y^a^  is  numerically  equal  to  twice  the  abscism  of  the  point. 

The  curve  is  shown  in  Fig.  60,  where  it  must  be  noticed  that  the 
scale  for  a?  is  twice  that  for  y.  This  must  be  allowed  for  in 
estimating  the  gradient. 

Tangents  are  drawn  at  -4,  B,  C,  where  a?  =  1,  3,  -4,  respectively. 

Gradient  at  A  is  actually  y  which  represents  j  =  2  x  1, 

8  3 

Gradient  at  B  is  actually  j  which  represents  j  «  2  x  3. 

4  4 

Gradient  at  C  is  actually  ^  which  represents  -^r  =  2  x  (-4), 

*  Some  authorities  define  *  slope '  as  being  the  angle  Itself,  bat  it  is 
more  usual  to  define  it  as  the  tangent  of  the  angle. 
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ZTote.    This  fif^re  shows  that  when  the  gradient  is  negative, 
the  angle  on  the  right-hand  aide  of  the  straight  line  ia  obtn«e. 


346.  Since  gradient  ^  ^^,  it  is  seen  that  the  gradient  gives 
the  ratio  of  the  rate  of  increase  of  y  to  the  rate  of  increase  of  x ; 
this  leads  to  many  practical  applications  of  graphs  and  gradients. 

If  y  r^preaenta  Bpace  and  x  represents  time,  then  the  slope 
represents  velocity. 

If  y  represents  velocity  and  x  represents  lime,  then  the  slope 
repreaentA  acceleration. 

Examples  ZXIVd. 

1.  Find  the  coordinates  of  the  point  which  bisects  the  line 
joining  (2,  8)  and  (4,  2). 

2.  Find  the  coordinates  of  the  points  which  divide  the  line 
joining  the  points  (8,  2)  and  (7,  9)  in  the  ratio  2  :  3. 

d2 
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8.  Find  the  formula  for  determining  the  coordinates  of  a  point 
which  divides  the  line  joining  two  given  points  {xi,  y,),  (ae^,  y^  in 
the  ratio  I :  m, 

4.  Draw  the  graph  of  yssa^~3a;  +  2.  Determine  the  slope 
where  x  equals  (i)  -2,  (ii)  1,  (iii)  3.  Plot  another  graph  having 
the  ordinates  proportional  to  the  slope  of  the  previous  g^raph. 
What  is  the  equation  of  this  second  graph  ? 

5.  Show  that  the  slope  at  any  point  on  the  graph  of 

y  =  8ir»-2a?  +  5 
is  numerically  equal  to  6  a; -2.   (Compare  with  previous  example.) 

6.  A  train  starting  at  12  o'clock  on  a  25-mile  journey  passes 
the  points  given  in  the  annexed  table  at  the  stated  times. 
Plot  times  horizontally  and  distances  vertically;  hence  draw 
a  curve  showing  the  speed  of  the  train  throughout,  and  from  it 
find  at  what  distance  from  the  start  the  speed  is  greatest,  and  that 
speed  in  miles  per  hour. 


Time 

b. 
12 

0 

h.  m. 
12  4 

h.  m. 
12  8 

h.    ni. 
12  18 

b.    ni. 
12  20 

h.    m. 
12  27 

b.    m. 
12  81 

h.    m., 
12  SSI 

Distance  in  miles 

2 

5 

10 

15 

17 

20 

25     i 

The  train  stops  for  8  minutes  at  12  h.  20  m. 

7.  X  and  t  are  the  distance  in  miles  and  the  time  in  hours  of 
a  train  from  a  railway  station.  Plot  on  squared  paper.  Describe 
why  it  is  that  the  slope  of  the  curve  shows  the  speed;  where 
approximately  is  the  speed  greatest  and  least  ? 


X 

t 

0 
0 

1.5 
.1 

6-0 
.2 

14.0 
.8 

19.0 
.4 

21.0 
.5 

21.5 
.6 

21-8 

•7 

28.0 

.8 

24.7 
.9 

26.8 
1.0 

8.  Values  of  x  and  y  are  given  in  the  following  table.  By 
plotting  these  values,  find  the  ratio  of  the  rate  of  increase  of  y 
to  the  rate  of  increase  of  x  when  x  « .47,  >75, 1  respectively. 


0 
0 


.15 

.15 


.88 
.37 


.52 
50 


.75 
•68 


.89 

.78 


1.20 
98 


150 
LOO 


GRAPHICAL  ILLUSTRATIONS  381 

9.  The  amount  of  water  in  a  tank  at  the  end  of  t  seconds  from 
opening  a  tap  la  given  in  the  following  table : 

Time  ^  seconds      0    5     10    15     20    30    40    50    55       30    70 

^**^^in  tedT^*^'  64  56.2  49    42-3  36    25    16      9      6-25    4      1 

Plot  these  quantities  and  deduce  from  the  curve  the  rate  at 
which  water  was  leaving  the  tank  at  the  end  of  15  seconds  and 
55  seconds. 

10.  Describe  and  illustrate  by  a  figure  the  noticeable  features 
of  the  curve  y  =  (a?-60)  (a?-61)  (a:-62). 

Find  the  slope  of  the  tangent  to  the  curve  at  the  point  where 
a; «  61. 

11.  The  magnetic  needle  at  Greenwich  points  at  present  to  the 
west  of  north.  The  following  were  the  values  in  recent  years  of 
the  angle  of  deviation  from  the  north : 

1898  1899  1900  1901  1902 

16M0'        16°  34'        16°  29'        16°  23'         16^7' 
Find  the  average  rate  of  decrease  of  the  deviation  annually. 
From  these  data,  find  the  probable  value  of  the  deviation  in  1905. 


CHAPTER    XXV 

SERIES.    ARITHMETIC,  HARMONIC,  AND 
GEOMETRIC    PROGRESSIONS.     ANNUITIES 

Series. 
246.   A  succession  of  terms  in  which  the  terms  are 
formed  according  to  a  fixed  law  is  called  a  Series. 

Consider  the  following  successions  of  numbers : 

(1)  8+5  +  7  +  9  +  11+...; 

(2)  3  +  6  +  12  +  24+...; 

(3)  3  +  5  +  8  +  13  +  21+...; 

(4)  3+6  +  7  +  11  +  12  +  17  +  21+  .... 

In  (1)  each  term  after  the  first  is  obtained  by  adding  2  to  the 
preceding  term;  in  (2)  each  term  after  the  first  is  obtained  by 
multiplying  the  preceding  term  by  2;  in  (3)  each  term  after 
the  second  is  obtained  by  adding  the  two  preceding  terms;  in 
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(4)  there  is  no  rale  for  obtaining  the  terms.     Hence  (1),  (2), 
and  (3)  are  series  but  (4)  is  not  a  series. 

247.  In  dealing  with  series  we  usually  try  to  find 
(i)  the  law  by  which  the  series  is  formed,  (ii)  a  fonnok 
by  which  any  term  can  be  found  without  finding  the 
intermediate  terms,  (iii)  a  formula  by  which  the  sum  of 
any  number  of  consecutive  terms  may  be  found  'v^thoot 
actual  addition. 

It  is  useful  to  denote  any  term  by  u  with  the  proper 
subscript,  thus  lis  is  the  b^  term,  u^  is  the  r^  term,  Ac ; 
similarly,  the  sum  of  n  terms  is  denoted  by  S^. 

248.  Example  I.    Discuss  the  series  8  +  7  +  11  +  15 

Law. 

After  the  first  each  term  is  formed  by  adding  4  to  the  preceding 
term.    This  is  nsnally  expressed  thus : 
The  first  term  is  3  and  there  is  a  common  difference  4. 

Formula  for  t^  term. 

The  tenth  term,  for  example,  is  found  by  adding  4  nine  times, 
i.e.    1*10  =  3  +  4x9  =  89. 
Similarly,    i<r  =  8  +  4  (r- 1)  «  4r- 1. 

This  formula  should  at  once  be  verified  by  giving  r  the  values 
1,  2,  3,  4 ;  this  is  generally  done  mentally. 

ttj  =  4xl-l  =  3,    w,  =  4x2-l=7,    1*3  =  4x3-1  =  11, 

«,  =  4x4-1  =  15. 

Hence  the  formula  satisfies  all  the  given  conditions. 

Sum  of  w  terms. 

Whenever  the  terms  proceed  by  a  common  difference,  the  sum 
can  be  found  as  follows : 
Consider  sum  of  18  terms. 

u„  =  4x18-1  =71. 

/.     5;,=  8+  7  +  11+     ...     +63+67  +  71, 
or    5ip  =  71  +  67  +  63+     ...     +11+  7+  8; 
.-.    2^18  =  74  +  74  +  74+  ...     +74  +  74+74 
=  18  X  74   since  there  ai'e  18  terms, 
5,p=   9x74  =  666. 
Sft  can  be  found  by  the  same  method. 
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XSxample  II.  The  f*^  term  of  a  aeries  ie  7.  S**-'/  write  down 
the  Jirst  5  terme  and  the  29'^  term  and  find  a  formula  for  the  sum 
of  n  terme. 

tt,  =  7.8»-»«7,    M,=i=7.8«-^  =  7.3  =  21,  &c.,  «„=7.8« 

5=7  +  7. 3  +  7. 3«  +  7. 83  +  7. 8*+  ... 

=  7  +  21  +  63  +  189  +  567+  .... 

Notice  that  each  term  after  the  first  is  obtained  by  multiplying 
the  preceding  term  by  3.    This  is  usually  expressed  thus : 

The  fii-st  term  is  7  and  there  is  a  common  ratio  8. 

Whenever  there  is  a  common  ratio,  a  formula  for  the  sum  of 
n  terms  can  be  found. 

5„  =  7  +  7.3  +  7.3«+  ...  +7.3»-«  +  7.3'^^ 
35^=       7.8  +  7.3«+  ...  +7.3«-i  +  7.8\ 

Subtract 

2iS«  =  7 . 3"  -  7  since  the  intermediate  terms  cancel ; 

.  7(8''-l) 

"     ^n-         2 

Verify  by  putting   n  =  1,  2,  3. 

Example  HI.    Find  hy  actual  addition,  correct  to  8  places  of 
decimate f  the  sum  of  10  terms  of  the  aeries 

^■^172(8/ "^1.273(8)   ■*■  1.2.3.4(3)  ■^•"- 

Here       Wj  =  1,  W4  =  WixJxJ,  t*s  =  «»><}><  Si 

w^  »  W3  X  }  X  }.    Similarly,  Ms  ■»  w*  >«  I  ><  J.  &c. 

i«,ss«jX^x^  .=   .166666 

t«,«u,x|xi  «   .018518 

tf««.tt,x^xi  1-   .001548 

t«5»tt4x}x]^«-000308x}»   '000102 
Me»t<BxixJ  =  .000017xi»    .000005 
.'.    Sum  correct  to  8  decimal  places  » 1*1 87. 
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Note.    There  is  no  need  to  calculate  any  ierma  beycmd  «,  «in< 

begins  with  6  noughts,   Ug  with  7  noughts,  &c,  so  that  Uieij 

cannot  affect  the  third  decimal  place. 

1  /I  \*-' 

The  n^^  term  of  this  aeries  is  j    a  ^    . f  ^  j 

The  product  of  the  first  n  consecutive  integers  occura  so  often 
that  it  has  a  special  symbol,  viz.  |n,  and  is  called  fkotorlal  «•.  In 
some  books  it  is  printed  n !,  and  is  then  read  n  factorial. 

Thus  the  series  might  be  written 
-      1     1       1      /1\«       1  /1\»  .    1  /l\r-i 


Examples  XXV  a. 

In  each  of  the  following  series  find  the  6^  and  W^  terms  and 
a  formula  for  »„.    Try  to  fiind  a  formula  for  S^. 

1.  1+2  +  3+  ....  2.  1+4  +  9+  .... 

3.  2  +  4  +  8+  ....  4.  3  +  6  +  12+  .... 

5.  3  +  6  +  9+  ....  6.  3«  +  6«*  +  12aj»+  .... 
7.  1-3  +  9-27....  8.  1-3-7-11.... 

9.  1.2  +  2.3  +  3.4+  ....  10.  2  +  6  +  12+  .... 

Write  down  the  first  5  terms  of  each  of  the  following  series, 
given  that 

11.  l/,«2"-^  12.  M,  =  n(n  +  1). 

13.  Un  =  7n-2.  14.  «r  =  3'"-r. 

15.    «»=:(-l)«+»f-.  16.  Uu^^"" 


\n  n 


«•» 


17.  W«+l  =  IT" 


Find  the  sum  of  10  terms  of  each  of  the  following  scries  and 
a  formula  for  5„  : 

18.  4  +  6  +  8+  ....  19.  4  +  2  +  0+  .... 

20.  a  +  2a  +  3a+  ....  21.  fl  +  (a  +  dj  +  ((»4  2d)+  .... 

22.  5  +  10  +  20+  ....  23.  4  +  2  +  1+  .... 

24.  a  +  ar+af^+  .... 

Find  the  sum  of  each  of  the  following  series  correct  to  three 
decimal  places,  taking  as  many  terms  as  ai*e  necessary : 

25.  2+  I  +  I5+  ....  26.  3  +  .6  +  .12+  .... 


CiT   Chrvfidl,  vol.  i,    p.  101,  ^x.3. 
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28.  l+2x+ds^  +  4a*+  ...,  when  x^^. 

29.  Show  that 

a— a? 
Verify  by  diviuon. 

30.  Find,  by  division,  the  first  5  terms  of  a  series  which  is 
algebraically  equivalent  to  (1  —x)'^.    What  is  ««  ? 

249.  A  series  in  which  the  diiferenoe  obtained  by 
subtracting  any  term  from  the  following  term  is  constant 
is  called  an  Arithmetio  Progression, 

Let  the  first  term  be  denoted  by  a,  the  constant  difference  by  d, 
the  n*^  term  by  /. 
Then  the  2nd  term  =  a  +  d, 

the  S*"**  teiTii  =  a  +  rf-f  d  =  a  +  2d, 

the  4^»»  term  =  a  +  2d4  d  =  a  +  3rf, 


and  the  n**>  term  =  a  +  (n  - 1)  d, 

i.  e.  /  =  a  +  (n-l)(f.  (i) 

In  an  Arithmetic  Progi^ession  with  first  term  a,  and  last 
term  {,  the  intermediate  terms  are  called  Arithmetio  Means 
between  a  and  L 

250.  To  find  the  sum  of  n  terms  of  an  A.  P.  (L  e.  of  an 
Arithmetic  Progression). 

Sf^  =  a+(a+d)  +  (a  +  2(i)  ...  +(l-2(J)  +  (r-(J)  +  / 

or     5„=  /  +  (/-d)  +  (;-2d)         +(a  +  2d)  +  (a  +  (fj  +  a; 

/.  2S^=:(a  +  /)  +  (a  +  7j  +  (a  +  /)...  +(a  +  0  +  (a  +  /)  +  (a  +  /) 

B  {a  +  l)xn,  since  there  are  n  terms ; 

.-.     S,-=J(<»  +  0,  (ii) 

but     l^a  +  (n-l)d; 

.-.     S,-=g{2a  +  («-l)d},  (iii) 

or    6'.-;]{2/-(»-l)(i}.  (iv) 
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251*    In  dealing  with  an  Arithmetic  Progreaaion  there  are 

five  quantities  to  be  considered,  viz.  a,  (2,  »,  2,  8,  The    four 

formulae  of  §§  249,  250  each  contain  four  of  these  letters,  and 

omit  one. 

l^a  +  (n-l)d       omits  5  (i) 

5=g(a  +  /)             omits  d  (ii) 

5  =  ?(2a  +  n^dj  omiU  I  (»") 


n 


Sf=  ^  (2l-n-ld)  omits  a  U^) 

It  is  a  useful  exercise  to  work  out  the  missing  formula. 

252.  Szample  I.    Find  the  sum  of  50  tenns  of  an  A,  P.  of 
which  the  first  term  is  13  and  the  last  is  71. 

Given    a  «  18,  n  =  50,  1  =  71,  find  8. 

The  missing  letter  is  dy  therefore  use  formula  (ii). 

=  y(13  +  71)-=  50x42 

«2100. 

Example  H.    The  first  and  last  terms  of  an  A.  P,  are  3  a$ui 
-  37  respectively,  and  the  sum  is  -  357,  find  the  common  difference. 

Given  a  =  3,  1=  -37,  8=  -357,  find  d. 
The  missing  letter  is  n,  and  the  corresponding  formula  is  so 
complicated  that  it  is  not  used.    We  find  n  and  then  find  d. 

From  the  formula  5  «  -  (a  +  0»  ve  find  n=21. 

Substituting  in  the  formula  /»a+n  — 1(2,  we  find  d  «  -2. 

Bzample  m.    Insert  5  arithmetic  means  between  3  and  14. 

In  other  words,  find  the  intermediate  terms  of  an  A.  P.  of  7 
terms,  the  first  and  last  terms  being  3  and  14  respectively. 

Here    a  «  8,  /  »  14,  n  «  7,  and  we  must  find  d. 
|  =  a  +  (fi-l)d 
14  =  3  +  6({ 

rf«"=l«; 

.'.  required  means  are  4jt,  6$,  8|,  lOJ,  12(. 
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Example  IV.  A  person  saves  each  year  £50  utons  ihan  the 
previotie  year:  after  10  yeare  hie  eatings  amount,  toiihout  counting 
interest,  to  JB8000;  hoic  much  did  he  save  the  first  year  and  how  much 
the  last  year  f 

Let  £a  be  his  sayings  in  the  first  year,  then  in  the  second  year 
he  saves  £{a-^bO),  and  in  the  third  year  X(a  + 100). 
Hence  we  have  to  deal  with  an  A.  P.  in  which 

n  =  10,  d  =  50,  5=3000. 
To  find  a,  use  formula    S=  ^  (2a  +  n - 1  (2). 

Substituting  8000  =  ^  (2  a + 9  x  50) 

10a  =  8000-2250 
a  =  75 
To  find  I,  use  formula     /  =  a  +  (n  - 1)  d. 
Substituting  /  =  525. 

{Verify  by   S=~  (a  +  /)  =  5x  600  =  3000}. 
In  the  first  year  he  saved  £75 ;  in  the  last  year  £525. 


Examples  XXV  b. 

Find  the  sum  of: 

1.  3|  +  8f  +  4  +  4f  +  ...  to  45  terms. 

2.  7J  +  7  +  6i  +  ...  to  35  terms. 

3.  9  +  7J  +  6  +  ...  to  12  terms. 

4.  3  +  2}+2^+...  to  15  terms. 

5.  9J  +  8i+71+...  to  25  terms. 

6.  2  +  J+4  +  ...  to  28  terms. 

7.  "-l  +  t  +  A  +  «--  to  8  terms. 
S-  -J  +  i  +  l  +  «-  to  8  terms. 

9.  13  +  14.2  +  154  +  .. .  to  73  terms. 

10.  2  +  3  +  5  +  6  +  8  +  9  +  ...  to  19  terms  and  to  2  n  terms, 

11.  l(»+l)  +  (»-2)  +  |(n-8)  +  ...  to  2n-l  terms. 

12.  (4a  +  6)  +  (5a)  +  (6a-6)  +  ...  to  12  terms. 

18.  How  many  terms  of  the  series  3  +  3|  +  3}  + . . .  must  be  taken 
that  the  sum  may  amount  to  44}  ?    Explain  the  negative  answer. 
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14.  A  person  pledges  his  services  for  a  year  of  313  working 
days  at  the  remuneration  of  Id,  for  the  first  day,  2d,  for  the 
second,  3^.  for  the  third,  4d.  for  the  fourth  and  so  on.  What  amn 
in  pounds  will  he  receive  in  all  ? 

15.  What  is  the  sum  of  an  A.  P.  consisting  of  51  terms  of  vrliich 
the  middle  term  is  80  ? 

16.  Insert  5  Arithmetic  m  eans  between  5  and  13  and  find  their 
sum. 

17.  A'b  present  wages  ai*e  13^.  a  week,  and  each  year  he  is  to 
receive  a  rise  of  2$.  a  week.  B  starts  with  the  same  wages  but 
receives  a  half-yearly  rise  of  Is.  a  week.  Find  the  total  amonntB 
received  by  each  during  the  first  n  years,  taking  a  year  as  contain- 
ing exactly  52  weeks. 

18.  Find  the  sum  of  all  numbers  between  400  and  500  which  are 
divisible  by  7. 

19.  Find  the  sum  of  all  numbers  between  400  and  1000  which 
are  divisible  by  17. 

20.  Find  the  sum  of  all  the  odd  numbers  between  50  and  4496. 

21.  The  first  term  of  an  A.  P.  is  3,  the  second  term  is  7,  find  the 
sum  of  25  terms. 

22.  The  first  term  of  an  A.  P.  is  a,  the  second  term  is  h,  find  the 
sum  of  n  terms.    What  is  the  n'^  term  ? 

23.  Two  series,  a,  a +  6,  a  +  26, ... 
and                        a,  a  +  c,  a  +  2c, ... 

are  such  that  the  r^^  term  of  the  first  is  equal  to  the  (r*)^  term  of 
the  second.  Prove  that  the  difi^erence  between  the  sums  of  n  terms 
of  the  two  series  is  ^  ?^  (n  - 1)  c. 

24.  The  sum  of  10  terms  of  an  Arithmetic  Progression  is  245, 
and  the  ratio  of  the  third  term  to  the  sixth  is  2 :4^.  Determine 
the  series. 

25.  In  an  arithmetical  series,  if  the  common  difference  be  equal 
to  twice  the  first  term,  prove  that  the  quotient  of  the  sum  of 
n  terms  divided  by  the  first  term  is  a  perfect  square. 

26.  Prove  that  the  ratio  of  the  sum  of  x  Arithmetic  means  to 
the  sum  of  y  Arithmetic  means  inserted  between  any  two  numben 
is  «:y. 
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27.  Prove  that  the  sum  of  2^  + 1  consecutive  integers,  of  which 
the  smallest  is  jp*  + 1,  is  |^  +  (^  +  If. 

28.  The  first,  second,  and  last  terms  of  an  Arithmetic  Progression 
are  respectively  a,  &,  <; ;  show  that  its  sum  is 

(a  +  c){b'hc-'2a) 
2(6-.a) 

253.  A  series  is  caUed  a  Harmonic  Progression  if  the 
series  formed  by  the  reciprocals*  of  the  terms  is  an 
Arithmetic  Progression. 

Thus  the  series  3  +  5  +  7  +  9+...  is  an  Arithmetic  Progression ; 
therefore  the  series  i  +  }  +  ^  +  }...isa  Harmonic  Progression. 

The  terms  intermediate  between  a  and  {,  the  first  and 
last  terms  of  a  Harmonic  Progression,  are  called  the 
Hannonie  Means  between  a  and  Z. 

254.  To  find  the  sum  of  n  terms  of  an  H.  P.  (i.  e. 
Harmonic  Progression). 

There  is  no  formula  for  finding  the  sum  of  an  H.  P.,  but  in 
numerical  examples  the  sum  of  any  definite  number  of  terms  can 
be  found  by  actual  addition. 

All  other  examples  dealing  with  a  Harmonic  Progression  are 
solved  by  means  of  the  corresponding  Arithmetic  Progression. 

Bzample.    Ituert  15  Harmonic  means  between  3  and  47. 

First  insert  15  Arithmetic  means  between  )  and  ^. 

Here  a  ^  J,  n  »  17,    l  =  ^r,  find  d. 

From  the  formula        Z »  a  +  (n  - 1)  (2 

A«i+16(i. 

44  11 

•'"    *'*^'"iex3x47*"564' 

.-.    Arithmetic  means  are  \il,  m,  ...  ^, 

and  required  Harmonic  means  are  {ff ,  {}^,  ...  -jip* 

*  If  X  is  any  quantity,  then  -  is  the  reciprocal  of  x. 

X 
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Examples  XXV  o. 

1.  The  first  two  terms  of  an  H.  P.  are  1  and  2,  what  is  the   10^ 
term? 

2.  The  3-d  term  of  an  H.  R  is  2,  the  5*^  term  is  4,  what  ia  the 
!•»  term  ? 

3.  Find  the  n**»  term  of  the  series  J  +  f  +  i  + . . . . 

4.  Find  the  sum  of  (i)  n  terms,   (ii)  5  terms  of  each  of  the 
two  series : 

(i)    1+3  +  5  +  .... 

(ii)    1  +  J  +  J+.... 

5.  If  a,  bf  c  are  in  H.  P.  express  b  in  terms  of  a  and  r. 

6.  If  a,  6,  c  are  in  H.  P.  prove  that  a-6  :  b-ci:  a  :  c, 

7.  Insert  3  Harmonic  means  between  5  and  6. 

8.  Three  quantities  T,  P,  and  Q  are  connected  by  the  relation 

2P0 
T  Bs       \^^  show  that  they  are  in  H.  P.  if  arranged  in  the  rii^ht 

order. 

9.  Insert  three  Harmonic  means  between  f  and  -2f. 

10.  Find  four  numbers  in  Arithmetic  Progression  whose  snm 
is  32,  the  Harmonic  mean  between  the  second  and  third  being  7| . 

11.  Find  three  numbers  in  H.  P.,  whose  sum  is  ^f ,  such  that  the 
first  is  double  the  last. 

12.  The  first  term  of  an  H.  P.  is  a,  the  n^^  term  is  I,  find  the 
t*^  term.    Verify  your  answer  as  simply  as  possible. 

13.  The  first  term  of  a  Harmonic  Progression  is  1  and  the  third 
is  -2.  Write  down  the  first  five  terms  of  this  progression.  Find 
the  sum  of  13  terms  of  the  Arithmetical  Progression,  the  reciprocals 
of  the  terms  of  which  form  the  above  Harmonic  Progression. 

14.  Find  x  so  that  a  +  Xf  b-{-x,  c  +  a;  may  be  in  Harmonic 
Progression, 

15.  The  first  term  of  a  Harmonic  Progression  is  5  and  the  17'^ 
term  is  -  " .    Find  the  45*'*  term. 
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255.  A  series  in  which  the  ratio  of  any  term  to  the 
preceding  term  is  constant  is  called  a  Geometric  Pro- 
gression. 

Let  the  first  term  be  denoted  by  a,  the  oommon  ratio  by  r,  and 
the  n**»  term  by  /. 

Then  z-—r =  r,  i.e.  second  term  =  ar. 

!■'  term 

•  similarly  the  third  term  =  at*, 

and  the  n^^  term  =  a?'"~\ 

Hence  I  =  at^~\  (i) 

The  intermediate  terms  are  called  Gtoometrio  Means 
between  a  and  I 

256.  To  find  the  sum  of  n  terms  of  a  G.  P.  (i,e.  Geometric 
Progression). 

rS=       ar+ar*-^  ...  -{-ar^^  +  at^. 
Subtract. 
If  r>l,   (r-l)5«a(f'-l) 

5=a^.  (ii) 

If  r<l,  (l-r)5'=a(l-0 

1-r* 

5  =  a  T-  —  •  (iii) 

l—r 

257.  The  formulae  of  the  last  two  sections  enable  us  to  deal 
with  questions  involving  Geometrical  Progressions. 

Since  the  formulae  involve  r",  it  may  be  necessary  to  use 
logarithms  and  then  the  answer  cannot,  of  coursei  be  obtained  to 
more  significant  figures  than  are  given  in  the  logarithmic  tables. 

258.  Example  I.  The  second  term  of  a  O,  P.  is  6,  the  sum  of 
the  first  three  terms  is  26,  find  the  5**^  term. 

The  second  term         « ar »  6.  (i) 

Sum  of  three  terms     *  a  +  ar+ or*  =  26  (ii) 

n-    A  l+r+r»       13 

Divide  =  -s-  • 

r  3 
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Multiply  by  3r  3r*-10r+  3  =  0 

(3r-l)(r-3)  =  0; 

.*.    r  «  3,  in  which  case  a  «  2 ; 

or   r  SB  ),  in  which  case  a  «  18. 
If  a«2,  r«8,  the  5*»  term  =  2x3*  =  2x81  =  162. 
If  a  =  18,  r  =  J,  the  S***  term  «  18  x  (J)*  =  }. 

Example  II.    Find  ike  sum  of  (i)  6  teiym,  (ii;  27  terms  of  the 
aeries  192  +  96  +  48  +  .... 

-ffi  =  J,  41  «=  J ;     .•.   serieg  is  a  G.  P.  in  which  a  =  192,  r  =  5. 

Since 

1— r" 
r<l,  Sn^aYZ;:y 

.-.    5«  =  192^^' 
=  384{l-ft)«} 
=  384-3x2'xi 

=  384-6 
=  378. 

Sn^l^^    1-1 

«  384  {1  -  (i)"}  i^g  |.  =  4771  ^20  x  ^010 

=  384-3  X 2^  X  g57  ^  4771-6^0 

^  004      ^  =  6-4571  correct  to  2  places. 

=  384 -.0000029.       *  *    2«>      ^'^^^^^   • 

We  notice  that  the  answer  =  384  correct  to  the  5^^  decimal 
place. 

SSxample  IIL  A  man  saves  £50  a  year  and  at  ike  end  of  each 
year  invests  the  year's  savings  at  3  per  cent,  compound  interest.  How 
much  do  his  savings  amount  to  at  the  end  of  20  years  f 

At  the  end  of  1  year,  he  invests  £50. 

At  the  end  of  20  years,  this  J£50  has  earned  interest  for  19  yean. 
(Part  I,  §  205.) 

.*.  at  the  end  of  20  years  the  first  year*s  savings  amount  to 
£50  X  (1.03)". 
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Similarly — 

At  the  end  of  20  years,  the  second  year's  savings  amount 
to  ^0  X  (1.03)»«. 

At  the  end  of  20  years,  the  third  year's  savinfls  amount  to 
JE50x(1.08)". 

At  the  end  of  20  years,  the  19th  year's  savings  amount  to 
X50  X  (1.08). 

At  the  end  of  20  years,  the  20th  year's  sayings  amount  to  JE50. 

.-.    at  the  end  of  20  years  the  total  savings 

=  50  +  50  X  1^03  +  50  X  1.03»  + . . .  +  50  x  (l-03)i»  pounds, 

^  ^^  ^\^03^  1  ^  ^^^  (^'^^^^  ^^^"^  "^^2^ 

«  «Mo  (.803)  ^  .256 

*=  ^  (l-08)»  «  1.803  approximately 

=  £1338  approximately.  =  1.803  correct  to  3  figures. 

Using  four-figure  logarithms,  we  cannot  get  the  answer  correct  to 
more  than  four  significant  figures.  In  sums  of  this  kind  it  is  advisable 
to  use  seven-figure  logarithms. 

Szamples  XXV  d. 

(Use  logarithms  where  necessary.) 
Find  the  sum  of  each  of  the  following  series  :— 
1.  2J+1J  +  1+  ...to  7  terms. 
2-  H  A+ A+  —  to  6  terms. 
8.  3  +  8J  +  8Af^+  ...  to  10  terms. 

4.  1  +  J+ J+  ...  to  7, 15,  and  25  terms. 

5.  1+2+4+  ...  to  7,  15,  and  25  terms. 

6.  276  +  92  +  801+  ...  to  5,  10,  and  50  terms, 

7.  80J  +  92+276+  ...  to  5,  10,  and  50  terms. 

8.  2+.2  +  .02  +  .002+  ...  to  » terms  and  to  20  terms. 

9.  8|-2i  +  lf-l^+  ,,.  to  n  terms  and  to  5  terms. 

10.  3J  +  2J  +  If  + 1^  +  ...  to  n  terms  and  to  5  terms. 

11.  55(1  +  1.085  +  1.085*+  ,..)  to  12  terms. 

/  1  1  \ 

12.  ^5(1  +  j:q35  +  i:o35«'*'"*)  to  12,  50,  and  100  terms. 

18.  Insert  three  Geometric  means  between  17  and  272. 

PATXBSOX  II  2 
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14.  Insert   two  Arithmetic  means  and  two  Geometric   means 
between  a'  and  &'. 

15.  Insert  four  Geometric  means  between  -^  aiid  3|. 

16.  Insert  one  A.  mean,  one  H.  mean,  and  one  G.  mean  between 
2  and  8.    Arrange  them  in  order  of  magnitude. 

17.  Insert  one  A.  mean,  one  H.  mean,  and  one  G.  mean  between 
i  and  •^.    Arrange  them  in  order  of  magnitude. 

18.  Insert  one  A.  mean,  one  G.  mean,  and  one  H.  mean  between 
a  and  h.  Show  that  the  product  of  the  A.  and  H.  means  equals 
the  square  of  the  G.  mean. 

19.  How  many  terms  of  the  series  2,*  —6,  18,  &o.,  must  be  taken 
to  make  -40? 

20.  Insert  two  numbers  between  5  and  135  so  that  the  four  maj 
form  a  geometrical  progression. 

21.  The  population  of  a  town  has  increased  from  160,000  to 
212,000  in  ten  years.  What  will  be  its  population  five  vears 
afterwards  if  it  goes  on  increasing  at  the  same  rate  ? 

22.  A  person  is  entitled  to  an  annual  payment  which  in  each 
year  is  less  by  one-tenth  than  it  was  the  year  before ;  show  that 
however  long  it  goes  on,  he  cannot  receive  more  than  a  certain 
amount  in  all. 

28.  What  is  the  condition  that  the  numbers  a,  b,  c  should  be  in 
Geometric  Progression  ?  Apply  the  test  to  the  numbers  87,  1332, 
47752. 

24.  Find  the  seventh  term  of  a  geometric  progression  whose  first 

g 

term  is  1  and  fourth  term ;=  • 

3^/3 

25.  There  is  a  row  of  21  trees  planted  at  intervals  of  one  year. 
The  youngest  tree  is  10  feet  high  and  the  middle  tree  is  25-9  feet 
high.  Assuming  that  during  each  year  of  growth  a  tree  adds 
to  its  height  the  same  fraction  of  its  height  at  the  beginning 
of  that  year,  find  the  heights  of  the  oldest  tree  and  of  the  third 
tree. 

26.  Find  the  sum  of  n  terms  of  the  geometric  progreenon  of 
which  the  third  term  is  —24  and  the  sixth  term  8.  How  many 
terms  of  the  progression  must  be  taken  so  that  the  sum  may 
(i)  be  equal  to  -64,  (ii)  may  differ  from  -64  by  less  than  ^OOl  ? 
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27.  A  person  pays  to  an  Insnraiice  Company  £2Z  every  year. 
Reckoning  compound  interest  at  3|  per  cent.,  calculate  how  much 
the  Company  has  received  at  the  end  of  30  years,  a  payment 
having  been  made  at  the  beginning  of  the  first  year. 

28.  If  X,  fffZhe  in  G.  P.,  prove  that 

29.  Prove  that  the  product  of  1  Hha?  +  «"+  ...  +a:**  and 

l-a?+a^...  +a^  is  l+a:"+a5*...  +«"~ 
where  m  is  any  even  integer. 

30.  The  number  of  pence  in  a  sum  of  money  is  169  times  the 
sum  of  the  three  numbers  which  appear  when  it  is  written  in 
pounds,  shillings,  and  pence.  Also  those  three  numbers  are  in 
geometrical  progression.  Determine  the  common  ratio  of  the 
progression  and  write  down  the  sums  of  money  that  satisfy  the 
conditions. 

259.  If  a,  X,  hj  are  in  Arithmetic  ProgreBsion,  x  is  called 
the  Arithmetic  mean  between  a  and  5,  and  is  usually  denoted 
by  A.  Similarly  the  Geometric  and  Harmonic  means  are 
denoted  by  Q  and  JET. 

Since  a,  ^,  6  are  in  A.  P., 

A-^a^  h^A\ 

.      a  +  6 
-*        2 

Since  a,  6^,  &  are  in  G.  P., 

G      h^ 
a^  G* 
.\    G^^ab,    _ 
i.e.      G-B  ±^/ab.* 

Since  a,  if,  6  are  in  H.  P. ; 

111         .     .  ^ 
->  T,»  T  arem  A.P. ; 

2       11 

I.e.  H  =^  -—Y* 
a  +  d 

*  The  sign  +  is  usually  taken  if  a  and  b  are  positive^  —  if  a  and 
b  are  uegative. 

b2 
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260.  Belations  between  A^  G,  and  H. 

(i)  AH  =  G^f  i.  e.  6r  is  the  geometric  mean  between  A 
and  H. 

Thia  follows  at  once  from  the  results  of  the  last  section, 
(ii)  A  >G>Hf  if  a  and  b  are  both  positive. 

but  the  square  of  a  real  quantity  is  positive ; 

.*.    A  —  Q  \A  positive,  L  e.  A>  G,  if  a  and  b  are  positive. 
But   AH^  Q^;      .-.    H<  G  since  A>G. 
Hence   A>G>H,   if  a  and  b  are  positive. 

26L  Three  quantities  a,  6,  e  are  in  A.  P.,  G.  P.,  or    H.  P. 
according  as 

a  —  b\b  —  c\:a\a 
or  i:  aib 
or      iiai  c. 

If  a—6  :6— c  :  :o  ;a,  then  a— 6  •■  6— c  J 

and  Oy  b,  c,  are  therefore  in  A.  P. 

If  a— 6  :&— c:  :a:6,  then  6(o  — 6)  «  a(&— c), 

i.  e.  aft— 6*  =  a6— ac, 

i.  e.  6*  =  oc ; 

and  a,  b,  c,  are  in  G.  P. 

If  o— b  ;6— c  :  :a  :c,    then    c(a— 6)  =»  a(6— c), 

i.  ©.     ac—hc '^  ab-^acj 
i.  c.  6(o  +  c)  —  2aCy 

2ac 


and  a,  b,  c  are  in  H.  P. 


i.  e.  6  —  — —  , 

a  +  c 


262.  Sum  to  inflnity.  If  there  is  no  limit  to  the 
number  of  terms  of  a  series,  it  is  called  an  infinite  series. 

If  the  terms  continually  increase  in  magnitude,  they  at 
length  become  greater  than  any  assignable  number,  that 


GEOMETRIC   PROGRESSION  897 

isy  the  terms  become  infinite,  and  in  most  cases  the  sum 
of  the  infinite  series  is  also  infinita  This  is  the  case  with 
all  arithmetic  progressions  and  with  all  geometric  pro- 
gressions with  a  common  ratio  greater  than  unity. 

If,  however,  the  terms  continually  decrease,  they  at  length 
become  smaller  than  any  assigned  fraction;  that  is,  the 
terms  become  infinitely  small.  In  such  a  series  there  may 
be  a  limit  which  the  sum  of  the  series  cannot  exceed,  no 
matter  how  many  terms  are  taken.  This  happens  in  the 
case  of  geometrical  progressions  with  a  common  ratio  less 
than  unity. 

263.  Example  L     Consider  the  sum  of  the  infinite  series 

I+J+J+  ...  to  infinity. 
This  is  a  G.  P.  with  a  ■■  J,  »•  =  ii 

As  ft  increases  {\f  is  always  positive,  hence  5„  is  always  less 
than  1.  But  (|)"  becomes  smaller  and  smaller  as  n  increases  and 
may  be  made  as  small  as  we  please  by  taking  n  large  enough. 

Hence  S^  is  never  exactly  equal  to  1  but  may  be  made  to  differ 
from  1  by  as  little  as  we  please,  by  taking  n  large  enougb.  We 
express  this  thus : — 

The  sum  to  infinity  of  the  series  i+i  +  |+  ...  is  1. 

Graphical  illustration. 

Let  OX  represent  unity. 


O  A/  A/    AjA^X 

Fio.  61. 

Bisect  OX  at  A^^  AyXdki  ^,,  A^  at  A^^  and  so  on. 

Then  OA,  -  J,  A^A^ «  J,  A^A^  -=  |,  A^^  =  A»  &©• 

Hence  OA^  represents  sum  of  two  terms  of  the  series. 
OA^  represents  sum  of  three  terms  of  the  series. 
OA^  represents  sum  of  four  terms  of  the  series. 
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and  it  ie  dear  that  the  sum  of  the  series  is  less  than  OX  however 
many  terms  are  taken,  since  A^  is  always  half*way  betw^een 
and  X ;  but  that  OA^  can  be  made  as  nearly  equal  to  OX 
please  by  taking  n  large  enough. 

JBxample  II.    Ft'we  that  the  sums  of  the  ttco  progressions 

h  i.  («».  (t)*, ... 

¥»  t»  t»  A»  ••• 

approach  each  other  without  limit  as  the  number  of  terms  is  increased; 
and  find  at  what  place  of  decimals  they  differ  when  32  terms  are 
taken. 

In  the  first  series  a  =  1,  »' «  f ; 

As  n  increases  without  limit,  (^)*  becomes  indefinitely  smaU, 
hence  8^  approaches  5  without  limit. 

In  the  second  series  a  »  f ,  r  «  | ; 

As  n  increases  without  limit,  (|)"  becomes  indefinitely  small, 
hence  8^  approaches  5  without  limit. 

Since  the  sums  of  both  series  approach  the  same  limiting  value, 
they  approach  each  other  without  limit. 

When  n  =  32, 
for  the  first  series  j     ,  gx,,  ^  53  x  1.9081 

S.  =  5-5(.8)«  "*'        ^4,9 

=  5-.004;  .8'«=.0008 

for  the  second  series 

5„  =  5  -  5  (.5)»«  log  (-Sp  =  \jm^  X  82 

=  5 -.000000001,  =10.8 

.*.    when  fi »  82,  the  two  sums  differ  at  the  8rd  decimal  place. 

264.  Gtoneral  formula  t&r  sum  to  infinity  of  a  O.  P. 

when  r<l. 

1— f**        a         at^ 
w  1— r        1— r       1— r 
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Since  r<  1,  r*^  can  be  made  less  than  any  assignable  quantity 
by  taking  n  suflSciently  large.     Hence  8,^  can  be  made  to 

differ  from  by  a  quantity  less   than  any  assignable 

quantity,  i.e,  5^  =  • 

IV'ote.  Since  r«  continually  increases  in  magnitude  as  n 
increases,  if  r  is  numerically  greater  than  unity,  it  is  seen  that 
when  r  >  1,  the  sum  of  an  infinite  number  of  terms  is  oo . 

265.  Any  sum  paid  at  regular  intervals  is  called  an  Annuity. 
Unless  otherwise  stated  it  is  supposed  that  the  annuity  is  paid 
yearly. 

An  annuity  may  be.  (1)  terminable,  L  e.  payable  only  for 
a  certain  number  of  years,  (2)  perpetual,  L  e.  payable  for  ever, 
(3)  deferred,  L  e.  payable  regularly  after  a  certain  number  of  years 
have  elapsed. 

Insurance  premiums,  rent,  pensions,  &c.,  are  common  examples 
of  annuities. 

266.  If  £1  is  allowed  to  accumulate  at  compound  interest  at 
t*  per  cent,  for  n  years,  it  amounts  to  ( 1  +  r-^  j  • 

1  +  r^  is  usually  denoted  by  i?. 

Hence  in  n  years  at  r  per  cent.  P  pounds  amounts  to  PA**. 
If  P  denotes  the  money  invested  now,  and  A  the  sum  to  which 
it  amounts  at  the  end  of  n  years, 

A  =  PR", 

It  follows  from  this  formula  that  the  possession  of  £P  now  is 
equivalent  to  the  possession  of  £A  in  n  yean*  time,  i.  e.  £P  is  the 
Present  Worth  of  £A  due  n  years  hence. 

The  formulae  for  a  geometric  progression,  together  with  the 
formula  A  «=  Pfi^,  are  all  that  are  required  to  deal  with  elementary 
questions  on  Annuities ;  no  special  formulae  are  needed. 

267.  Example  I.  The  rent  of  a  house  is  £45  per  annum, 
payable  yearly.  What  would  he  a  fair  price  to  pay  for  a  21  years' 
lease  of  the  house,  interest  being  recleoned  at  4  per  cent,  9 


\ 
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Instead  of  paying  j646  at  the  end  of  each  of  21  years,  the  parelia< 
makes  a  single  payment  at  the  beginning  of  the  21  years. 

A ''PR!*. 

r  "  4,       .-.   12  -i  1-04  and  ^  »  45. 

45 

The  present  value  of  ^45  due  at  end  of  1  year  is  Tjr\9 

45 

The  present  value  of  £45  due  at  end  of  2  years  is  ^» 

^1.04) 

45 

The  present  value  of  £i6  due  at  end  of  8  years  is 


(1.04)» 
Total  present  value 


*^  {m  +  (T64)«  -^  (iTM)'  -21  terms} 
V  1.04^ 


45         V  ^'^^/  log(1.04)-«»  -  -81x^170 


1.04  l_ 

1.04 


-»2'^t-(i4i)] 


-  -.8570 
-T.6480 


1186 

.5606 
1125(1-4895)  -^55;g— 


1185  X. 5605 


67.5 
4S 


^£680.  lOs.  approximately.  680.5 


Example  IL  A  man  borrows  £500  at  5  per  cent,  compound 
interest.  If  he  repays  by  tteelve  equal  annual  payments,  find  the 
amount  of  each  instalment. 

Let  £A  be  amount  of  each  instalment. 
1st  Method.    Present  Worth  Method. 

A^PR*. 
.*.    Prssent  Worth  of  1st  payment 

A 

"  5' 

Present  Worth  of  2nd  payment 

A     . 

Also  R  -105  and  P  -=  20? '<-'^-   . 
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.*.     P.  W.  of  ail  payments 

-  ^  [l-  (i)  "  ]  log (1.06)-"  -  -la  X  0212 

-8o^{i-(i.o6)-"}  --;^ 

-20^(1-^67) 

-  20^ X. 4488 

-  8.866  A. 

But  this  Present  Worth  should  equal  the  amount  of  the  deht. 

66.4 
.-.    8.866^  «  600  8.866 )  600        (-  4  4  3. H^ 

=  66.70    C-S3./) 


600 


8.866  -  3.60 

-£66.8*. 

2nd  Method.    Interest  Method. 

If  each  payment  were  at  onoe  invested  at  6  per  oent.,  the  aoeumu- 
lation  at  the  end  of  12  years  should  be  the  same  as  if  the  original  j£600 
had  been  allowed  to  aooumulate  for  12  years. 

At  the  end  of  12  years,  the  first  payment  A  would  amount  to  AR^^» 

At  the  end  of  12  years,  the  second  payment  A  would  amount  to 
AB}^,  fto. 

At  the  end  of  12  years,  the  total  accumulations  would  be 

^(i2"  +  B'o+i2»+...  fi+l)-^^l=^  «20^(1.06"-1}. 

At  the  end  of  12  years,  £600  would  amount  to  600  x  1.06^'. 
.-.   20il(1.06"-l)«  600x1.06" 

600  600 


20(l-1.06-»«)      20(1—6667) 


as  before. 


Bxample  IXL    Find  the  present  value  of  freehold  property  worth 
£76  per  annum^  interest  being  reckoned  at  10  per  cent. 
As  in  Example  I,  total  present  value 

+  ...  to  infinity 


76 

i.i  ■ 

+ 

76 

(1.1)» 

76 

1 

lit 

1 

1 

■"  1.1 

-£760. 
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This  can  easily  be  checked ;  for  the  value  is  clearly  that  wun  of 
money  which,  if  invested  at  10  per  cent.,  would  produce  a  yearij 
income  of  £76.  Now  £10  is  yearly  income  on  £100,  therefora  jC75 
is  yearly  income  on  £750. 

Since  ^^  »  10,  the  value  of  the  freehold  equals  ten  yaars' 


Example  lY.  A  man  leaves  property  worth  j£l50  a  year  to  his 
wife  for  her  life;  on  her  death  the  property  is  to  pass  to  hi8  nephetp 
for  hie  life.  According  to  the  Insurance  Tables  it  is  found  that  the 
wife  may  he  expected  to  live  12  yen^v,  and  the  nephew  S4  year^ 
What  is  the  present  value  of  the  annuity  to  the  nephew,  intertst 
being  reckoned  at  7  per  cent.  9 

This  is  an  example  of  a  deferred  annuity. 

The  first  payment  may  be  expected  at  the  end  of  18  years. 

150 
The  present  value  of  the  first  payment 


The  present  value  of  the  second  payment  ■■ 


(1.07)" 
150 


(1.07)" 

150 
The  present  value  of  the  last  payment       ^  . 

.*.  total  present  value 
160   l-.1.07-^« 


1.07"  l-1.07-> 

15€ 

.07 


^  {  (1.07)-"-  (1.07)-M  }  which  can  be  worked  out  by  logarithms. 


Examples  XXV  e. 

Insert  Ay  G,  H  means  between  the  following  pairs  of  quantities, 
and  in  each  case  verify  that  AH^  G\  and  that  A>G>H: 

1.  8  and  12.  2.  5  and  45.  8.  }  and  ^. 

4.  a  and  a+ 1.  5.  a?  and  a^.  6,  -20  and  -45. 

7.  a?«-ar  and  it*  +  ar.         8.  8  and  -8.  9.  5  and  5. 

Find  the  sum  to  infinity  of  the  following  series: 
10.  7  +  i  +  J  +  --  1^-  24  +  i  +  ,^  +  .... 

12.   7  +  2.1  +  6.8  +  ....  18.  1.2  +  .8  +  4+.... 

14.  i  +  |  +  j^  +  j+....  15.  6-8  +  li.... 

-^      2  2a?  2a!*  1.^1 

^^- 2-^  ^2r^«  ^  (2^? -^  -  ^^^"  ^<  ^- 
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17.  3-V3  +  1  ....  18.  ir"+a5*  +  «'+...,  whena?>l. 

or        d?      :p-K  1 

20.  l-i  +  i-J+....  Verify  by  working  the  eam  to  5  decimal 
places.     ^.  ' 

21.  Prove  that  _  ^  ^  ^ is    a    Geometric    mean 

2(-v/6+V^+V^+l) 

between    —pz —  and  ^• 

V^  +  1  10  +  6V^ 

22.  The  difference  between  two  numbers  is  3,  and  the  difference 
between  their  Arithmetic  and  Harmonic  means  is  f\.  Find  the 
numbers. 

23.  The  difference  between  two  numbers  is  72,  and  the  arithmetic 
mean  between  them  exceeds  the  geometric  mean  by  8.  Find  the 
numbers. 

24.  Find  the  limit  of  the  sum  of  the  series 

i  +  f+i?r+  ...to  infinity. 

25.  If  a  series  of  numbers  be  in  arithmetic  progression,  prove 
that  their  reciprocals  are  in  harmonic  progression;  assuming 
that  A^  B,  C  are  defined  as  being  in  harmonic  progression  when 
A:C::A-B:B-C. 

26.  Form  the  equation  whose  roots  are  the  arithmetic  and 
harmonic  means  between  the  roots  of  the  equation  rr*— 5a?+ 10^:0. 

'   27.  If  S  be  the  sum  to  infinity  of  a  geometrical  progression 
whose  first  term  is  a,  find  the  sum  of  the  first  n  terms. 

28.  Prove  that  the  arithmetic  mean  of  two  positive  quantities 
is  greater  than  their  geometric  mean. 

29.  Express  ^S  as  an  infinite  geometric  series,  and  hence  show 
that  -3  «  i. 

30.  By  means  of  a  G.  P.  express  •7*962  as  a  vulgar  fraction. 

31.  A  person  repays  the  principal  of  a  debt  by  annual  instal- 
ments, paying  c£l20  the  first  year,  and  each  succeeding  year 
10  per  cent,  more  than  the  year  before.  How  much  will  he  have 
repaid  in  10  years  ? 

82.  A  person  borrows  £bO0  and  repays  by  annual  payments  of 
i50.  If  interest  is  reckoned  at  5  per  cent,  in  how  many  years 
will  the  debt  be  paid  off? 
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33.  Find  a  geometric  series  whose  second  term  is  6  and  snm  to 
infinity  49. 

34.  A  person  spends  £50  a  year  more  than  his  income.  Allowing 
compound  interest  at  8  per  cent.,  find  how  long  it  will  be  before 
his  accumulated  debts  amount  to  j£3000.   'to  ^jr.i    i  ■       "  r      /-^ 

35.  A  moneylender  advances  j£  12000,  and  agrees  to  accept 
payment  of  his  loan  and  interest  at  the  rate  of  6  per  cent,  per 
annum  compound  interest  in  eight  equal  annual  instalments. 
What  must  be  the  amount  of  each  instalment  ? 

36.  A  sum  of  money  was  put  out  at  compound  interest;  the 
first  year*s  interest  was  £195.  6«.  3(2. ;  the  fourth  year's  interest 
was  £219. 148.    Find  the  sum  and  the  late  of  interest 

37.  A  deferred  annuity  of  JE20  to  continue  for  12  years  cost 
JC145.  168.  When  will  it  commence,  the  rate  of  interest  being 
5  per  cent,  per  annum  ? 

38.  In  what  time  will  £50  per  month  discharge  a  debt  of  j£2000, 
the  nominal  rate  of  interest  being  4}  per  cent,  per  annum  ? 

39.  Find  the  present  worth  of  a  perpetual  annuity  of  £15 
payable  at  the  end  of  the  first  year,  £30  at  the  end  of  the  second 
year,  £45  at  the  end  of  the  third  year,  and  so  on ;  compound  interest 
being  taken  at  4  per  cent,  per  annum. 

40.  A  man  buys  the  lease  of  a  house  for  25  years  for  £1250.  li 
interest  is  reckoned  at  4  per  cent,  per  annum,  how  much  of  the 
rent  ought  he  to  lay  aside  to  form  a  sinking  fund  which  will  just 
amount  to  his  purchase  money  when  the  lease  expires  ? 

Bzamples  XXV. 

(Miscellaneous  examples  on  Progressions.) 
Sum  the  series : 

1.  11J+9+6J+  ...  to  10  terms. 

2.  16  +  12  +  9+  ...  to  infinity. 

3.  2-J  +  ^-tJ5+  ...  to  infinity. 

4.  (p-'Bq)  +  {Sp-2q)  +  {hp-q)+  ...  to  21  terms. 

5.  1+3  +  7  +  15  +  81+  ...  tonterms. 

6.  -6J-5§-5-4J+ ...  to20terms. 

„  a      b       a       b      a       h  xox 

7.  -  +  ^  +  ^  +  "i  +  "i  +  3  +  ...  to  2n  terms. 
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8.  l  +  2a;  +  3a:'+4;z^+  ...    to  n  terms  and,   when   possible,  to 

infinity.  Sn  =  0-X.-)0'Xr^-'n^"(l- X)'V       5^=r^>  if  ^<^^ 

9.  3-6  +  12-24+ ...  to  17  terms.  ''^ 

10.  l+J+t  +  i+...  ton  terms. 

11.  -.444-.32I -.198  to  «  terms. 

12.  (5a  +  7d)  +  (8a+5d)  +  (lla  +  3d)+  ...  to  18  terms. 

13.  j  —  V'i+ 1  •"  •••  to  8  terms  and  to  infinity. 

ft  »' 

14.  x^-ax  +  ~7=—  ...  to  n  terms. 

15.  3|+2^+l}+  ...  ton  terms. 

16.  1  - 1  + 1  - 1  + 1  - 1 ...  to  54,  79,  n  terms,  and  to  infinity. 
!''•  J  +  I+4+  •••  ton  terms. 

18.  •i42857+.285714  +  42857i+  ...  to  8  terms. 

19.  442857  + -285714+ -571428+  ...  to  8  terms. 

20.  1  +5  +  13  +  29+  ...  to  n  terms.    What  is  the  r^^  term  ? 

21.  Prove  that  the  sum  of  n  terms  of  the  series 

1,  1  +  r,  1+r+H,  l  +  r+r*  +  r*, ...  IS  — ~7fZ:y  —    * 

22.  The  population  of  a  country  increases  by  the  same  number 
of  persons  each  year  throughout  n  years ;  the  rate  of  increase  per 
annum  in  the  last  year  is  h  times  that  in  the  first  year ;  find  an 
expression  for  the  total  percentage  of  increase  in  the  n  years. 

23.  Explain  the  notation  of  recurring  decimals.  Express  0*573 
as  a  series  involving  geometrical  progression,  and  thence  show  by 
summation  that  its  value  is  }|^. 

24.  The  n^  term  of  a  series  is  3n— 1,  whatever  whole  number 
n  may  be ;  prove  that  it  is  an  arithmetic  progression,  and  that 
the  sum  of  the  first  2  n  terms  is  n  (6  n  + 1). 

25.  A  parent  puts  in  a  box  for  a  child  on  every  birthday  a  half- 
crown  for  every  year  of  its  age.  How  old  will  the  child  be  when 
the  value  of  the  money  in  the  box  is  £17  ? 

26.  The  side  wall  of  a  lean-to  shed  slopes  from  a  height  of 
5  feet  to  a  height  of  20  feet,  and  17  upright  slips  of  wood  are 
fastened  to  the  wall  at  eqpsX  intervals,  each  reaching  from  the 
ground  to  the  top  of  the  wall.    Find  the  total  length  of  wood. 
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27.  A  boy  arranges  rows  of  marbles  one  against  the  other  w> 
that  each  row  contains  one  marble  less  than  the  precedin^j^.  Tbe 
last  row  contains  one  marble  only,  which  forms  the  apex  of 
a  triangle.  If  the  boy  has  158  marbles,  how  many  majiiles  are 
there  in  the  base  of  the  biggest  triangle  he  can  construct  ? 

28.  A  ladder  is  2  feet  6  inches  wide  at  the  base,  and  1  foot 
4  inches  wide  at  the  top.  If  there  be  28  rungs,  and  if  the  middle 
rung  be  equi-distant  from  the  base  and  top  of  the  ladder,  find  the 
total  length  of  wood  which  has  to  be  used  for  the  rungs. 

29.  The  yearly  output  of  a  gold  mine  decreases  every  year 
18  x>er  cent,  of  its  amount  during  the  previous  year.  Given  that 
the  fi]?it  year*8  output  is  ^260,000,  and  that  {-Siy^  =  -24842 
approximately,  find 

(a)  the  total  output  for  the  first  ten  years, 
(h)  the  total  output  for  all  time. 

80.  A  number  of  squares  are  described  whose  sides  are  in  O.  P. 
Prove  that  the  areas  of  the  squares  are  also  in  G.  P. 

The  side  of  the  (2  m)^^  square  is  a  feet  and  the  side  of  the 
(2  n)^^  square  is  b  feet ;  find  the  area  of  the  (m  +  n)^^  square. 

81.  A  man  has  charge  of  28  machines,  each  of  which  when 
started  goes  on  working  automatically  and  can  produce  6-5  yards         I 
of  material  per  hour.    The  man  starts  the  first  machine  at  9  a.m. 
and  the  others  at  intervals  of  5  minutes.    What  will  be  the  total 
length  of  material  produced  at  1  p.m.  ? 

82.  A  boy  in  a  swing  works  up  the  movement  until  he  swings 
through  a  distance  of  18  feet  in  his  forward  movement.  He  now 
remains  passive  and  allows  the  motion  to  die  away.  While  the 
motion  is  dying  away,  the  distance  covered  in  any  movement, 
either  backward  or  forward,  is  5  per  cent,  less  than  that  covered 
in  the  preceding  movement  in  the  reverse  direction.  Find  the 
total  distance  (including  the  first  18  feet)  that  the  boy  goes  while 
the  swing  is  coming  to  rest. 

38.  The'population  of  a  certain  town  at  the  end  of  any  year  is 
found  by  subtracting  elieven  times  the  population  at  the  end  of 
the  previous  year  from  ten  times  the  population  at  the  end  of  the 
succeeding  year;  also  ten  years  ago  the  population  was  llOOO, 
and  eleven  years  ago  it  was  10000.  Show  that  the  population 
increases  in  geometrical  progression. 
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34.  A  person  purchaseB  the  reversion  oi  an  estate  after  12  years 
for  J£1000;  what  rent  ought  he  to  receive  that  he  may  realize 
6  per  cent  per  annum  on  his  money  ? 

35.  A  sum  of  £3500  is  left  for  three  children,  A,  B,  and  C^  in 
Bucli  a  manner  that  at  the  end  of  7,  9,  and  12  yean,  when  they 
-will   respectively  come  of  age,  they  are  to  receive  equal  sums; 

required  the  present  value  of  each  share  at  4  per  cAit.  per  annum 

coinx>oand  interest. 


\ 

\ 

i 


CHAPTER  XXVI 

MATHEMATICAL  INDUCTION:   2«2  AND  2n«. 
MISCELLANEOUS  SERIES.    REVISION  EXAMPLES 

Mathematioal  Induction, 

268.  When  the  formula  for  the  sum  of  a  serieB  is  known, 
it  can  often  be  proved  by  '  Induction '.  The  method  is  best 
explained  by  means  of  examples. 

Bxample  I.    Prove  that  the  sum  of  the  eeries 

1  +  8  +  5  +  .. .ton  teiyne  is  n". 
Thertt»tenni8  2r-l. 

Aflsume  that  given  formula  is  trae  when  n  »  r. 
Then    mm  of  r  terms  »  r*, 

the     (r+ 1)*>»  term  =  2  (r+ 1)  - 1  «  2r+ 1 ; 
.*.    sum  of  r+ 1  temiB  ^  sum  of  r  temu  +  (r.+ 1)^^  term 

«r»+2r+l 

-(r+l)«. 
\  Henoe  if  the  formula  is  true  for  n  *»  r,  it  ifi  also  true  when 

I  n  =  r+l. 

1  Whenn«l,  sum  =  1-=  V. 

\  When  n  B  2,  sum  -s  1  +  8  »  2*,  and  formula  is  true ; 

.*.  formula  is  true  when  n  «  8, 
sad  therefore      when  n  «  4, 
and  therefore      when  n  «  5, 
and  so  on. 
Therefore  the  theorem  is  true  for  any  value  of  n. 
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Sbcample  II.    Find  the  sum  of  the  cubes  of  the  first  n  natuFwl 
numbers. 

In  other  words,  find  the  sum  of  the  series 

5,  =  1+8     =9     =(l  +  2)», 
S;,  =  9+27   =36   =(l+24-3)S 
5;  =  36  +  64  =  100=(l  +  2  +  8+4)». 
Hence  we  have  reason  to  expect  that 

fir^»  (1  +2  +  3  +  ...  +  n)»  «  ""lia^  . 

Assume  this  to  be.  true  when  n^  r, 
then  Sr  =  ^  7  ^- , 

«r+i  =  (r+ 1)»  ; 

«(!::^(H+4r+4) 

(r+l)«(r+2)«. 
4 ' 

.'.    if  formula  is  true  for  iS^  it  is  also  true  for  S^+i  l 

but  it  is  true  for  n  =  1,  2,  8,  4 ; 

.*.    it  is  also  true  for  n  =  5, 

and    •*•    it  is  true  when  n  »  6, 

and    .*.    it  is  true  when  n  =  7, 

and  so  on ; 

theorem  is  true  for  any  value  of  n, 

268.  Mathematical  Induction  can  be  used  for  other  examples 
than  summation  of  series. 

Bxample.    Prove  that  u>hen  n  is  a  positive  integer  (8n  + 1)7*— 1 
is  ahoays  divisible  by  9. 

Denote  expression  by  /(n). 

/(I)  =  4x7-1  =  27   and  is  divisible  by  9, 
/(2)  =  7  X  7<-l  »  842  and  is  divisible  by  9. 
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Assume  that  /(r)  «  9i;,  where  x  is  an  integer. 
Now  /(r+1)  »  (Sr+i^Tr+i-l, 

and  /(r)  =  (3r+l)7''-.l; 

/.    /(r+l)-/(r)  =  (3r+4)7'-+>-(8r+l)7«- 

«7''{7(3r+4)-(3r+l)} 
-7'-{18r+27}; 
.*.    f(r+l)-=/(r)  +  7''x9(2r+3) 
«9{a:+7''(2r+3)}; 
i.e.   /(r+1)  is  divisible  by  9. 

Hence  if  the  theorem  is  true  when  n^r,  it  is  true  when 
n  s  r+ 1 ;  but  it  is  true  when  n^\  and  2,  and  therefore  when 
n  —  3,  &c. 

Therefore  theorem  is  true  for  any  value  of  n. 


Examples  XXVI  a. 

Prove  the  following  statements  by  induction : 

f^-l 

1.  a  +  ar +ar*  +  ...  to  n  terms  =  a r- • 

r-1 

2.  a  +  (a+6)  +  (a  +  2d)  +  ...  ton  terms  =  g(2a  +  «-16). 

o    0-6      3o-26      5a-36 

3.  r  + -r-  + -r-  +  ...  to  n  terms 

a  +  6        a  +  6  a  +  6 

a+&\  2      / 

4.  l*  +  3«+5*+...  ton  terms -^(4n«-l). 

5.  1. 2  +  2. 3  +  3. 4  +  4.5  +  ...  to  » terms  =-^!^^^^tii(!Lt2) 

o 

6.  2«+5«  +  8*  +  ...  to  n  terms  «  g(6n«  +  3n-l). 

7.  n'  +  5n  is  divisible  by  6  if  n  be  any  positive  integer. 

8.  (n  +  l)(n  +  2)(n  +  3}...tonfactorss2"(1.3.5....tonfactors). 

9.  a:^—  1  is  divisible  by  x-1  when  n  is  any  integer. 

10.  From  n  different  letters  a,  &,  e,  ...  it  is  possible  to  make 

n^n  —  1^ 
n  (n  - 1 )  different  expressions  of  the  form  a  -  6 ;  but  only   —^-5 — ' 

different  expressions  of  the  form  ah, 

PATBBflOV  It  p 
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11.  The  amount  of  £P  invested  at  componnd  interest  for  »  jtts 
at  r  per  cent,  is  p(l  +  j^  j  • 

12.  If  there  are  in  a  plane  n  straight  lines,  of  which  no  three 
are  concurrent,  and  no  two  are  parallel,  the  number  of  points  (d 

intersection  is  — ^ — ■  • 

13.  The  n«»  term  of  the  series  2,  4,  7, 11, 16  is  1_±^L±?  . 

14.  In  example  12,  the  straight  lines  divide  the    plane  ink 
- — ^ —  distinct  portions. 


270.  The  sum  of  the  r^  powers  of  consecutive  numbers  can  be 
found  by  continued  application  of  the  following  method,  whea 
n  is  a  positive  integer. 

^  V' ;". .  To  find  2  (n)  and  2  (n)«. 

(n  +  l)"-«'  =  2n  +  l, 

n'-(n-l)*  ==2(n-l)  +  l    (replacing  »  byn-I) 
(n-l)»-(n-2)«  =  2(n-2)  +  l. 

2»-l*  =  2.1  +  l, 
l«-0«  =  2.0  +  l. 

Add  (n  +  l)«  =  22(»)  +  »i  +  l; 

/.    22(n)  =  n(n  +  l), 

.      n(n  +  l) 
2  (n)  =  — 2 —  • 

{This  agrees  with  the  result  obtained  by  using  the  formula  for 
an  A.  P.} 

(n  +  l)»-«»=:8n«  +  3n  +  l, 

n»-(n-l)'  =  8(n~l)»  +  8(n-l)4-l, 

(«-l)»-(n-2;'  =  8(n-2)»  +  8(n-2)  +  l. 


7  7C:, 


2»~1»«8(1)«  +  8(1)  +  1, 
l»-0»«8(0)»  +  3(0)  +  l. 
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Add  (n  +  l)''-3Z(»*j  +  3s(n)-fM  +  l; 

.-.    82(n')-(»+l)»-(«+l)-8.*^2— ^ 

-  ^  {2»»»+4n  +  2-2-8n} 
=  ^{2n'+n}; 

in  a  similar  way  it  can  be  shown  that 

,/  ,x      n«(«  +  l)« 
2  (n*)  ss  — ^"2 — ^  ♦ 

271.  The  formulae  for  S(n),  2(n*),  2(n*)  are  often  used  for 
the  summation  of  series  whose  n^^  term  can  he  expressed  in  the 
form  An^  +  Bn^-¥Cn  +  D. 

Example.  Find  the  number  qf  hath  in  a  tHangular  pile^  each  siih 
of. the  base  having  86  balls. 

The  number  of  balls  in  the  base 

The  number  of  balls  in  the  next  layer 

«(l+2  +  8  +  ...  +  85)«?^. 

The  number  of  balls  at  the  top 

1.2 
2 

.*.    Total  number  ^i{l  .2  +  2.3  +  8.4  +  4. 5  + ...  to  86  terms}. 

ntMerm^?!^-' 

_  n(n  +  l)(2n  +  l)      njn-k-l) 
12  ■*■      "4       ' 
n(n  +  l)(»f+2) 
6 

u                '    A         u             86.87.88 
Hence  required  number      = « 

»  8486. 
f2 
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272.  Further  examples  of  snmmation  of  aeriea. 

Example  I.    Indeterminate  Coeffioiente. 

To  find  the  sum  of  l«  +  2«  +  3»  +  ...  +  n«. 

Aflsame  2(n*)  =  -4  +  jB«+0w"  +  1>»"  +  ..., 

where  A,  B,  C^  D,  ...  are  constants. 

Change  n  into  n  4- 1. 

2(n  +  l)»  =  ^  +  B(ii  +  l)  +  C"(n  +  l)«  +  2)(n  +  l)»  +  .... 

Subtract 

(n  +  l)«  =  jB+C(2fi  +  l)+D(8n»  +  3n+l) 

^  +  (4n»+6n«+4n+l)  +  .... 
Equate  coefficients. 

1«B+   C+   2)+   -E+..., 

2=        2C+32)+4J?+,.., 

1=  3i)+6^+.... 

All  the-Mher  coeffieiente  on  tiie  right  hand  sraBt  -be  zer9,  tliej.^ 
tin  nnt  rnntaia  ffj  €,  or  D ;  hence  E  =^0^  F=0,  Sec.  ^ 

Solving  the  above  equations  D^  I,  C  =  \t  ^^h 

Hence        l«4-2«+3«  +  ...  +  n«  «  ^+ g  +  ^  +  y  • 


By  putting  n  -^  1,  we  see  that  A^O, 
Hence  *(♦»')="  J  +  Y  +  ? 


«g{2»»+3«  +  l} 

^n(«  +  l)(2n+j,) 
6" 

Bxample  II.    A  lerieB  whofle  sum  depends  on  the  sum  of 
a  Geometrical  ProgreMion. 

Find  the  eum  of  1  +  3a?+ 5a^  +  ?«* 4-  ,.,ton  terms. 

S^  l  +  3a?+5a?H7a5'+...+(2n-l)a?^\ 

xS^         x+3a!*  +  5a?'*+...  +  (2n-3)a?*-»  +  (2n-l)a^, 

(l-a?)5- l  +  2a:  +  2a?*  +  2ic»  +  ...  +  2«^'-(2n-l)x* 

=  l+2a?j^"'''-(2n-l)ip"; 

^      l--(2n-l)a?*  ^  2a?(l~a?)'»-^ 
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If  a;  <  1,  oS^  and«**~^  become  indefinitely  small  when  n  is  oo,  and 
by  more  advanced  methods  it  can  be  shown  that  the  product  fu^ 
is  also  indefinitely  small  when  op  =  oo  * 


Hence 


1 


Ix 


\-\-x 


1-a?  '  (l-a?)«      (1-a?)' 
This  can  be  verified  by  division. 

Bxample  IIL    A  aerias  in  which  eaoh  term  ooncists  of -any  num 
8   &oto»   in  Arithmetie  ProgreMion  and  the  respeotive   V>er  oj^ 
initial  fiactors  are  in  the  same  Arithmetio  Ftogreasion.  f  .^^.  1  <^>r '''  ^ 

Find  iKe  sum  ofn  terms  of  the  series 

1. 3. 5  +  3. 5. 7  +  5. 7.9  +  .. . 
w.=  (2n-l)(2n+l)(2n  +  3), 
««-i  =  (2n-3)(2n-l)(2ii+l). 

{2n-8)i*,«(2n  +  8)f*^ij  (i) 

*^(2n  +  5)«^-(2»-8)«»=8t#,. 
(2n  +  5)K,~(2n-3)«, 

8 
(2n  +  5)f#^-(2n+3)«^_i 


Hence 
also 

Therefore 


««  = 


8 


using  the  result  (i). 


Similarly 


«*«-!  = 


(2n  +  8)tt,.t-(2it  +  l)ii„, 


8 


«H-a  = 


_  (2n  +  l)t<,.,-(2n-l)tt,,3 


8 


tl.s 


_  lltfs-9t<. 


» 8 

9M,-7tt, 


8 
7U|  +  ti, 

8 


(identically). 


...         ,          ^           (2n  +  5)M^  +  w 
Add    t#4  +  tt,...  +  «n= ^       -  ; 


8 


^      (2n-l)(2n  +  l)(2it  +  8)(2n+5)  .  15 
I.e.    \ g  +  g  • 

A  similar  method  can  be  applied  to  such  series  as 

1  1  1 


1.3.5"^8.5.7"^5.7.9 


*t* .... 


-  A 


r~    , 


*  By  considering  such  fractions  as  ^y   o^ooo'  ^^  ^  ^^^  ^'^  ^^ 
x<l,  fUB^  continually  decreases  as  ti  increases. 

y   2n¥b)    r^     *.l:^    Urt    factor    of    Un^u 
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Examples  XXVI  b. 

Find  the  sum  io  »  terms  of  the  series  whose  n^^  terms  are : 
1.  «(ji  +  l).  2.  (n+a)(«  +  6). 

8.  n(n  +  l)(n  +  2).  4.  n«(8n-2). 
5.  8it«-3n  +  L                .      6.  n*-(n-l)*. 

Find  by  the  method  of  Indeterminate  GoeflScients  the  sum  to 
n  terms  of  the  following  series,  and  verify  by  some  other  method. 

7.  1.2+2.8  +  3.4  +  ....  8.  1 .2«  +  2.3«  +  8.4«+ ..•. 

9.  1.2  +  3.4  +  5.6  +  ....  10.  l»  +  4«  +  7«+10«+...; 

11.  1.2.3  +  2.8.4  +  8.4.5  +  .... 

12.  l»  +  3'  +  5»  +  .... 

Find  the  sum  to  n  terms  of : 
18.  l+2a?  +  3»*  +  4ar'+.... 

14.  a  +  2(ir+8ar*  +  4ar'  +  .... 

15.  a»  +  (a  +  d)a*  +  (a  +  2d)a^  +  (o  +  8<;)a*  +  .... 

16.  a6  +  (a  +  rf)6/•+(a  +  2(i)6^^  +  (a  +  3(^)6/•»  +  .... 

17.  Show  by  induction  or  otherwise  that  the  number  of  balls  in 

,  .                  .1     r     1           •    «(n  +  l)(2n+l) 
a  complete  square  pile  of  n  layers  is  — ^ • 

18.  Find  the  number  of  balls  in  a  triangular  pyramid  if  there 
are  17  balls  in  a  side  of  the  bottom  layer. 

Find  the  sum  to  n  terms  of : 

19.  1.4.7  +  4.7.10  +  7.10.18  +  .... 

20.  2.5.8.11  +  5.8.11.14  +  8.11.14.17  +  .... 

21.  1.2.4  +  2.3.5  +  .... 

1.2.3"*"2.8.4  "^  8.4.5  ■*^-' 
•   0(0  +  8)**"  (o  +  3)(a  +  6)"*"(a  +  6)(a  +  9)  ■^•"• 

^''■"^*-  il^+3)  **"  (a+l)(a  +  4)  "*"  (a  +  2)(a  +  5)  '^"" 

Examples  XXVI. 
Bevision  Examples. 

1.  Find  the  coefficient  of  a^  in  the  product 

(l-2ar  +  4ar^-8««  +  16a:*)x(l  +  2«  +  4a?*  +  8a:»  +  16a?*). 


■ 

I 
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2.  Simplify  i"^gg;"?""?!~!^\^^^o"'-!!- 

3.  Find  the  value  of  J[15a^-2-v/l05ar  +  14],  when  x  is  put 

eqaal  to  — — r=^—  • 
>/l5 

4.  If  the  ratio  2a  +  6:2a— 6  is  the  duplicate  of  the  ratio 
c  +  2a  :  c-2a,  then  the  ratio  2c— 6  :  b  is  the  duplicate  of  the 
ratio  e :  2a. 

5.  Solve  a;»-y»-19,    ?-?^«|. 

'  y      X      % 

6.  Define  an  Arithmetical  Progression ;  and  given  the  first  and 
last  of  (2n  + 1)  numbers  in  A.  P.  find  the  middle  number. 

Two  terms  of  an  A.  P.  are  48  and  106,  and  there  are  8  terms 
between  them  ;  find  the  term  which  is  arithmetically  the  least  in 
the  series  of  which  these  eight  terms  form  a  portion. 

7.  The  first  term  of  a  series  of  numbers  is  x-\-  ex   ^  and  the  n*^ 

1  ^ 

is  nx  +  OM-  •    Find  the  sum  of  n  terms. 

a    X 

If  the  third  term  is  equal  to  the  fourth,  find  x. 


S.  Find  the  H.  G.  F.  of 

a^-2a?*-2«»  +  8a:*-7a?  +  2  and  a:*-4x+3. 

If  A  and  B  are  two  quantities  and  C  is  their  U.C.  F.,  show 

AB 
that  their  L.  C.  M.  is  -j^  • 

9.  Solve: 

(i)    aj"-2a?>v/3-13  =  0. 
(ii)    3:+y  =  5,    a^-2y«=l. 

10.  Prove  that 

X  —  X        X-O        X-0        X-i 

when  X  =  4  +  -v/5. 

For  what  other  values  will  the  statement  be  true  V 
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11.  (i)    If  a :b::e:df  prove  that  a-^bia-hiic  +  dicd, 

(ii)    If  -  a=  ? ,  prove  that  each  fraction  =  z ~-  • 

(iii)    If  -  >  ^,  prove  that  -z ^  is  intermediate  in  value 

between  -  and  £• 
a  0 

12.  Find  the  sum  of  n  terms  of  an  Arithmetic  Progresuon  of 
which  the  first  term  and  the  common  difference  are  given. 

If  the  first  term  is  3^+1  and  the  common  difference  Is  —6, 
find  the  number  of  the  positive  terms,  and  their  sam  (i)  when  A 
is  even,  (ii)  when  2f  is  odd. 

13.  Sum  the  following  series : 

(i)    103+101+99  +  ...  to  108  terms; 
(ii)    8-l  +  «3  +  ...  to  infinity. 

14.  The  incomes  of  A  and  B  are  in  the  ratio  of  3  to  2  and  their 
expenditures  are  in  the  ratio  of  5  to  3.  Each  saves  £1000  a  year. 
Find  their  incomes. 


15.  Show  that  if  a  +  h-\-c  +  d  «  0,  then 

(^  +  t»  +  c»  +  d"=3adcd/^-  +  ^  +  1  +  ^). 

\ a      0      c      a/ 

16.  Solve : 

^'    x-\-h      ap  +  a 

(ii)    x{x-y)  =  lO, 
y(a?+y)«  24. 

17.  Prove  that  a^-i-a^^  a*"**,  where  m,  n  are  positive  integers, 
and  m  is  greater  than  n. 

Simplify     (^-)"*^(^/-^(^'y^)*- 

18.  If  OL  and  p  are  the  roots  of  the  equation 

ax'+&j?  +  c  =  0, 
find  the  equation  whose  roots  are  Ot  +  or',  /3  +  /^\ 

19.  U  a:b::c:df  show  that 

A/ac+-/W:  */ac-*/hd^  (a  +  ft)d:  (c-il)6. 
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20.  If  P,  Q,  £  are  the  p^t  q^\  t^  terms  of  an  A.  P.,  prove  that 

P(2-r)  +  g(r-i))  +  /2(i>-2)=0. 

21.  A  hare  runs  ten  times  as  fast  as  a  tortoise  which  it  is 
pursuing.  The  hare  at  ^  is  100  yards  behind  the  tortoise  at  B ; 
mrlieii  the  hare  is  at  B  the  tortoise  has  advanced  to  C,  and  when 
the  liare  is  at  O  the  tortoise  has  advanced  to  A  ctnd  so  on  an 
endless  Bumber  of  times.  Find,  by  adding  AB,  BC,  CD,  Ac,  how 
far  the  hare  will  have  gone  when  it  overtakes  the  tortoise. 


22.  If  a  rational  integral  polynomial  in  x  vanishes  when  x^  a, 
show  that  it  contains  a;  ~  a  as  a  factor. 

Show  that 

6c(5-c)  +  ca(c-o)  +  a6(a-l>)  +  {6-c)(c-a)(a-6)  =  0. 

23.  Find  the  first  three  terms  of  a  series  of  ascending  powers  of 
X  which,  when  multiplied  by  1  -^oi^  +  Ja^,  is  equal  to  unity. 

24.  Solve: 

...   J L« \ L_. 

^^^    a?  +  a      x-^h      a?+a+"l      a;f&+l* 
(ii)    6a:»-ll«y+4y»=0,    ar+2y  =  5. 
Verify  graphically. 


25.  Ifr  =  4 


-  =  -  «  ^ ,  prove  that  each  fraction  -  /^^y^:y^^^  and 

Zhdf 

26.  (i)  A  series  in  Arithmetic  Progression  consists  of  n  terms ; 
its  first  term  is  n- 1  and  its  last  term  is  1  -n.  Find  the  last  term 
but  one,  and  the  sum  of  the  series. 

(ii)  Sam  to  n  terms  the  series 

2-4  +  8-16  +  .... 

27.  If  a,  j3,  y  are  any  three  roots  of  the  equation 

aar* •\'ba^  +  co?- o  »=  0, 

pro^elhatl5y+ya  +  a3=— +  -;;:+  ztj- 

py      yOC      cxp 

28.  What  digit  must  the  symbol  x  denote,  in  order  tkiftl  ^^    ^ 
product  of  the  two  numbers  31a?  and  3a?l  may  equal  Hop  fiOa;*? 


1 
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29.  Explain  what  ia  meant   by  (i)  an  identity,    (ii)    hy   an 
equation. 

Why  is  the  sign  of  a  quantity  changed  wEen  it  is  transferred 
from  one  side  of  an  equation  to  the  other  ? 

A  quadratic  function  of  x  vanishes  when  ;i;  =  2,  is  equal  to 
~1  when  a;  3=  1,  and  is  equal  to  4  when  x  »  —2.  What  is  its 
value  when  a?  =  - 1  ? 


30.  Simplify    {(^  (^^j::  ,  j/g  n^ 

81.  Simplify: 

(i) 


{a-bjia-c)      (6-a)(6-c)      (c-a)(c-b)' 

32.  Solve: 

(i)    (a«  +  a6-26*)3:*-(2a«+a5  +  36*)a:-^o'-6«=  0; 
(ii)    a:«(l+2y)  =  y+2a:  =  y»(2  +  u?). 

33.  Explain  what  is  meant  by  the  expression  '  sum  to  infinity  * 
of  a  geometrical  progression.  Under  what  circumstances  can 
such  a  sum  be  obtained  ? 

Sum  to  n  terms  and  to  infinity  the  series 

8-4v^+4-2v/24-...; 
and  to  n  terms  the  series 

1  +  3  +  7  +  15  +  31  +  .... 

34.  The  value  of  diamonds  oc  the  square  of  their  weights  and 
the  square  of  the  value  of  rubies  oc  the  cube  of  their  weights  ; 
a  diamond  of  a  carats  is  worth  m  times  a  ruby  of  h  carats,  and 
both  together  are  worth  £c ;  find  the  value  of  a  diamond  and  ruby 
each  weighing  x  carats. 

85.  Two  particles  are  projected,  in  opposite  directions  (towards 
one  another),  from  the  ends  of  a  straight  tube,  268  inches  long. 
One  passes  over  20  inches  in  the  first  second,  18  inches  in  the 
second  second,  16  inches  in  the  third  second,  and  so  on ;  the  other 
passes  over  24  inches  in  the  first  second,  23  inches  in  the  second 
second,  22  inches  in  the  third  second,  and  so  on.  In  what  time 
will  they  meet  ? 
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36.  Prove  the  identity 

a*  +  6*  +  (a  +  &)*  =  2a»d»+2(a«  +  l>«)(a  +  6/. 
If  a?  +  y  +  «  =  0,  prove  that 

a?*  +  y*  +  «*  =  2y»««  +  2«»a:«  +  2ary. 

37.  Divide  «*  +  y"«  by  ie'  +  2^a?'y"*  +  y"^ 

38.  If  ?±^-::?  =  ?±^  =  ?±1^.  prove  that 

a  0  c 

a  +  b  +  c  ^  ap+bz+cx 

a?  +  y  +  «*~  a;"+y'  +  !? 

39.  Find  the  H.  C.  F.  of 

Ibaf^-lOa^y  +  ix^y^-^xj^-Sy*  and  Qar^-Uar^ff-^^dx^'i^by^. 

State  carefully  the  reasons  for  each  step  in  the  process  that 
you  employ. 

40.  State  the  condition  necessary  that  one  quantity  may  be 
the  simple  fraction  —  of  another  quantity,  and  prove  that 
—  =  TT  where  le,  m,  n  are  integers.       3 1 3  ^ 

41.  Define  a  series  of  terms  in  geometrical  progression;  and 
find  a  formula  for  the  sum  of  n  terms  when  the  first  term  is  a 
and  the  second  b» 

The  geometric  mean  between  two  numbers  is  12  and  the 
arithmetic  mean  is  25|.  Find  the  two  numbers  and  their 
harmonic  mean. 

42.  Sum  to  n  terms : 

(i)    a  +  (2a  +  6)a:  +  (3a  +  26)ic«  +  (4a  +  3&)a;»  +  ...; 

W    ja  22  "^  2".  8'      3*.  4'  '^  4*. 5*  '^"" 


43.  Prove  that   2a'(&-c)  »=  II(&— c),  there  being  only  three 
letters  a,  by  e  involved. 

44.  Explain  the  words  logarithm,  mantissa,  characteristic. 
What  great  advantage  is  there  in  taking  10  as  the  base  of 

logarithms  ? 

Prove  that  log  (ar'^y*)  «=  w  log  ic + » log  y. 

If  a^+t'  =  c«,  prove  that  ,— —  +  ;  -^ —  ^  2. 

logc^i,a      logo-6a 
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45.  (i)    Simplify   -^^  -  (a*  +  hi)* ; 


(ii)    Express  Vlb8  +  60  ^  as  the  sum  of  two  surds. 

46.  Solve  a?  +y  +2f  =  1, 

47.  A  man  receives  a  pension,  starting  with  £100  the  first 
but  each  year  he  receives  90  per  cent,  of  what  he  reoeivod  the 
previous  year.    Find  the  total  amount  he  receives  in  the    Biwt 
6  years,  in  pounds  and  decimals  of  a  pound ;  find  also  the  greeUeat 
amount  he  could  possibly  receive  even  if  he  were  to  live  for  ever. 

48.  Prove  by  Mathematical  Induction : 

(i)    s(n')  =  !ii?i±iy?i^; 

/••x     ^/  sx      /n(n  +  l)\« 

Find  the  sum  of  n  terms  of  the  series  whose  n^  term  is 

n(n+l)(n  +  2). 

49.  Find  the  number  of  balls  in  a  complete  rectangular  pile, 
the  length  and  breadth  of  the  base  containing  52  and  34  balls 
respectively. 

50.  Graph  the  function  J(3aj"-4aJ-7)  from  a?«:-3  to  «  =  2. 
Find  the  minimum  value  of  the  function.     Find  the  slope 

of  the  curve  when  a?  =  2. 


CHAPTER    XXVII 

PERMUTATIONS  AND  COMBINATIONS 

273.  By  actual  multiplication  it  can  be  shown  that 

(ar+a){a?+6)~  a:' +  (a  +  6) a?  +  a6, 
(x  +  a)  (x  +  b)  (x  +  e)  =  a;'  +  {a  +  6  +  c)a?*  +  (6c  +  ca  +  a6)a?  +  a5c, 
(a;  +  a)(a?  +  &)(a?  +  c)(x  +  d)  =  a?*  +  (a  +  6  +  c  +  d)a5' 

■\^{ab'¥w+ad-\^lM:-^bd  +  cd)a^  +  {bcd  +  acd-\-abd-\-dbc)x'¥abcd, 
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In  this  last  the  coefficient  of  a^  is  the  anm  of  all  possible  ways 
of  taking  one  letter  out  of  the  four  letters  a,  h,e,d;  the  coefficient 
of  a;^  is  the  sum  of  all  possible  ways  of  taking  the  product  of  two 
letters  out  of  the  four  letters  a,  b,c,d\  similarly  the  coefficient  of 
X  is  obtained  by  taking  the  letters  three  at  a  time;  and  the 
constant  term  by  taking  them  four  at  a  time. 

ah  is  called  a  oombination  of  the  letters  taken  two  at  a  time. 

bed  is  called  a  oombination  of  the  letters  taken  three  at  a  time. 

&c.,  ftc. 

If  now  a^hsa  e^  d,  the  number  of  terms  in  any  coefficient 
18  the  same  as  the  number  of  combinations  that  can  be  made 
out  of  four  letters  taken  1,  2,  8,  or  4  at  a  time  so  that 

(a?+a)*=  a:*  +  4aa;*  +  6a*a?'  +  4a»a?  +  a*. 

Similarly,  results  hold  for  n  factora,  but  before  considering  the 
general  formula  for  (a;+a)**,  we  must  discuss  methods  for  finding 
the  number  of  combinations  of  n  things  taken  r  together. 

274.  Example.  There  are  three  niches  in  the  fnmt  of  a  build- 
ing; the  architect  has  four  statues  which  he  can  use  to  Jill  the  niches. 
In  hoto  many  ways  can  the  niches  be  filled  f 

The  first  niche  can  be  filled  in  4  ways. 

When  the  first  is  filled,  3  statues  are  left. 

Therefore  corresponding  to  each  way  of  filling  the  first  niche 
there  are  8  ways  of  filling  the  second  niche.  Hence  the  number 
of  ways  of  filling  the  first  two  niches  is  4x8. 

There  are  now  only  2  statues  left;  therefore  the  remaining 
niche  can  be  filled  in  two  ways. 

Hence  the  number  of  ways  of  filling  all  three  niches  =  4x3x2 
»24. 

The  student  should  verify  this  by  actually  making  all  possible 
arrangements  of  three  letters  out  of  the  four  letters  a,  b,  c,  d.  In 
this  example  we  have  had  to  consider  not  only  the  fact  that 
3  statues  are  to  be  taken  out  of  4,  but  also  that  there  are  different 
arrangements  of  the  same  3  statues. 

275.  Each  anangexnent  that  can  be  made  by  choosing 
r  things  out  of  n  things  is  called  a  Permutation. 

The  symbol  b^,  is  used  to  denote  the  number  of  Per- 
mutations of  n  things  taken  r  at  a  time. 
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Each  group  of  r  things  that  can  be  chosen  out  af  n 
is  called  a  Combination,  the  symbol  jfi^  is  ueed  to  denote 
the  number  of  Combinations  of  n  things  taken  s^  at  a  time. 

In  dealing  with  Combinations  we  consider  ortly  tlie  groap 
of  r  things,  but  with  Permutations  we  consi<ier  arrange- 
ment as  well. 

Examples  XXVUa. 

By  actually  writing  down  the  Permutations  and  CombinaiioBi 
of  a,  hf  Cf  d,  &c.,  prove  that : 

1.  6^2  =  10,  ftP,  =  20. 

2.  40s  «  4,  ,C,  =  4,  ,P,=  4,  ,P,  =  24. 

3.  flC/2  =  15,  jPj  ^  30. 

4.  6^8  «  10,  bPs  =  60. 

5.  How  many  different  numbers  of  4  digits  can  be  made  (i)  asing 
no  digit  more  than  once,  (ii)  using  any  digit  as  often  as  we 
please? 

6.  In  how  many  ways  can  5  boys  be  arranged  on  a  form  ? 

7.  In  how  many  ways  can  the  letters  of  the  word  thimbie  he 
arranged  ?  How  many  ways  are  there  if  the  vowels  are  kept 
separate  ? 

8.  Show  that  ^Pf  «=  6  x  qP,,  and  by  a  general  argument  show 
that  n+i^r+i  =  (»*  +  l)«Pf-  (without  actually  finding  n+iPr+i  or  ^P^). 

9.  Show  that  ^Ct  « ^Cl,  and  by  a  general  argument  show  that 
^Cy  =  ffin-r  (without  actually  finding  ^C^  or  J^n-r)*    Show  also 

that  „C,.  «=  n-l^r-l  +  n-l^r* 

10.  Find  the  number  of  ways  in  whicka  half-crown,  a  shilling, 
a  sixpence,  and  a  penny  can  be  distribuM  among  six  boys  (i)  when 
no  boy  is  allowed  to  receive  more  than  one  coin,  and  (ii)  when  there 
is  no  restriction  as  to  the  number  of  coins  any  boy  may  receive  ? 

11.  Show  that  the  number  of  ways  of  arranging  n  things  taken 
all  together  is  In  (see  §  247,  Example  HI). 


12.  Find  the  number  of  arrangements  thai  can  be  made  of  the 
5  letters  a,  a,  6,  c,  d  taken  all  together. 
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13.  Find  the  number  of  permutations  that  can  be  made  of 
7  letters  of  which  3  are  alike,  all  the  letters  being  used  for  each 
permutation. 

14.  Show  that  ^P,.  equals  the  product  of  n  consecutive  integers 
of  which  n  is  the  greatest. 

15.  Show  that  the  number  of  ways  of  arranging  n  letters  of 

In 

which  r  are  alike  is   t=  • 

r 


16.  In  how  many  different  ways  can  7  people  arrange  them- 
selves in  a  circle  ? 

17.  If  0?  is  the  number  of  combinations  of  3  things  that  can  be 
formed  from  n  things,  show  that  the  number  of  permutations 
equals  x\Z^ 

276.  To  show  that 

„P,.  =  n  (n— 1)  (n— 2)...(w— r+ 1).     (r  factors). 
The  first  place  may  be  filled  in  n  ways. 
When  it  is  filled  the  second  place  may  be  filled  in  n  ~  1  ways. 
Hence  the  first  two  places  may  be  filled  in  n(n  — 1)  ways. 
The  third  place  may  now  be  filled  in  n-2  ways. 

Hence  the  first  three  places  may  be  filled  in  n(n~l)(n--2) 
ways. 

And  similarly,  by  induction,  f  places  may  be  filled  in 
n(»-l),..(n-r+l)  ways. 

AltematiTe  method. 

Take  one  thing  away;    the  remaining  n~l  things  may  be 
arranged  r—  1  together  in  n-i-^r-i  "'^ys. 
Replace  the  n^^  thing  before  each  of  these  permutations ; 
then  there  are  n-i^r-i  permutations  in  which  a  particular 
thing  stands  first. 
But  there  are  n  things  in  all ; 

.*.  there  are  n  „_iPr-i  permutations  in  all,  each  consisting  of 
r  letters,  the  choice  being  made  from  n  letters  ; 

i.  e.    nP,.  =  n  „«iPr-i« 
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Similarly,  n-ii'r-i  «(«-!)  «-iPr-«» 

since  n-r+ 1  things  can  be  arranged  in  n-r+l  ways  when  oolj 
1  is  taken  at  a  time. 
On  multiplying,  all  the  P's  cancel  except  ^F^ ; 

/.    aPr  «  n(n-l)(n-2) ...  (n-r  +  l), 

or  aPr  =  the  product  of  n  oonseoutiTe  integers  of  ^rliioli  n  Is 
the  greatest.  ^ 

If  all  the  n  things  are  used  for  each  permutation,  we  have  the 
case  where  r^n.  Hence  the  number  of  permutations  of  n 
things  when  all  are  taken  »  n  (n- 1) ...  n  factors. 

=  In. 


277.  Example.    In  how  many  u>ay8  can  5  Utttn  he  atyungedL, 

of  which  3  are  a'a,  and  the  others  are  different  ? 

Let  X  be  the  required  number  of  ways. 

Consider  any  one  arrangement,  say  ah  aa  e* 

Suppose  now  the  a's  were  distinguished  as  Oj  Og  a, ;  then  from 
this  arrangement  we  could  make  6  (i.e.  |3)  other  arrangements 
by  permuting  the  a\  viz.  a^  h  a,  a^  c,  aiba^  a^  e,  &c. 

And  this  could  be  done  for  each  of  the  x  arrangements. 

Therefore  if  the  a's  were  all  different  there  would  be  a? x  [3 
arrangements. 

But  as  the  5  letters  are  now  all  different,  the  number  of  per- 
mutations ■=  1^. 

Hence  a?x  [3^s=s  |^, 

The  general  question  can  be  solved  the  same  way. 

278.  To  find  the  number  of  ways  in  which  n  things  can  be 
arranged  if  p  are  alike  of  one  kind,  q  of  another  kind,  r  of 
another.... 

Let  X  denote  the  number  of  arrangements. 

Suppose  the  p  like  things  be  replaced  by  p  unlike  things. 
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5» 


IT 


These  can  be  permuted  among  themBelves  in  \p  ways ;  so  that 
any  one  of  the  previous  arrangements  can  be  replaced  by 
\p  different  arrangements.  There  would  now  he  xx  \p^  arrange- 
ments. 

Similarly,  if  the  q  like  things  were  replaced  by  q  unlike  things, 
we  should  multiply  by  \q;  and  so  for  any  other  group  of  like 
things. 

Hence  when  all  are  unlike  the  number  of  permutations  would 
be  XX  \p_x  \q_x  |^.... 

^  But  when  all  are  unlike  the  number  of  permutations  is  ]n ; 

a?x  [p_x  |5_x  \rjss  \n; 

in- 


•  • 


E  i  e.    required  number  of  arrangements  » 


|px|qx|r_ 


279«  To  find  the  number  of  combinations  of  n  things 
taken  r  at  a  time. 

Method  I.    Let  x  be  the  required  number. 

Any  particular  combination  may  be  permuted  in  |r  ways,  so 
that  if  all  the  combinations  are- permuted  there  will  be  a;  x  |  r  per- 
mutations. 

But  if  all  the  combinations  are  permuted,  we  have  all  the 
possible  permutations  of  n  things  taken  r  at  a  time ; 

,*.    XX  \rj='^Pr  «n(«-l) ...  (n-r+1). 

But  X  is  ^Cf. 

n(n-l)...  (n-r+1) 


Hence  tfir 


\L 


Method  II.  If  we  first  take  a  group  of  r- 1  things,  there  will 
be  n  -  r  + 1  things  left.  A  group  of  r  things  is  obtained  by  adding 
any  one  of  those  left  to  the  group  of  r- 1. 

The  possible  number  of  groups  of  r— 1  things  is  M^r.iS 
(n-r-¥l)  groups  of  r  can  be  obtained  from  each  of  these. 

This  would  give  (n-r+1)  ^Cr^^  groups  of  r  things. 

But  in  this  number  each  group  is  counted  r  times,  once  for  each 
of  its  r  constituents. 

Hence  „C,.  =  (n  -  r  + 1)  „C,.„i  +  r 


in      c  ^i^''±D  C 

I.e.     ^^r  ■*  ^  w^r-1' 
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Similarly,  by  continually  changing  v  into  r- 1, 

_n-r-f2 

H'^r-l  —       ••—1      w^r-St 

_n-r-|-3 


r-2 

n-1 


n^S 


Q; 


^       n(n-l)...(n-r  +  l)  ♦ 

-^' 172775 


but 
Multiplying 

280,  Altemative  forms  for  oPr  and  „Cr. 

n         /       t\      /  <Y      (n-r)(n-r-l)...  3 -2. 1 

„p. = «(n-i) ...  (n-,.+i) .  ;^_,;;^.,_t;.,.  8.2.1 


= 

n 

» 

H^r 

.Pr 

r 
n 

w  — r   r 

(§  279) 


It  is  easily  deduced  that 

(i)     1^—1  by  putting  r  =  n  in  the  two  formulae  for  ^P^, 

(ill)      ^C,.  as  ^_j  Cf.  +  ^1  C,.„|. 

281.  To  find  number  of  arrangements  of  n  things,  of  which  p 
are  alike  of  one  kind,  q  of  another,  r  of  another,  &c.;  all  the 
n  things  being  used  for  each  arrangement. 

*  The  argument  is  rendered  clearer  by  an  example.  Consider  the 
number  of  combinations  of  the  five  letters  abcde  taken  4  together. 

A  8-combination  is  abc.  from  which  are  formed  -r—  • 

aboe 

Similarly,  from  each  8-combination  two  4-combinations  can  be 
formed,  this  would  give  ^€^^2x^0^, 

But  the  4>combination  abed  can  be  formed  from  the  8-oombination 

abc  by  adding  d,  from  abd  by  adding  c,  fh>m  acd  by  adding  b,  and  from 

bed  by  adding  a ;  so  that  it  has  been  counted  4  times ;  hence  we  must 

divide  by  4. 

^       2       _     .  5-4+1 


•  • 


c. 


»^f 
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t 

AlienuUive  proofs 

Ck>ii8ider  that  the  n  things  are  to  be  put  in  n  places. 

A  group  of  p  places  can  be  chosen  in  nCp  ways.  Fill  this  group  with 
the  p  like  things. 

There  renuun  n«>p  places ;  a  group  of  q  can  be  chosen  in  ii_|»Cg 
ways.    Fill  this  group  with  Uie  q  like  things. 

Similarly,  m.^.^Ct  groups  of  r  places  can  be  filled  with  the  r  like 
things. 

There  remain  n—p—q—r  places,  the  remaining  unlike  things  can  be 
arranged  in  these  in  jn-p— g-r  ways. 

Hence  required  number  of  arrangements 

=  nCpXn^pCqX  ^^p^^CrX\n-p^q-'r 

\n            |n-p  )n~p-g  \n 

—  '  |n  — p— g— r  ■s       — 


|p|n-p  |g[n-p-g      |r|n~p~g-r  \P\1\L 

282.  Example  I.    In  how  many  ways  can  7  people  arrange 
themselvea  ai  a  round  table  f 

Let  any  one  of  them  sit  down. 

The  place  on  his  right  can  be  filled  in  6  ways. 

The  place  on  the  second  person's  right  can  be  filled  in  5  ways. 

The  plKce  on  the  third  person's  right  can  be  filled  in  4  ways ; 

and  so  on. 

Number  of  arrangements  s=6.5.4.3.2.1  »  720. 

If  the  position  of  the  people  with  respect  to  the  room  is  con- 
sidered, (he  nuznber  of  ways  of  sitting  down  is  [7,  as  in  the  case 
when  the  7  people  sit  in  a  straight  line. 

If  7  different  coloured  beads  are  arranged  on  a  circular  wire 

there  are  only  ]=.  different  arrangements.    Why  ? 

Example  II.  In  how  many  ways  may  seven  persons  distribute 
themselves  among  the  ten  seats  of  a  compartment  of  a  railway  carriage, 
if  three  qflhem  refuse  to  ride  with  their  lacks  to  the  engine  f 

The  three  have  5  places  to  choose  from,  and  may  take  their 
seats  in  gP,  ways. 

There  are  now  7  places  left  for  the  remaining  four,  who  may, 
therefore,  choose  their  seats  in  7P4  ways. 
Henee  the  seven  may  seat  themselves  in  5P3  x  7P4  ways. 
Number  of  ways  «b5.4.8x7.6.5.4 

1-60x7x120 
*- 50400. 

o2 
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Example  m.  Find  the  number  of  different  words  that  eem  is 
formed  h}f  using  all  the  letters  in  the  word  repetitioHj  there  heim§ 
alicaye  a  consonant  both  in  the  first  and  last  place. 

There  are  three  possible  sets  of  cases  to  consider :  (i)  t  at  begii- 
ning  and  end,  (ii)  t  at  beginning  or  end  but  not  both,  (iii)  t  neiyier 
at  beginning  nor  end. 

(i)  When  the  two  t*B  are  at  beginning  and  end,  there  remaia 

8  places  to  be  filled  by  8  letters  of  which  2  are  0*8,  2  are  Ta ; 

18 
.'.  remaining  places  can  be  filled  in  jo^jo-  "=  10080  wajrs. 

(ii)  When   t   is   at   beginning,  the   end   may  be    filled  ia 
3  ways. 

Hence  there  are  2  x  3  »=  6  ways  of  having  t  either  at  beginning 
or  end. 

And  as  in  Case  I,  the  remaining  8  places  can  be  fiUed  in 
10080  ways. 

Hence  there  are  altogether  6  x  10080  woitls  with  t  at  one  end. 

(iii)  There  are  jP,  ways  (»  6  ways)  of  filling  the  first  and  last 
places  without  using  t. 

There  remain  8  places  to  be  filled  by  8  letters  of  which  2  are  ^s, 
2  are  i%  2  are  f  *8 ; 

.*.    remaining  places  can  be  filled  in  — 1=: ..  504Q  ^aja. 

Hence  there  are  altogether  6x5040  words  with  t  neither  at 
beginning  nor  end. 
Therefore  total  number  of  words 

*- 10080 + 6  X 10080  +  6  X  5040 

»  10  X 10080 

«  100800. 

Example  IV.  A  person  has  20  acquaintances,  12  of  whom  an 
relatives.  In  how  many  ways  may  he  invite  15  guests  from  among 
them  so  that  exactly  8  of  these  are  relatives  9 

He  can  choose  8  relatives  in  y^C^  ¥rays. 
He  can  choose  the  remaining  7  guests  in  ^Cf  »  gC|  ways. 
But  each  set  of  8  relatives  may  be  aak^  with  each  set  of 
7  acquaintances. 
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Number  of  ways  reqaired  =  ,,0,  x  gOj 

12.11.10.9 


x8 


«  3960. 

Bsample  V.    Find  the  value  of  r  m  order  that  ^Cr  may  have  its 

greaieti  value, 

^      8.7...(8-r+2)(8-r+l) 
•a ^ 

^         8.7...(8-r-t-2) 
Hence  ,0^ «  gC^.i  x  -^ ; 


•  • 


9— r 
■0  long  as  >  1 ; 

i.e.  9-r>r; 

I.e.  9>2r; 

.'.   sCy  continues  to  increase  as  r  increases  until  r  «  4. 
.'.   |Cy  is  greatest  when  r  «  4. 

Example  VI.    ^  person  throws  unth  tu>o  dice,  ie  he  more  likely  to 
throw  a  total  Sorl? 

For  a  total  8  he  must  throw  two  4*s  which  can  be  done  in  1  way ; 

or  5  and  3  which  can  be  done  in  2  ways ; 
or  6  and  2  which  can  be  done  in  2  ways. 

.'.  there  are  5  ways  of  throwing  a  total  8. 

For  a  total  7  he  must  throw  4  and  3  which  can  be  done  in  2  ways ; 

or  5  and  2  which  can  be  done  in  2  ways ; 
or  6  and  1  which  can  be  done  in  2  ways. 

.*•  there  are  6  ways  of  throwing  a  total  7. 

Hence  he  is  more  likely  to  throw  7. 

Example  VII.  Five  hoys  from  a  certain  school  are  candidates  for 
the  Army,    In  how  many  ways  can  a  selection  he  made  P 

There  are  2  ways  of  dealing  with  each  boy  since  he  may  be 
chosen  or  rejected.  Either  way  of  dealing  with  Ist  boy  may  be 
taken  with  either  way  of  dealing  with  another  boy. 
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Hence  there  are  2x2  ways  of  dealing  with  2  boys. 
Similarly,  there  are  2*  ways  of  dealing  with  3  boys ; 
and  there  are  2*  »  32  ways  of  dealing  with  5  boys. 

This  might  have  been  answered  as  follows : — 

5  boys  might  be  chosen  in  1  way ; 
4  boys  might  be  chosen  in  gC^  =  5  ways ; 
3  boys  might  be  chosen  in  ^C^  «  10  ways ; 
2  boys  might  be  chosen  in  ^C^  s  10  ways ; 
1  boy  might  be  chosen  in  5C]  *s  5  ways ; 
0  boys  might  be  chosen  in  1  wayr 

.*.  Total  nnmber  of  ways  «  32. 


Examples  XXVII. 

1.  If  ^P,:,P4::1:6,  find  n. 

2.  If  ^P,  «  12  XnPs,  find  w. 

2 

3.  How  many  different  arrangements  may  be  made  by  using  all 
the  letters  of  the  word  Mississippi  ? 

4.  How  many  different  signals  can  be  formed  by  means  of 
12  different  flags  which  can  be  hoisted  4  at  a  time  in  a  yeitical 
line? 

5.  If.P8  =  6.C4,findn. 

6.  In  how  many  ways  can  6  men  be  chosen  for  promotion  out  oi 
15  candidates  ? 

7.  How  many  different  sums  can  be  formed  with  5  oi  the 
following  coins:  a  sovereign,  a  half-sovereign,  a  crown,  a  half- 
crown,  a  shilling,  a  sixpence,  a  penny,  a  farthing  ? 

What  is  the  value  of  all  these  sums  added  together? 

8.  How  many  hands  of  3  cards  is  it  possible  to  deal  to  a  ]>erson 
with  an  ordinary  pack  of  plajdng  cards  ? 

How  many  of  these  are  all  hearts  ? 

9.  Explain  the  difference  between  permutations  and  com- 
binations. 

If  the  number  of  combinations  of  a  certain  number  of  things 
taken  5  together  is  to  the  number  of  their  permutations  taken 
3  together  as  5 : 1,  find  the  number  of  things. 
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10.  Find  the  greatest  value  of  .C«.  when  n  »  9  and  when  n  ^  10. 

11.  A  schoolmaster  has  11  boarders.  He  purposes  giving  extra 
tuition  to  r  of  them  every  evening,  and  to  continue  doing  so  as 
lon^  as  he  can  have  a  different  group  each  time.  Find  the 
greatest  time  these  lessons  can  continue.  How  many  times 
would  each  boy  attend  ? 

12.  A  man  has  5  coats,  6  waistcoats,  and  4  pairs  of  trousers.  On 
how  many  days  can  he  put  on  a  different  set  of  clothes  ? 

13.  Find  the  greatest  value  of  ^C^af  when  n  »  7,  :v  »  3. 

14.  A  party  of  12,  consisting  of  6  husbands  and  their  wives, 
meet  to  play  bridge  once  a  week  for  a  period  of  six  weeks.  They 
wish  to  arrange  that  no  person  shall  have  the  same  partner  twice 
or  play  against  the  same  person  twice.  Is  this  possible?  Give 
reasons. 

15.  Prove  in  any  way  that 

16.  How  many  different  numbers  can  be  made  out  of  the 
figures  1220005555  ? 

17.  In  how  many  ways  can  5  sixpences  be  distributed  among 
4  boys  ? 

18.  In  how  many  ways  can  a  foot-rule  be  divided  into  three 
pieces  so  that  each  piece  contains  an  exact  number  of  inches  ? 

19.  Find  the  number  of  triangles  into  which  a  polygon  of 
m  sides  can  be  divided  by  joining  the  angular  points. 

20.  Find  the  number  of  permutations  of  the  letters  of  the  word 
December  taken  all  together,  and  also  the  number  of  combinations 
four  at  a  time. 

21.  Twenty-six  people  wish  to  travel  by  an  omnibus  which  holds 
12  inside  and  14  outside.  In  how  many  ways  can  (i)  the  inside, 
(ii)  the  outside  passengers  be  selected  ? 

22.  What  is  the  answer  to  the  previous  question  if  8  refuse  to 
ride  outside  and  6  will  not  go  inside  ? 

28.  Find  the  number  of  permutations  of  the  letters  forming  the 
word  treasurers  taken  together. 

24.  In  how  many  ways  can  a  picket  of  3  men  and  an  officer  be 
chosen  out  of  a  company  of  80  men  and  3  officers  ? 
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25.  A  committee  of  eight  is  to  be  selected  from  14  mexi,  of 
whom  six  are  British  and  eight  are  Ganadians.  In  how  xnasj 
ways  can  the  committee  be  selected  so  that  the  British  majr 
be  outnumbered  ? 


26.  Seven  prizes  are  to  be  distributed  amongst  five  bojs^ 
boy  being  eligible  for  all  the  prises.  In  how  many  wayv  can 
be  given  away  ? 

27.  In  how  many  ways  can  12  articles  be  arranged  in  tlizce 
parcels  so  that  the  first  contains  3  articles,  the  second  4,  and  the 
third  5  ? 

28.  A  closed  chain  is  formed  of  twelve  links  of  different  metsalik 
how  many  distinct  arrangements  are  there  ? 

29.  A  straight  line  is  divided  into  n  segments.  Each  part  is  to 
be  coloured  black,  blue,  or  red.  How  many  ways  are  there  of 
shading  the  line  (1)  if  no  restriction  is  imposed,  and  (2)  if  no  two 
consecutive  segments  are  to  be  of  the  same  colour  ? 

30.  Twenty-two  men  arrange  to  play  a  cricket  match.  If  two 
of  the  men  are  brothers,  show  that  the  number  of  ways  in  which 
the  teams  can  be  made  up  so  that  the  brothers  do  not  play  on  the 

2  |19 
same  side  is  ptq^  ' 

81.  Show  that  if  n  and  r  are  positive  integers,  and  n  is  greater 

h 


than  r,  then  -, — ^= —  is  an  integer. 


ir 


n^r 


32.  Does  1 0  o  0  or  1  or  neither?    Give  reasons. 

38.  A  railway  carriage  can  seat  five  each  side.  Find  in  how 
many  different  ways  a  party  of  four  ladies  and  six  gentlemen  can 
seat  themselves  so  that  the  ladies  always  have  the  comer  seats. 

34.  Find  the  total  number  of  different  combinations  (any 
number  at  a  time)  of  the  five  letters  Xj  x,  y,  y,  at. 

85.  Show  that  the  total  number  of  different  combinations  (any 
number  at  a  time)  of  n  letters  of  which  p  are  alike  of  one  kind, 
q  of  another,  and  the  rest  are  unlike,  is  (p  + 1)  (g+ 1)  2"'*^'—  1. 

36.  How  many  different  numbers  greater  than  a  million  can  be 
made  with  the  digits  0,  1,  2,  2,  2,  8,  8  ? 
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37.  Find  the  number  of  permutations  of  the  letters  of  the  word 
zooiogy  taken  all  together ;  and  find  the  number  of  ways  in  which    r%         ^ 
a  selection  of  four  letters  can  be  made  from  the  letters  of  this  word.  ^    ^  ^  "^     ^ 

38.  A  person  wishes  to  make  up  as  many  different  parties  as  he 
cau  out  of  20  friends,  each  party  consisting  of  the  same  number, 
hovr  many  should  he  invite  at  a  time  ? 

89.  In  how  many  ways  can  12  persons  be  divided  into  three  sets 
of  four  each,  one  set  to  play  lawn-tennis,  one  to  play  croquet,  and 
one  to  play  bowls  ? 

40.  How  many  numbers  are  there  consisting  of  5  different  digits 
arranged  in  ascending  order  of  magnitude  ? 

41.  A  certain  football  club  contains  20  members,  of  whom 
11  can  only  play  forward,  and  9  can  only  play  back.  In  how 
many  ways  can  a  team  of  8  forwards  and  7  backs  be  selected  ? 

42.  Find  the  number  ot  combinations  of  n  things  taken  r 
together,  without  assuming  the  number  of  permutations.  Find  for 
what  value  of  r  ^^C^  is  greatest. 

43.  A  dinner  party  consisting  of  ten  persons  sit  round  a  table, 
a  lady  and  gentleman  alternately:  the  host  and  hostess  each 
occupying  one  end  of  the  table,  and  their  guests  being  arranged 
four  on  each  side.  Find  the  number  of  ways  in  which  the  table 
may  be  arranged. 

44.  Prove  from  the  formula  that 

45.  Prove  (i)  l+^Ci+,,C,+  ...+„Cr,.+  ...+„C;  =  2*; 

(ii)  l+„C,+,C,+  ...  =  2'->; 
(iii),Ci+^C«+,.Ci  +  ...  =  2*-». 

46.  In  a  bag  are  7  red  balls  and  4  white  balls ;  in  another  bag 
are  6  red  balls  and  5  white  balls.  A  draws  two  balls  from  the 
first  bag,  and  B  two  balls  from  the  second.  Show  that  B  is  more 
likely  to  draw  one  red  and  one  white  than  A  is.  If  now,  one 
black  ball  is  added  to  the  first  bag  and  two  black  balls  to  the 
second,  which  is  the  mo(e  likely  to  draw  one  red  and  one  white  ? 

47.  How  many  terms  are  there  in  the  product : — 

(i)  (a?i  +  Oj)  (a?,  +  a,). .  .n  factors  ? 
(ii)  (ar+a,)  (a;  +  a2)...n  factors? 
(ill)  (.r  +  a)(aT+a)...n  factoi"s? 
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48.  How  many  terms  each  containing  2  a?*B  and  3  a*8  can  be 
formed  from  the  ten  letters,  Xj,  x^,  x^,  x^  x^  O],  a^  a,,  a^^  o,  ?  How 
many  can  be  formed  if  no  subscript  can  occur  twice  in  tbe 
product  ?    Hence  find  the  coefficient  of  a'  ^  in  (a + «)". 


CHAPTER  XXVm 

BINOMIAL  THEOREM  FOR  POSITIVE  INTEQBAIi 

INDEX 

283.  To  find  the  expanded  form  of  (^+a)*,   without 
actual  multiplication,  when  n  is  a  positiye  integer. 

(i)  Since  n  is  a  positive  integer, 

(aj+a)**«  (a?  +  a)(af+a)  +  ,..nfiictorB. 

(ii)  Each  letter  in  each  bracket  is  multiplied  by  each  letter  in 
eveiy  other  bracket 

(iii)  Therefore  every  term  in  the  product  is  of  n  dimensloiis. 
and  is  of  the  form  a**  x""**. 

(iv)  x  may  be  taken  from  each  bracket  giving  o^ ;  and  this 
can  be  done  in  only  1  way. 

X  may  be  taken  from  n— 1  brackets  and  a  from  the  remaining* 
bracket ;  since  there  are  n  a*8  to  choose  from,  this  can  be  done  in 
„(7,  ways. 

Hence  there  are  ^Ci  terms,  each  equal  to  ax^K 

X  may  be  taken  from  n  -  2  brackets,  and  a  from  the  remainiBg 
2  brackets. 

2  a's  can  be  chosen  in  ^C^  ways. 

Hence  there  are  „C,  terms,  each  equal  to  a'  x^\  and  generally 
there  are  ^Cy  terms  each  equal  to  a'*  a?*-**. 

The  last  term  is  obtained  by  taking  a  Arom  each  bracket 

This  can  be  done  in  only  1  way. 

Hence  the  last  term  is  a\ 

(v)  We  have,  therefore, 
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*  If  we  sttbfititate  the  values  for  ^Cj ,  ^0,,  &c.,  we  have 


»(n-l)...(n-r+l)^^^^_^  ,       ,    , 


This  is  known  as  the  Binomial  Theorem. 


a'-ar«-«-  +  ...  +  a". 


284*  Proof  of  Binomial  Theorem  by  Induction. 

It  is  reqaired  to  prove  that 

(a?+a)" «  a:^+^Ci(Mf»-»  + ... +,C^a''a?»-''+ ... +a". 
We  know  from  actual  multiplication  that     . 

The  theorem  is,  therefore,  true  when  n  =  2  or  3. 
Assume  the  theorem  to  be  true  for  index  n. 
Then  (af+a)"+* 

x(a?  +  a) 

«  ar»+»  +  («  + 1)  oar"  + . . .  +  (,C,.  +  ,C,.,,)  a'-ar»+»-' + . . .  +  a»»+» 

since  ,.C, + ^C,.,  -  ^^C, ;       (§  280  (ui)) 

.*.  if  theorem  is  true  for  index  n,  it  is  also  true  for  index  n+ 1. 
But  it  has  been  shown  to  be  true  for  index  2  and  index  3. 
Therefore  it  is  true  when  n  ■»  4,  and  so  on. 
Hence  the  theorem  is  proved  when  n  is  any  positive  integer. 

285*   The  following  details  should  be  noted ;  the  proofs  are 
left  as  easy  exercises  for  the  student. 

(i)  The  first  and  last  terms  can  both  be  derived  from  the 
general  term  ^CrOXx*^^  by  giving  the  proper  values  to  r. 

(ii)  Terms  equidistant  from  the  first  and  last  terms  have  equal 
coefficients. 
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(iii)  If  a  is  negative,  the  terms  are  alternately  positive  a»d 
negative. 

(iv)  There  are  (n  + 1)  terms. 

(v)  The  sum  of  all  the  coefBcienti  is  2". 

(vi)  The  sum  of  the  odd  coefficients  (Le.  the  coefficients  of  the 
odd  terms)  is  equal  to  the  sum  of  the  even  coefficients. 

286*   ^C^a^cel*^  is  called  the  QeneralTerm. 


It  should  be  noticed  that  the  general  term  is  the  r+ 1|  ^^  term 
and  not  the  t^  term. 
It  is  useful  to  reoolleot  the  expanded  form,  via. 

/    .••\th4.    '        n(n-l)(n-2)...  (n-r  +  l)     _ 
(r + 1)*"  term  «=  — ^ '-^ r-^ — ^ '■■  •  a' 

The  general  term  of  (a? -a)"  is  „C^(-a)*'a?*~^,  which  equals 

287*   Example  I.    Expand  (8~2rr)^ 

(3  - 2.r)»  =  8«  -  fi^ .  3».  {2x)  +  ^C, .  3^  (2xf  -  .C, .  3»(2ar)8 

+  eC^  3«.  (2a?)*  -  fi^ .  8(2ar)»  +  (2jrf 

=  729-6.243.2aT+ j^.81.4ir»-?-^.27.8«» 

+  ?^.9. 16a?*-6 . 3.  S2a!»+64a^ 
=  729  -  2916a?  +  4860a:* -4320a:" + 2160a?*  -  576a* + Wa^. 

Example  II.    Find  the  middle  tefin  of  (2  a  — 5  a?)'*. 

There  are  13  terms,  therefore  the  middle  term  is  the  7'\ 
The  7*i»  term     «  -f  „(?«  (2a)«  (5a?)« 

>€f.ll.>^.9.8.7 


""1.2.  3  ./T-J^.l 
=  924000000  a*  a:*. 


.  10*  a*a^ 


pie  HI.   Find  the  term,  fu>t  involving  a*,  in  the  expansion  of 


(-5)" 


Method  1.    General  term  =  ,,C,  (  -f  ]  (a*)*'-'' 


""'(l? 


)  ('*}' 


r  in  to  be  cboRen  bo  that  30— 5r  ■:  0 ;  therefore  r  =>  6. 
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5        7 

Required  term  =  (-3)«  -^  ^    i  .^  .i    ^ 


»  3648645. 
Method  IL 


( 


^.^y.i^. 


We  require,  therefore,  the  coefficient  of  ai^*  in  (sx^-^Z)'^^ ; 

i.  e.    the  coefficient  of  («»)«^  in  («» -  3)" ; 

i.e.    the  coefficient  of  the  7^  term  in  (a;* -8)^^ ; 

.".     required  term  «  ^Ce  ( -  8)' ; 
and  the  work  proceeds  as  in  Method  I. 


iple  IV.  Prove  ikat  the  coefficietU  of  the  middle  tenn  of 
(1  ^xf^  is  equal  to  the  eum  of  the  ttquares  of  the  coefficierUe  of  all  the 
terms  in  (\+x)\ 

For  convenience  write  Cr  in  place  of  ^Cy, 

Then    (l+a:)"«  l  +  Cia?+Cga:*  +  ...  +  c,x»^*  +  c,a:'^*+a?";         (A) 

or      (l+a?)"=fl:"  +  Cia?»"*  +  C8a:»-*+...  +  c,«*  +  C|a?  +  l;         (B) 

.  *.    (1  +  o;)^ "  =  the  product  of  these  two  series. 

Now  the  middle  term  of  (1  +  x)'"  is  the  n+ 1]**^  term ; 

i.  e.    the  term  containing  x\ 

Hence  the  middle  term  »  term  containing  x^  in  the  product  of 
the  two  series  A  and  B ; 

.*.    coefficient  of  middle  term 

B  sum  of  squares  of  coefficients  in  (1  -i  ^)". 

288.  Example.    Find  the  numerically  gt^eatest  coefficient  in  the 
expansion  of  (3-2^:)".    Also  find  the  greatest  term  when  a?  «  5. 

^^^  =  13(13-l)...(18-r+2)(18-r+l) 3,,.,  ^^^^^r, 
^  18(18-l)..,(18-r-H2)  3„^..  (.2,j^.. 
13-r+l     -2a? 
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Hence  the  r+T]^  coefficient  is  nomerically  greater  than  r^ 
coefficient, 

80  long  as       •  5  >  1 ; 

v  o 

i.e.    so  long  as  28-2r>3r; 

i.e.    so  long  as  28  >  5r; 

i.e.    so  long  as  5J  >  r ; 

.*.    the  coefficient  is  greatest  when  r  «=  5 ; 

i.e.    the  6^  term  has  the  greatest  coefficient. 

Again  Ur+i>u^,    (numerically) 

,               13-r+l    2x^. 
so  long  as     •  -«-  >  1 ; 

i.e.    so  long  as      •  -^  >  1,  when  a?  =  5 ; 

f         6 

i.e.    so  long  as        H0-10r>3r; 

i. e.    so  long  as  140  >  13r ; 

i.e.  10}#>r; 

.*.    the  term  is  greatest  when  r  «  10 ; 

i.e.    the  11^^  term  is  the  greatest. 

EzampleB  XXVIII. 

Expand : 
1.(1-07)'.  2.  (2a?  +  3y«)».  ^(i"^/' 

4.  (2a "bf.  5.  f^+U'  6.  (a-V^3)«. 

^•O-ir*  B.(a-^2x)\  ^-(^-f/- 

10.  Find  the  middle  term  in  the  expansion  of  f  -q j-  J    • 

11.  Find  the  coefficient  of  o^  in  (32  ^v-^)"". 

12.  Find  the  coefficient  of  a^  in  (2-|  j  • 

13.  What  is  the  coefficient  of  a?»  in  (2  +  }a?)"  ? 

14.  Find  the  coefficient  of  «^  in  (1  -a;+a?')  (1  +a?)". 

/I  \«»+i 

15.  What  is  the  coefficient  of  «•••+»  in  fa?-  -  I       ? 


^  (^-i) 


16.  Write  down  the  coefficient  of  a;**  in   the   expansion    of 
(1  -ar^)**,  where  n  is  a  positive  integer. 
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17.  Find  the  coefficient  of  siP  in  the  expansion  of  I  -„ )    • 

18.  If  (!+«)"=  ao  +  a,a?  +  a,«'  +  ...  +  a«_ia;'^*  +  a„a;",  find  the 
value  of  ««<»i, + <*i  «n_i  +  <»2  ^%-%  +  •  •  •  +  ^n-i  <*i + ^»<*o  • 

19.  Prove  that  the  sum  of  the  coefficients  of  the  i*^  and  (r+ 1)^^ 
terms  of  the  expansion  of  (1  +  xY  is  equal  to  the  coefficient  of  the 
(r+ 1)**»  term  of  the  expansion  of  (1  +«?)»'*■*,  n  being  an  integer. 

20.  If  (l  +  a?)"BsCo  +  Cia;  +  c,rc*+...  +  <^_ia;»->  +  c„a:''  where  n  is  a 
positive  integer,  prove  that 

(i)    Co  +  c,  +  c,+  ...  +  c^_i  +  c^  s=  2"; 

(u)    c^  =  c,.^; 

|2» 
(m)    CoCi  +  qc,  +  c,<?5+...  +  c„_iC,  =     -_z^^_-  . 

21.  Write  down  the  coefficient  x^  in  (5a'-4«*)';  and  find  the 
numerically  greatest  coefficient  if  a  =  2. 

22.  Find  the  middle  terms  in  the  expansions  of  (a—xY^  and 

(-  -  w- 

1  +  —  ) 


Hence  show  that  if  m  is  a  positive  integer, 
24.  Find  the  term  independent  of  a;  in  the  expansion  of 


( 


2\i» 


25.  Find  the  coefficient  of  o;^  in  (1 -«?  +  «*)•. 

26.  Expand  (1  +0:+^:*)''  as  far  as  x*. 

27.  Find  the  coefficient  of  x*  in  the  expansion  of 

(l+2a:-3«»  +  a:»)». 

28.  Find  the  value  of  (1  +a;}«  +  (l  -«)•  when  x  =  ^3. 

29.  Find  the  value  of  the  greatest  term  in  (2-3;r)'^  when 
x^^.    Find  also  the  value  of  the  whole  expansion. 

80.  Find  the  value  of  the  term  independent  of  a;  in 
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CHAPTER  XXIX* 

INEQUALITIES.    LIMITING  VALUES.    CONVER- 
QENCY  AND  DIVERGENCY  OF  SERIES. 

Inequalities. 

289.  Signs  of  inequality.  Instead  of  the  negative  signs 
>  and  <  it  is  now  the  custom  to  use  the  positive  signs  <  and  >« 
which  are  read  'is  less  than  or  equal  to*,  'is  greater  than  or 
equal  to  *  respectively. 

290.  If  a— 6  is  positive,  then  a  is  said  to  be  greater  than  h. 
Here  either  a  or  &  or  both  may  be  negative ;  and  some  care  is 
necessary  in  dealing  with  inequalities  when  a  and  h  are  not 
restricted  to  being  positive. 

The  following  propositions  are  easily  proved  and  their  proofs 
are  left  as  exercises  for  the  student. 

If  a  and  h  are  real  quantities  such  that  a— 6  >  0, 
(i)  a  +  a?>6+«; 
(ii)  ax>hx^  when  x  is  positive ; 

(iii)  cue <  bx,  when  x  is  negative ;  this  includes  *a  <  ^b; 
(iv)  a"  >  6",  when  n,  a,  b  are  all  positive. 

(▼)  -  <  Tt  when  a  and  d  are  of  the  same  sign ; 

(vi)  a**  <  6",  when  n  is  negative  and  a  and  b  are  of  the  same 

sign, 
(vii)  ax  need  not  be  greater  than  iy,  even   though   a>b 

and  x>y. 

It  is  assumed  in  the  remainder  of  this  chapter  that  all 
letters  denote  positive  quantities  unless  it  is  explicitly 
stated  that  their  values  are  unrestricted. 

291.  If    1^9    rf   .->••.  r*  are  fractions  with  positive 

oi     h     Oi  0^ 

denominators,    then    the    fraction     ,    .  ,    .  ,  t-t~    is 

intermediate  in  value  between  the  greatest  and  least  of 
them. 

*  I  am  indebted  to  Dr.  F.  8.  Ms^uiulay,  St.  Paul's  School,  for  much 
valuable  advice  in  connexion  with  this  chapter. — ^W.  £.  P. 
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Let  r  ^®  t^®  greatest  of  the  fractions  and  its  valne  k, 

r-  <  A:,         /.    a^  <  6i  4?,  since  6^  is  positive  ; 

similarly,  a^Kb^k 

a,.  B  &^^ 

««<  ^*^ 
Add  (aji  +  a+  ...  +oJ<(6i  +  6j+  ...  +hjk, 

i- e.  ,'    ,'^   '"  .  ,* <*;<,-  the  greatest  fraction. 

Similarly,  ,  \    '  .      — -  ^^  ^  shown  to  be  greater  than  the 
©l  +  Of  +  ...  +o„ 

least  of  the  fractions. 
If  the  denominators  are  all  negative,  a  similar  proof  holds. 

Corollary.    If  k^,  k^,  ,..k^  are  any  quantities  of  the  same  sign, 

then  z^ — ^^ — 7^ — '-^ — r^"  "  intermediate  in  value  between 

the  greatest  and  least  of  the  fractions  -^r,  ?,  ...  ir- 

bi     &,        b^ 

292.  In  dealing  with  real  quantities,  any  square  quantity 
must  be  positive  or  zero.  This  fact  leads  to  the  proof  of 
many  inequalities. 

293.  If  a  and  b  are   real»  positive  or  negative^  then 

For  («-&)•  >0, 

294.  If  ^+y«BC,   then  x^  is  greatest  when  a?">y,  i.e. 

.'.    xy  is  greatest  when  (s^^)  u  least,  i.e.  when  g - jp k  0, 
i.a  when  a? »  y; 

and  the  maximum  value  is  ^  • 

PATEBflOV  II  If 
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295.  The  Arithmetio  mean  of  two  real  difEbrent  qiiantitieB 
a  and  h  ia  greater  than  the  Geometrio  mean. 

For        A-G  -  -g vob  -  ^^ 5 =  a  positive  quantitj. 

.',    A>G,  .1. 

296.  If  there  are  n  quantities,  their  sum  divided  by  • 
is  called  their  Arithmetio  mean  ;  and  the  n^  root  of  their 
product  is  called  their  Gfreometrio  mean. 

The  Arithmetic  mean  of  n  quantities  c^b,e^d,.,  which aze 
not  all  equal  is  greater  than  their  Geometric  mean. 

In  the  product  abed,,.,  suppose  a  and  b  change  their  Tallies 
their  sum  always  remaining  the  same.  Then  the  product  ab  u 
greatest  when  a  =  6.  Hence  if  two  &ctors  of  the  product  ahcd,,, 
are  not  equal,  the  product  can  be  increased  by  making  those  two 
factors  equal,  their  sum  remaining  unaltered.  It  follows  that  the 
greatest  value  of  the  product  is  obtained  by  making  all  the  factors 
equal,  the  sum  remaining  a  +  &+c  +  d+.... 

Each  factor  is  then , 

fI 

so  that  the  maximum  value  of  the  product  is 

( n )' 


I.e. 


^a  +  6+^hd+^.J-^^     . 


or  a  +  ft  +  c  +  d+... 


>  ydbcd,,,. 


n 
i.e.  A.  mean  >  G.  mean. 

If  we  allow  for  the  possibility  that  a,  b,  c, ...  may  be  all  equal, 
we  have  the  more  general  statement 

A«  mean  ^  O.  mean. 

297.  Example  I.    If  x>y^  show  that 

""3    >  a?  -  y  >  -T^  V  if  no  and  y  are  both  poaitin^. 

Since  x>y  and  x  and  y  are  not  negative, 

.-.     ~>1  and  ^<1. 
y  X 
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Now  «'-y*  =  (a;-y)(a!'+«'y+a!^+y'), 

^i>'-   -  ill <t)' <f) 

Hence  .  g    >  a?  -  y. 

Similarly,  -j^  =  (a^-y) 


+  1>4. 


•*(y*(i)'*a)" 


<  x—ff  since  -  <  1. 
Hence  .  /   >a?-y> 


4y3    --     ar^    4^ 

?<1  an-  ^ 

y 

ease,  therefore,  the  signs  of  inequality  aro  reversed. 


Note.    If  X  and  y  are  both  negatiye,  ~  <  1  and  -  >  1.    In  this 

y  X 


Example  II.    Ph>ve  that  (a'  +  ft'  +  c^)  >  (5c  +  ca  +  aft),  provided 
a,  bf  c  are  real  quantities  and  are  not  all  equal* 

Since  a,  b,  c  are  real,  (b^c),  (c~a),  (a—b)  are  all  real ; 

.-.    (6-c)«  +  (c-a)«+(a-6)«>0, 
i.e.  2(a«  +  6^  +  c*)-2(6c  +  ca  +  fl*)>0, 

i.e.  (a*  +  6*  +  e?)>(6c  +  a»  +  ai). 

JBzample  III.    Ptoiw  that  (a  +  & + c)'  ^  27 a6c. 
The  A.  mean  of  a,  b,  c  ^the  G.  mean, 

a-^b  +  c^   ■/T" 
1. 0.  — 5 —  ^  ^a5c. 

Hence  (a  +  6 + c)'  ^  27fl*c. 

Bzamples  XXIX  a. 

Prove  that  in  any  inequality : 

1.  Any  term  may  be  transposed  from  one  side  to  the  other 
provided  its  sign  be  changed. 

2.  Both  sides  may  be  multiplied  or  divided  by  the  same  positive 
quantity. 

h2 
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8.  The  sideB  may  be  transposed,  if  the  sign  of  inequality  ii  at 
the  same  time  reversed. 

4.  If  each  side  is  inverted,  the  sign  of  inequality  must  be 
reversed. 

5.  If  all  the  signs  bo  changed,  the  sign  of  inequality  most  be 
reversed. 

6.  Where  would  the  proof  of  §  291  break  down  if  the  denomi- 
nators were  of  different  signs  ? 

7.  Write  out  the  proof  of  §  291,  when  the  denominators  are  all 
negative. 

8.  If  a > &  and  e>d  and  are  not  necessarily  all  poaitiTe,  is 
it  necessarily  true  that  ac>hd7   Illustrate  by  numerical  examples. 

9.  If  a  and  b  are  any  quantities  such  that  a~b>0,  show  that 
a**  is  not  necessarily  greater  than  &**  even  though  n  be  positive. 

10.  Show  that  the  sum  of  any  positive  quantity  and  its  reciprocal 
cannot  be  less  than  two.  State  the  corresponding  theorem  for  a 
negative  quantity.         ^  ^^^^  TPk^c:...       ».^r^i 

11.  Show  that    ..,..,  Qv  >7— ToT7~TTr     >v  -^o    ftv:    ivfeiV^^ 

(n  +  l)(n  +  3)      (n+2)(n+4)    ^   OtL^^^^     .2. 

12.  If  a,  bf  c  be  different  positive  numbers,  show  that  ^^  ^' 

bc(b-\-c)  +  ca{c  +  a)-\'db(a  +  b)>^abc 

13.  Prove  that  four  times  the  sum  of  the  cubes  of  any  two 
different  numbers  is  greater  than  the  cube  of  the  sum  of  the 
two  numbers. 

--  14.  Show  that  a^  +  l^  +  <?  ^Babe,  provided  a  +  ft  +  c>0. 

15.  Showthat  2(a'  +  &'  +  c»)  ^6c(6  +  c)  +  ca{c  +  a)  +  aft((i  +  6),  if 
a,  bf  e  are  positive. 

16.  Prove  that  (a  +  6  +  c)»  <  9(a»  +  2r»  +  c»),  if  a,  &,  c  are  positive. 

17.  Prove  that  abc'^  (6+.<;-a)(c+a-6)(a  +  ft-c)  if  a,  b,  c  are 
positive. 

18.  Prove  that  a&c^  (2a-6)(26-c)(2c-a)  if  a,  h,  c  are 
positive. 

298.  Bmall  quantities. 

Example.    Find  the  valuer  correct  to  3  decimal  pUiceSj  of 


when  X  equals  (i)  -1,  (ii)  -001,  (iii)  -00001.  ^    * 

In  all  three  cases  it  is  found  by  division  that 

e  l  +  a?+a:'+a:»+..,. 

1-a? 
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Oaae  I.  a;  -*  •!. 

Then  »"  -  .01,  »•  -  .001,  »<  -  .0001. 

For  the  required  degree  of  accuracy  a^  and  higher  powers  may  be 
neglected. 

Hence  i l+x+xH**  -  1-111. 

1— » 

Case  II.  X  -  .01. 

Then  x'  »  -0001 ;  therefore  x<  and  higher  powers  may  be  neglected. 

Hence  = 1 + x  -  1.010. 

1— X 

Case  HT.  X  ^  .00001. 

Here  x  and  all  higher  powers  may  be  neglected. 

Hence  = 1  «  1.000. 

1— X 

The  degree  of  smallness  of  a  quantity  is  often  expressed  by 
mentioning  the  lowest  power  that  may  be  neglected,  e.  g.  if  a?  is  a 

small  quantity  whose  square  may  be  neglected,  then  = »  1  —  a;. 

To  say  that  a; «» 0  is  equivalent  to  saying  that  its  first  power  may 
be  neglected. 

If  X  and  y  are  small  quantities  such  that  their  squares  may 
be  ne^ectedi  their  product  also  may  be  neglected ;  thus,  in  such 
cases,  (l  +  a?)(l+y)«l+a?  +  y. 

LIMITING  VALUES 

288.  Example.    Determine  the  value  of ^-  when  x  =  \. 

a?— 1 

Substituting,  we  have 

a;»~l      1-1      0 

»-l  ~  1-1"~0" 

Since  0  x  a;  =»  0  whatever  finite  value  x  may  have ; 

.'.    ji^  X  where  x  may  have  any  finite  value.    This  is  usually 

^  0 

expressed  by  saying  that  g   is  indeterminate. 

If  d7-l   is  not  nothing,  we  may  divide  by  it;   hence  when 

:b*  — 1 
a?Tffcl,  — ^-a?+l. 

If    27  =  1.01,  fraction  -  2.01 

X  «  1-00001,     fraction  «  2*00001 

a?  =  1  -  •Ol,       fraction  «  2  -  -01. 

a?»  1—00001,  fraction  B  2 —00001. 
As  X  approaches  more  nearly  to  the  value  1,  the  fraction 
approaches  more  nearly  to  the  value  2;  and  the  fraction  may 
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be  made  to  differ  from  the  value  2  by  as  small  a  qaantifl7  as 
we  please  by  taking  x  sufficiently  close  to  the  value  1  ;   i.  e.   tiie 

limiting  value  of =-,  as  x  approaches  1,  is  2. 

X  ~"  \ 

300.  If  /(^)  approaches  the  value  &  when  x  approaches 
the  value  a,  and  can  be  made  to  differ  from  h  by  leas  than 
any  assigned  quantity  by  takii^g  x  sufficiently  nearly  equal 
to  Oy  then  &  is  called  the  limiting  value  or  limit  of  f{3c) 
as  X  approaches  a.    This  is  writt;en 

L  /(«) = ^•* 

Alternative  definition.  If  /(re)  is  a  function  of  x  which 
has  the  value  u+c,  when  x  ^  a+A;  and  if  by  making  h 
indefinitely  small,  c  may  be  mftde  less  than  any  assignable 
quantity,  then  u  is  called  the  limiting  value  of  /(a;)  when 
X  approaches  a. 

SOL  The  symbols  0  and  oo . 

In  Arithmetic  and  more  elementaiy  Mathematics  the  symbol 
0  stands  for  the  absolute  zero,  i.e.  the  difference  between  two 
quantities  that  are  exactly  equal.  In  more  advanced  work  it  may 
also  stand  for  the  limit  of  a  variable  quantity  which  diminishes 
indefinitely,  just  as  oo  stands  for  the  limit  of  a  variable  quantity 
which  increases  indefinitely.  It  is  important  to  bear  in  mind  that 
00  does  not  stand  for  a  definite  number,  but  for  any  number  that 
is  lai^r  than  any  conceivable  number;  hence  it  is  not  necessarily 
true  that  oo  «  oo . 

A  quantity  which  is  not  infinitely  large  is  said  to  be  finite. 

302.  Fundamental  Theorems  on  Limits. 

Theorem  I.  If  the  limits,  when  x  approaches  a,  of  a  finite 
number  n  of  functions  of  a;,  viz.  f\%f%%fzf*fn  ^>^  ^^^  nothing, 
then  the  limit  of  their  sum  is  also  nothing. 

*  The  symbol  x-*a{x  approaches  a)  is  of  very  recent  introduction. 
The  older  and,  at  present,  more  usual  notation  is  T  /(x).    This  is 

misleading  for  x  does  not  actually  equal  a.    In  some  of  the  examples, 
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the   older   notation  and  oorresponding  wording  (when  x  =  a)  are 
retained  in  many  of  the  examples  of  this  book. 

For  suppose  that,  when  x  ^  a-^h,  the  functions  are  respectively 
^1  >  ^2t  •••  ^*     ^^  K  ^  the  greatest  of  the  n  quantities  hi,h^, ...  A,^. 

Then  ^(Jr)  ^  *i+*2+  •••+*»»  when  x  «  a  +  *. 

Let  £  be  an  infinitely  small  quantity ;  then,  by  the  definition  of 

limit,  h  can  be  chosen  so  that  Ar  ^9  loss  than  —  •    Hence  h  can  be 

n 

80  chosen,  that  3e(/r  )  <  B,  i.e.  less  than  any  assigned  quantity. 


Therefore  T     (/,  +/,+...  +/»)  -  0. 


*-+a 


Theorem  II.     If  u,,  ti,*  •••  u^  are  the  respective  limits  of /|, 
/a,  .../m  when  a;  approaches  a  then  S(u,.)  is  the  limit  of  ^(/r)' 

When  X  «  a+A,  let  u^  +  Ai,  tig+A2...  be  the  respective  values  of  the 
functions ; 

^(/r) '*'*i+*i+'*«+*t  — >  when  «-a+A 
-  J(u,.)+Ai+A,+...  +  A«. 
A  may  be  taken  so  small,  that  h^,  h^^  ...  A»  are  all  infinitely  small. 


Therefore  J^  S  (/r)  -  S  (fir). 


«-»a 


Theorem  III.  The  limit  of  the  product  of  a  finite  number  n 
of  ftinctions  is  the  product  of  their  limits,  provided  the  limits 
are  none  of  them  infinite. 

A  A  .-  /«  ■  (**!+*!)  0*«+*2)  («*s+*3)  •••  (ttii+*ii)>  when  X  «  o+ A 
-tt|tt2  ...  ti«+ 35(^1  v,ti,...un) 

+S(Ai  Ajtijtt^ ...  tf»)  + ... . 

Now  A  may  be  taken  so  small  that  all  products  containing  one  of  the 
quantities  Ad  An  ...  as  factors  can  be  neglected  unless  one  or  more  of 
the  quantities  tt|  u^ ...  Hi,  is  infinite. 

Hence,  if  U|,  u,, ...  t<»  are  all  finite, 


T    /i/a  ...A  -«!«,...  ti.. 


If  n  is  infinite,  the  theorem  is  not  necessarily  true ;  for  3S  (Aj  u^  ti, . . .  Un) 
may  be  finite.  An  important  limit  of  this  type  is  given  in  $  828, 
p.  482. 
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Theorem  IV.  The  limit  of  the  qaotient  of  two  fanctaoni  is 
the  quotient  of  their  limits,  provided  the  limit  of  the  divisor  i^ 
not  zero  and  both  limits  are  not  infinite. 

With  the  notation  of  Theorem  II. 

•A««rt^  whenx-a+* 

«  !ii  +  **!•*•  *i  _  !ii  « !H  +  «»^-**i*« 

If  Uj  is  not  infinite  the  numerator  of  the  second  fraction  can  to 
made  as  small  as  we  please,  but  the  denominator  is  by  hypothesis  not 
zero,  therefore  the  second  fraction  can  be  made  as  small  as  ^ve  please. 

.•    T  ^-'^. 

If  113  is  infinite  and  u^  is  not, 

•^  -  ?!  +  "a      =  0  ^since  ^  is  indefinitely  small  \ 

/a       «a         tl,  +  A,  \  «a  / 

and  the  theorem  is  true. 

If  %  u,  are  both  zero  or  both  infinite  each  case  must  be  speeiaUy 

investigated. 


303.  The  following  limits  are  continually  required 

«  LI-"'         («)  LI-'' 


(iii)      T    a?"  =  00  when  a:  >  1,     (iv)    T    a?"  =  0  when  x<l. 

These  hardly  require  proof;  but  proofs  can  be  given  as  follows  : 
(i)  -  can  be  made  as  large  as  we  please  by  taking  x  small  enoagh« 

provided  a  is  not  zero. 


X-^» 


-  «  00. 

(ii)  -  can  be  made  as  small  as  we  please  by  taking  x  large  enough, 

X 


provided  a  is  not  infinite. 

.-.  T  5-0. 


(iii)    Since  x>l,  95«l+c  where  c  is  positive. 
By  the  Binomial  Theorem  (1  +  c)*  «  1 + nc  +  ^j— g""  ^'^ + 

.%    »*>l+nc. 
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'  •  However  small  a  constant  e  may  be^  ne  can  be  made  as  lai^  as  we 

>  please  by  taking  n  large  enough. 

T   «*  «  00  when  »  >  1. 

'   It  follows  that 

l-r*» 


i 

I 


La  -r — when  r <  1. 
1-r       1-r 


»-♦« 


(iv)  Let  y  =  -  f  then  y  >  1. 


T    »•  -  oo  (by  iii)  ; 


n-»  00 


•ISO  L*"-L?- 


n->  oo         n-*  00 


T   »"  «  0  when  «  <  1  (by  ii  and  iii). 


n-*oo 

304.  Theorem  I.    The  limit  of  the  infinite  series 

where  all  the  coeflBcients  are  finite  quantities,  is  Gq  when  x  is 
indefinitely  diminished. 

Let  S  be  the  sum  of  all  the  terms  following  the  firat  and  let  a/g  be 
the  greatest  of  the  coeiBcients  following  Oq. 

Then  S<  a^ («+«*+»'...) 

L(s)«.*L.  xL(i-x-)  xL^^ 

(Theorem  lU,  §  802.) 

<aj^xOxlxl  (where  0  represents  an  infinitely 

small  quantity) ; 

i.e.     T    (S)  =  0; 

x-*0 
ie.    Sam  of  series  »  a^  when  x  is  indefinitely  diminished. 
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Theorem  IL    In  a  series 

ao  +  aia?+aja^  +  asa;*+  ... 
where  all  the  coefficients  are  finite  quantities,  any  term  maj  he 
made  infinitely  great  compared  with  the  sum  of  all  the  following 
terms  by  taking  x  sufficiently  small ;  and  may  be  made  infinitely 
gpreat  compared  with  the  sum  of  all  the  preceding  terms  by  taking 
X  sufficiently  huge. 

Take  af.x^  as  the  particular  term  and  let  Om  be  the  greatest  of  all 
the  following  coefficients,  and  aj^  the  greatest  of  all  the  preceding 
coefficients. 

Sum  of  all  the  following  terms  <  a»(«'^*+af +•+...  to  oo  ). 

X  may  be  as  small  as  we  please  and  may  therefore  be  less  than  one. 

.*.  Sum  of  all  the  following  terms  <  zl ; 

.'.  Ratio  of  a,.xr  to  sum  of  following  terms  >a^x  rr    -^^^ 

a-      1— X 
>  -T  X  

Oh  » 


sa-) 


1 

Now  -  may  be  made  as  large  as  we  please. 

X 

.\    —  1  may  be  made  as  large  as  we  please. 

X 

.'.    —  ( —  1  ]  may  be  made  as  large  as  we  please. 

Hence  the  first  part  of  the  theorem  is  proved. 
Similarly,  the  ratio  of  a^of  to  sum  of  preceding  terms 

^  X  — 1 

>  -?^  (x-1)  -^  >  "-  (x-1),  i.e.  >  any  assigned  quantity. 
305.  If  all  the  coefficients  are  finite,  the  limit  of  the  fraction 

is  ^^  when  x  is  indefinitely  diminished  and  v*  when  x  is  in- 

definitely  incre^ed. 

For  by  §  804  the  numerator  ^af^+Si,  and  the  denominator 
-  60+^2  where  S,  and  S,  are  indefinitely  small  when  x  is  indefinitely 
diminished. 

.-.   Limit  of  the  fraction  -  T    ^41'  "  T*     (Thoorem  IV,  $  802.) 

«-^0 
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B  p  when  y  is  indefinitely  diminiahed 

«=  -  -  when  X  is  indefinitely  increased. 

Hence  in  finding  the  limiting  values  of  fractions  we  need 
consider  only  the  lowest  powers  in  the  numerator  and  denomi- 
nator when  the  variable  diminishes  without  limit,  and  only  the 
highest  powers  when  the  variable  increases  without  limit. 

806.  Indeterminate  quantitiee.    Quantities  are  said  to 
be  indeterminate  when  they  reduce  to  one  of  the  forms 

S»  S»  0X00. 

A  few  examples  will  show  the  algebraical  method  of  dealing 
with  them. 

2a?*— «  — 1 
Example  I.    Find  the  value  of  »  ,_,^ ^   •'^^^  a?  «=  1. 

This  is  of  the  form  %, 

Put  a;  »  1  +  ^  where  h  is  small  but  is  not  zero. 

2(l4-2»  +  fc«)-(l4-fc)-l 
tracuon      « 3(l+2A  +  V)-5(l+A)  +  2 

3A+2fc« 

a  i-i^sT  since  fc  is  not  nothing. 
1  +  3A 

lliis  can  be  made  to  differ  from  f  by  as  little  as  we  please  by 
taking  h  small  enough. 

This  question  might  also  be  worded   *  Evaluate     ^~^^^x-^2 
uheti  a;  «B  1 '. 
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Example  II.     Find  the  value  of      ^^  ,  '  when  n  =^  ao 


This  is  of  the  form  ^. 


2n" 


Fraction 


n*-¥n 
"""2^*" 

-1    JL 

~2"*"2n 


This  can  be  made  to  differ  from  |  by  as  little  as  we  please  bj 
taking  n  large  enough. 

n(n  +  l)      1 


Hence 


L 


Each  term  in  the  bracket  becomes  0  when  «  =  oo ;  ajid  there 
are  an  infinite  number  of  terms ;  hence  the  expression  is  of  the 
form  Ox 00. 

1+2  +  3...  +n 


Expression    = 


n(n+l) 
2»> 


and  it  has  been  shown  in  the  previous  example  that  by  increasing 
n  we  can  make  this  differ  by  as  little  as  we  please  from  \. 


Hence     L(^  +  ^  +  1,  ...  +  J.)^  ». 


n->  00 


307.  Graphical  niustration  of  {. 

« 

Let  (x^j  yi),  (x^f  y,)  be  the  coordinates  of  two  points  P^  and  F^ ; 
and  let  y^mx  +  h  be  the  equation  of  the  line  joining  them. 
By  substituting  the  coordinates  (xif  y^),  {x^j  y,)  and  eliminating  m 
and  (,  we  find  that  this  equation  is       Fiv»e  "if  II'om^i    ctv  §zo 

If  we  suppose  P,  to  move  up  to  Pi  so  that  ultimately  o^  »  oe^ 
and  ys  «=  yi,  the  equation  becomes 

where  the  coefficient  of  x  is  indeterminate  and  may  be  any  namber. 
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This  is  what  we  should  ezpeot,  for  if  the  points  aetnally  coincide 
any  line  through  P^  passes  through  both  of  theni|  and  the  equation  of 
any  line  passing  through  (Sj,  yj)  is  of  the  form  y— Vi  »  m(s— X|) 
-where  m  is  any  number. 

If,  however,  P|  and  P^  lie  on  some  curre,  the  doubt  at  to  the 
value  of  the  coefficient  of  x  may  be  removed  since  the  coefficient 
approaches  a  definite  limiting  value  as  P,  moves  up  indefinitely 
close  to  P|. 

Suppose  P|  and  P2  lie  on  the  circle  whose  equation  is 
then  *i*+yi'  =  «'» 

So  long  as  P^  and  P^  have  not  actually  coincided  we  may  divide 
by  a?i— a?2. 


•  t 


Hence,  when  P,  approaches  indefinitely  close  to  P,,    — — — 


^  a?,-a?j 


approaches  the  limiting  value  —  —  • 

But,  when  P,  moves  along  the  circle  indefinitely  close  to  P,, 
the  line  Pi  P^  approaches  indefinitely  near  to  a  definite  fixed 
position  which  is  called  the  tangent  to  the  circle  at  Pj. 

By  comparing  the  Algebraical  and  Geometrical  limits  we  see    c  .  \    c 

that  the  equation  of  the  tangent  at  Pj  is  y-yi  —  -  —  (a?-a?i).      L-,    ^  ^.,  ^ 
This  reduces  to  scxi + yyi  =  a\ 

The  same  process  can  be  applied  when  P^,  P,  lie  on  any  other 
curve  whose  equation  is  given. 


Examples  XXIX  b. 

1.  Prove  that  J^(l±]^Z^  «  8x«. 

2.  Prove  that  L  (fl^^J-^  -  woT  1  when  n  is  a  podtive 
integer.  a-0 
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3.  Find  the  value  of  |  ^ 


n  =  00 


n» 


4.  Prove  Wj^-  =  oo  when  x>l,  (ii)T   (im:*)  =  0  when  a?<  1. 


n-»  00 


»-♦« 


5.  Find  the  limiting  value  of  -p-  when  n  increases  indefinitelj 
and  X  is  finite.  — 

6.  Find  the  value  of 


fi-l)(i-a)...fi-!:) 


n-^00 


What  difference  will  it  make  if  r  is  also  infinite  but   less 
than  n? 

Evaluate  the  following  fractions  (see  Example  I,  §  806) : 

x^—4x-\-B 
'•  ;r'  +  7x-8  ^''^'^  *  "^  ^• 

-  2a:»-5a!'-4a!+12     . 

^-       *»-12*+16       ''»'e''*-2. 

3iF* — 4:^* + ^ — 7 
^-  4:g»-7arH3^-h2  ''^®''  *  =  0  and  when  ^-oo. 

10.  Find  the  equation  of  the  tangent  to  the  parabola  y^  a?  nk 
the  point  ^^yi* 


Ck>nyergeney  and  Divergenoy  of  series. 

308.  By  division  it  can  be  shown  that 

— -  ai  1  +a?  +  a:"  +  a:*+  ...  to  infinity. 

Put  a; -10; 

1  1      ^     1 

l-a?''l-10         9* 

and  the  series    «  1  + 10  + 100  + 1000  + 10000  + ...  to  infinity. 

In  this  case  the  series  is  not  equal  to  the  fraction;  the  more 
terms  that  are  taken  the  more  .the  series  diverges  from  the  vsJoe 
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of  the  fraction,  and  the  sum  of  the  serieA  tends  to  an  infinite 
▼alne.    Such  a  series  is  Divergent. 

Put  X  =  .1, 

and  the  series     =  1  +  •!  +  -01 4-  -001 ...  to  infinity 

«  Minn...  to  infinity. 

Here  the  more  terms  of  the  series  that  are  taken  the  nearer 
the  series  converges  to  the  value  of  the  fraction,  and  the  sum 
of  the  series  tends  to  the  limiting  value  1}  which  is  the  value 
of  the  fractiom    Such  a  series  is  Convergent. 

Put  0?=  -1, 

and  the  series     =1-1  +  1  — 1  +  1-1...  to  infinity 

s  0  if  infinity  is  even,  but  »  1  if  infinity  is  odd. 

This  series  is  said  to  Osoillate. 

We  now  see  that  before  we  substitute  a  numerical  value  for  x 
in  any  series  we  ought  to  determine  whether  the  series  is  con- 
vergent for  that  value  of  x, 

308.  An  infinite  series  is  Gonyergent  if  the  sum  of 
n  terms  approaches  a  definite  finite  value  and  can  be  made 
to  differ  from  that  finite  value  by  less  than  any  assigned 
quantity  by  taking  n  sufficiently  large. 

This  is  expressed  more  concisely : — 

An  infinite  series  is  Convergent  if  the  sum  of  n  terms 
approaches  a  definite  finite  limit  when  n  is  indefinitely 
increased. 

A  series  is  Divergent  if  the  limit  of  the  sum  of  n  terms 
is  infinite. 

It  may  happen  that  the  sum  of  n  terms  tends  to  different 
limits  according  to  the  form  n  is  supposed  to  have  (e.  g.  the 
limit  may  have  one  value  when  the  infinite  value  of  n  is 
supposed  odd  and  another  when  it  is  supposed  even) ;  such 
a  series  is  said  to  be  Osoillating. 
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The  Geometric  series  supplies  examples  of  each  of  these. 

Consider  the  series  a -hax+aa^  +  ...  to  oo , 

1— a;*         a  ox* 


iSL  =  a 


1—0?       l—a?      l—x 


oa?" 


Lax 
y— -   =  0 


n-^Qo 


.'.    S^  ■=  = ,  and  the  series  is  convergent. 

LGX* 
r— -   =s  00. 

.*.    S^^  cOy  and  the  series  is  diveigent. 
If  a?=  1,  Sf„  =  a  +  a+a+  ...to  00  =t  00, 

and  the  series  is  divergent. 
If  a? as  -1,  S^^ a-a-¥a-a-¥a-a .., , 

If  00  is  odd,  iS^^  =  a ;  if  oo  is  even,  S^  =  0. 

Hence  the  series  oscillates. 


TESTS  FOR  CONVERGENCY 

310.  Whenever  a  formula  can  be  found  for  8^,  the  convergeiu^ 
or  divergency  of  the  series  can  be  determined  by  finding  the  limit 
of  S^  when  n  «  oo .  When  no  formula  can  be  found,  the  following 
tests  are  frequently  used. 

Theorem  I.    If  a  series  ii|+i«2+  •••  +«<«+  •••  u  convergent, 
then  T  Mn  must  be  zero. 
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For  it  the  series  is  convergent, 

Ls^,  «id  Ls.  equU  the  .«ne  Unite  qu^tity; 

i.  e.  t«w  ■*  0  when  n  is  infinite. 

The  convene  of  this  propoeition  is  not  necessarily  trae  as  is 
shown  by  Ex.  II,  §  311. 

Theorem  II.  An  infinite  series  of  positive  quantities  is  con- 
vergent if  its  sum  can  be  proved  to  be  less  than  a  definite  finite 
quantity. 

This  may  perhaps  be  regarded  as  axiomatic :  the  proof  is  diiBcult, 
and  we  do  not  propose  giving  it. 

IBxample.    Consider  the  aeries 

l-4+4*J...  to  infinity. 

T   tt»  B  T   ~  mO;  .*.  series  may  be  convergent 

S  =  (1-4) +  (»-«•       .  (i) 

S=l-(J-J)-(i-i) (ii) 

Form  I  shows  that  the  series  equals  the  sum  of  a  number  of  positive 
quantities  since -^  Is  positive. 

Form  II  shows  that  the  sum  is  less  than  1. 
Henoe  the  series  is  conveigent. 

Theorem  III.  If  after  a  finite  number  of  terms  a 
aeries  is  of  the  form  Ui— U2+U3— u^...  to  infinity,  where 
Uif  u^f  •••  u^  are  positive  quantities  continually  decreasing 
to  the  limit  zero,  then  the  series  is  convergent. 

S  -  a  finite  quantity +(U|—u,)  +  (ttj-U4)+ ... 
-"  a  finite  quantity  +  an  infinite  series  of  positive  quantities, 

also  S  »  a  finite  quantity  +i*i—  (««— «5)-(**4"'«»)  ••• » 
1.  e.  18  <  a  finite  quantity. 

Uenco,  by  Theorem  II,  the  series  is  convei^ent. 
PATSB80V II  I 
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Theorem  IV.    If  a  series 

»i  +  t?2+t?8+...  to  infinity 
is  known  to  be  convergent ;  and  if  another  series 

tti+W2+**3+*"  to  infinity 
is  such  that  Uf^  <  v^,  then  the  second  series  is  conTergesi 
For  S u <  S 0 <  a  finite  qmntity.     .*.  The  u  series  is  also  conireiSK 

Ifote.    It  follows  from  this  theorem  that  if 

Ui+Ka+ttj...  +u„+  ...  is  conyergont 
then         Ml— tij+u,...  +(-l)*"*"*u,i+  ...  is  also  oonver^ni. 

Similarly,  if  the  t^series  is  divergent  and  u^  >  v^,  Ika 
the  tt-series  is  also  divergent. 

Example.    Consider  the  series 

This  series  is  less  than  the  series 
11  1  " 

1+  2  +  272  "^  •••  i^  ■•■  •••  *^  infi^*^y» 

for  a*^*- 1.2.2.2...  2 

^  1 . 2. 8 •  4  ...  n. 

•  •     2«-i  ^  I  n  • 


i.e.  each  term  of  the  first  series  after  the  second  is  less  than  the 
corresponding  term  of  the  second  series,  and  the  first  and  second 
terms  of  the  series  are  the  same. 

Hence  the  limit  of  the  sum  of  the  given  series 

<  the  limit  of  the  sum  of  the  second  series, 

<  j-— r  <  2.  .'.    The  series  is  convergent 

Theorem  V.  If  after  a  certain  term  the  ratio  of  each 
term  to  the  preceding  term  is  less  than  a  quanti^  k 
which  is  itself  less  than  1,  the  series  is  convergent. 

Let  series  » iS^ + u^4.i  +  u^^  + ...  to  infinity ; 
where  S^  is  sum  of  a  finite  number  of  terms  and  is  finite* 
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Similarly,  u^<u^k<u^^i^. 

ffg  .'.    Series  < S^+u^^  {1  +4j+it«+ ...  to  infinity} 

<  a  finite  quantity. 
Similarly,  if  the  ratio  is  greater  than  a  quantity  greater 
than  1,  the  series  is  divergent. 

It  is  usual  to  apply  this  test  in  another  form  which  we  give  as 
fws    Theoxem  VI. 

si/l         Theorem  VI.    The  series  U1+U2+W3+  ...  +m„+  ...  to 
infinity  is  convergent  or  divergent  according  as  the 

limit  of  the  ratio  ^^^  when  n  is  iniinite  is  numericaUy 

i|c       less  or  greater  than  one. 

Let  k  be  the  limiting  ralue  of  the  ratio  ^'. 

Suppose  k  less  than  1 ;  and  let  a  be  a  quantity  greater  than  k 
but  less  than  1. 

Then  as  the  ratio  -^^  continually  approaches  the  value  k  it 

will  at  length  be  permanently  less  than  a.  That  is,  there  will  at 
length  be  a  value  n  such  that  after  the  n^  term  the  ratio  of  each 
term  to  the  succeeding  term  is  always  less  than  a  which  is 

^^        less  than  1.         Therefore  by  Theorem  V  the  series  is  convergent. 

^^  If  k  is  greater  than  1   we  take  a  quantity  less  than  k  but 

greater  than  1,  and  by  a  similar  aigument  the  series  is  shown 
to  be  divergent 

If  the  limit  of  ~^^  equals  1  some  other  test  must  be  applied. 

^  If  the  limit  is  negative  but  nmnerioally  less  than  1,  the 

aeries  is  convergent  by  Theorem  IV. 

31L  Bzample  I.    Consider  the  aeries  whose  n^^  term  is 

pCp-l)...(j>~n-f  1) 

l^      _ 

^  P(p-I)...(il-H4l)     n  \ 

i2 


x\ 
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=  L1'   i)(i'-i)-(p-»»+^>         liiii 


LP-*"- 

GC  ^ 


-X,    since  J  and  J  vanish  when  •»  is  oo  . 

Hence  numerically  U>e  lil «  <  1  ^^ -^^ttlo^L^^  x  t 
That  is,  Uie  serie.  is  convergent  or  divergent  accoraing  » 

less  than  or  greater  than  one. 

BxampleU.    CottMer  {he  seiies      ^ 

Therefore  this  test  gives  no  result. 

Now  the  series  . 

.     the  sum  of  the  series  tends  U>  an  infinite  value. 

I  .*"  rTtJltr^^  this  eerie,  continually  dec««e  ^ 

By  a  similar  method  it  can  be  prov«J  that 

i,  convergent  if  p  >  1.  but  divergent  if  p<l- 
ltp>l,  then  8'>2'  «">d  -^<  ^,  *«J 
.-.    Serie«<p  +  a?  +  4*  +  p  +  -' 
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2 

But  this  series  is  a  G.  P.  with  common  ratio  ^ , 

2 
and  5p  <1  if  i>  >  1 ; 

•*.    the  G.  P.  is  convergent 
Hence  the  given  series  is  convergent  when  p  >  1. 

XSzample  IIL    Shotc  that  the  series 

11. 

^2  +  5^  +  ...  IS  convergent. 

«,       L/\(n+l)(n  +  2)         ^        V 

n-*  00  n-»  X 

We  must  therefore  try  some  other  method. 

1  (n  +  l)-n      1         1 


W|i  = 


n(n  +  l)       n(n  +  l)       n      n  +  1' 
Series  "l-J+J-J  +  i-J..., 

Sf^  »  1  and  series  is  convergent. 

312.  Two  infinite  series  are  said  to  be  equal  when  they 
converge  to  the  same  sum. 

The  Principle  of  Indeterminate  Coefficients  may  be  applied 
to  infinite  series. 

Suppose  the  two  infinite  series 

a^  +  aiX-^a^a^-^  ... , 
and       6o+6ia?  +  6^rc'+  ... 
are  equal  for  all  values  of  x  for  which  the  series  are  convergent. 
Then 

for  all  values  of  x  for  which  the  original  series  are  convergent. 
When  a?  =■  0,  the  limit  of  the  series  is  ao""^o  (§  304) ; 

Dividing  by  x  and  again  putting  x^O,  we  have  a^^h^,  and 
similarly,  a, «  &,,  &c. 
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Bzamples  XXIX  o. 

Discuss  the  conveigency  or  diveigency  of  the  following  iiifi]i& 
series : 

1.  7  +  8i+i+  .... 

2.  7  +  3J  +  lf+  .... 

8.  l+2a?+3a:»+4aj»+  .... 

A    1-1       JL-.    ^  * 

•        *'*'|2       13"*"  |4  •••• 

K    t     o     .  3.4    ,       3*4.5    -   .   3.4.5.6    . 

5.  1  -3:r+  j--^  .^  -  ^-^  o^  +  ^-^-^ ^  -  .... 

■*'1.2       1.2.3  ■*"    1.2.8.4 

-   1 ._ ^  I  ^ •  ^      8.4.5      8.4,5.6 

2  ■*"  274  -  27476  ■*"  2.4.6.8""    "  " 

8  Jl 2_4.  J t-  + 

°'2.4      3.5'*"4.6      5.7"*"    ••• 

^•2.4  +  3.5  +  4.6^5.7^-'  ,     ^  .  ' 

10  5      5^      5.7.9  n-^    .'-         ^-^0.^;":^- 

"•6  +  6.9  +  6.9.12  •*■-  r^^.      3      5..,^^    ^^  ^. 

--        .   ar      aj*       a?*  -i*    _  1  •  j 

11.  a?+ y  + -- +  — +  ....  ftt   rr      .-.•.     '^ 


>-! 


*C      *^      ^^\J-t  "^^  e.S. 


,„     1  1  1 

1  +  V^      2+-v/3      3+V^ 

13.  l  +  i  +  J+A+  •- 

14.  1 +  -;=.+  --^  +  -7:.+  .... 

V^2     VS     V4 

15.  p^  +  gp  +  gp  +  j^  +  ...  when  y<  1. 

16.  (a  +  l)*  +  (o  +  2)«a?4-(a  +  3)V+  .... 

17     —————    4- 4-    ,  ^ 

a?(ar  +  a)  ^  (a?  +  2a)(a?  +  3rt)  ^   (a:  +  4o)  (ar  +  Oa; 

'     f  •      \  'III 
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CHAPTER  XXX 

BINOMIAL  THEOREM  WITH  ANY  INDEX. 

APPLICATIONS 

313.  Lbt  us  consider  the  series 

If  n  is  a  positive  integer,  the  (n+ 2)^^  term  is 

n(n-l) ...  (ft-nTi-hl)  ^^^ 


The  last  factor  in  the  numerator  =s  0,  hence  the  (n+2)tb 
term  and  all  succeeding  terms  vanish. 

Thus  when  n  is  a  positive  integer,  the  series  is  finite  with 
(n+1)  terms;  and  it  has  been  shown  in  Chapter  XXYIII 
that  the  series  is  equal  to  (1  +0;)'*. 

If  n  is  not  a  positive  integer,  the  factor  n— r+1  can 
never  =  0 ;  consequently  the  series  extends  to  infinity. 

Before  proceeding  further  with  the  series  we  must  deter- 
mine under  what  conditions  this  infinite  series  is  convergent^ 

With  the  notation  of  §  247, 

_n— r-1 

«r-l  " 


T    — ^  =  «  T    [ 0  ~  ~*  (provided  n  is  finite).* 


r->«>  r-»oo 


Hence  if  a;  is  numerically  leas  than  1  and  n  is  finite,  the  series 
is  convergent ;  bat  if  :i;  is  greater  than  1,  the  series  is  diveigent. 
In  the  remainder  of  the  chapter,  therefore,  x  is  supposed  to 
be  less  than  1. 

*  It  is  interesting  to  note  that  if  n  is  infinite  and  is  regarded  as 
a  positive  integer  r  oannot  be  greater  than  n ;  but  if  n  is  regarded 
as  a  fraction  then  r  can  be  greater  than  vt. 


I 
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314.  To  prove  that 

Suppose  (m+n)  articles  divided  into  two  groups,  group  A 
taining  m  articles,  and  group  B  containing  n.    Then  r  articles 
may  be  selected  in  the  following  different  ways : 

r  from  group  A  and  0  from  group  B, 

r-l  from  group  A  and  1  from  group  B. 

r—a  from  group  A  and  8  from  group  B. 

0  from  group  A  and  r  from  group  B, 
r  from  A  may  be  chosen  in  ^C^  ways. 
r~  1  from  ^,  1  from  B  may  be  chosen  in  mC,._i  x,C,  ways. 
r~9  from  A^  8  from  ^  may  be  chosen  in  mCr^  ^ «^5  ways. 
r  from  £  may  be  chosen  in  ^Cf.  ways. 

Hence  by  addition 


Corollary.    If  we  substitute  the  values  for  ^^n  ^c*>  ^^  faaye 
(m  +  w)(w+n-l)...(f»'fn~r4-l)  _  w(m-l)  ...(w-r+l) 

»i(m-l)  ...(«(— r+2)    n 


\r 


\r-l 


«"   ^r      ••• 


tw(m-l)  ...(#n-r4-«  +  l)    n(n-l)...(n-a  +  I) 

Irzi  Ll 

n(n-l)...(n-r+l) 

+  i 

where  r  is  any  positive  integer  and  m  and  n  are  positive  integers, 
neither  of  them  less  than  r. 

This  is  an  algebraical  equation  of  the  r*^  degree  in  m,  and  it 
has  been  proved  true  for  all  positive  integral  values  of  m  not 
less  than  r,  i.  e.  for  more  than  r  values,  therefore  it  is  an  identity. 
Hence  it  is  true  for  all  values  of  m  whether  integral  or  fractional, 
positive  or  negative.  Similarly,  it  is  shown  to  be  true  for  all 
values  of  n. 

This  is  known  as  Vandermonde's  Theorem. 
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315.  Let 

and 

Then  the  coefficient  of  of  in  the  product  /(m)  x/{n)  is 

t»(m~l)...(w--r+l)  m(m~l)(m-r~j  +  l) 

j  +  •••  +  I ^ — ■ 

[r  \r-s 

n(n-l)...  (»-»+!)               n(n-l)...(n-r+l) 
• i +  ...  + i • 

Li  1^ 

But  this  last  expression 

—  (»»  +  »)  (*>>  +  ^~^)  *"  (w  +  n— r+1) 

by  Yandermonde's  Theorem. 

^/   \-    ^/  X      *     /         X        (w+n)(m  +  n-l)    » . 
.-.     /(m)  x/(n)  =  l  +  (m  +  n)a:+  ^^ -^^ ~x^-k-  ... 

(•fi  +  n)(m+n-l).,.(m  +  n-r+l)  _ 

=/(m  +  n)  where  m  and  n  may  have  any  values. 

Put    m  =  n«l;   then    /(l)  =  l+a:, 

/(l)x/(l)-/(2); 
Le.    /(2)  =  (l+a:)S 
/(2)x/(l)=/(3); 
i.e.    /(3)-(l+a:)»; 
and  similarly,    /(n)  »  (1  +  2;)**  when  n  is  a  positive  integer. 

Let  n  be  a  fiaction  -  where  p  and  q  are  positive  integers, 

andBiniilarly,/(|)  x/(|)  x/(^j  ...  9  factors  -/(|  xj) -/(p); 

j/|-j|    =(l+a;)*'   since  j>  is  a  positive  integer. 
Take  the  9*>>  root 

i.  e.  /(n)  =  (1  +  x)^  when  n  is  a  positive  fintotion. 
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Let  H  s  —k  where  k  is  poritive, 

/(n)  xf  (k)  -  /  (» + jb)  -/(O)  -  1 ;         (by  nilMtitDtuiB> 

i.  e.        /(n)  «  (1  +0?)"  when  n  is  negative. 

316.  £0161*8  method  of  proving  that 

/(w)x/(n)-/(m+n). 
When  m  is  a  positiTe  integer,  /(m)  =  (1  +  a?)"*   {§  283). 

Wh^n  n  is  a  positive  integer,  /(n)  ■»  (1  +a?)*. 

When  m  +  n  is  a  positive  integer,  /(m + »)  xs  (1  +  a?)*+*. 
•*.    When  m  and  n  are  positive  integers, 

/(m)x/(n)-/(m+n). 

Bat  the  form  of  the  product  of  two  algebraic  ezpreesions  has 
nothing  to  do  with  the  numerical  values  that  may  be  g^ven  to  the 
letters ;  the  form,  therefore,  of  the  product  /(m)  x/(n)  will  be 
the  same  whether  m  and  n  are  positive  integers  or  not.  Hence, 
in  all  cases,  /(m)x/(n) —/(m+n), 

317.  In  dealing  with  fractional  or  negative  indices  it  ie  usual 

to  put  (a  +  ap)*  into  the  form  a*  fl  +  -  )  ;  by  this  means  the 

petition  of  fractional  or  negative  indices  is  avoided.    Thus 
(2  +  3ar)*  =  2i(l+}a?)*,  (4-5a?)-l  «  4-l(l-ia?)-l. 

The  general  term  and  the  greatest  term  are  found  in  juit  the 
same  way  as  with  a  positive  integral  index. 

318.  Example  I.    Expand  (1  —  dp)~i  to  4  terms. 

'       (-i)(-^>l)(-|-2) 

1.2.8  ar+... 

a?      1(1+2)    /a:  \«     1(H.2)(U4)    /x\* 
^'^2'*^     1.2        U/  1.2.3        'Uy**^- 


I 
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IBzample  n.    Expand  (3+2ar)-'  to  5  terms. 
(3  +  2a:)-»  -  {8  (1  +  f  ar)}-»  =  8-«  (1  +  §  a?)-' 

>8(~8-l)(-3-2)  /2^y 
1.2.3  V8/ 

,8(-8-l)(-3>2)(-8-8)/2aTV     1 
■*■  1.2.3.4  V3/''J 

-  A'  {l-2a:+8««-|»aj»+|^a?*...}. 

lixample  IIL    Find  the  general  term  in  the  expansion  of 

(l-2x)-f. 

(r^l)tbterm.^("«(-t-V-(-t-^-^^).(,2xr 


^(    l)..8(5)(7)...(2r+l)    /2xy 
,  8.5.7...(2r+l)    , 

In 

Example  IV.    Find  the  greatest  term  in  the  expansion  0/(1  +  x)i 
uhen  X  ss  8. 

(r+  !)*»>  term  «  r*>»  term  x  ^ — ; —  x  3 ; 

/.    terms  continue  to  increase  so  long  as 

r 
i.e.  5>4f*; 

.*.    r  is  not  >  1,  and  the  second  term  is  the  greatest. 
And  2^  term  »  j  x  3  »  2. 


Bxamples  XZXa. 

Expand  to  5  terms : 

1.  (l-2ar)*.  2.  (2-3a:)-«. 

5.  (3-2arH.  6.  (2-ar)8. 


-s 
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7,  (!-««)-».  8.  (1 +«)-*. 

9.  (!+«)«.  10.  vT=^. 

Find  the  amplest  form  of  the  general  tenn  (the  (r+  l)^i>)  in  tlie 
following  expansions : 

13.  (!+«)-".  14.  (l-2x)-«. 

15.  (!-«)'■  when i><g.  16.  (l  +  5a;)f. 

17.  (2-8aJ»)-l.  18.  (l-g) 

19.  Find  the  seventh  term  in  the  expansion  of  (8a'  +  3)V  in 
descending  powers  of  a. 

20.  Find  the  coefficient  of  s^  in  the  expansion  of  (1 4«)~-*. 

21.  Find  the  square  root  of  1*1  to  8  places  of  decimals  by  meau 
of  the  Binomial  Theorem. 

22.  Use  the  Binomial  Theorem  to  find,  correct  to  S  sigmficant 
figures,  the  value  of  — gss  • 

28.  Find  the  magnitude  of  the  greatest  term  in  the  expansion 
of  (1  -a;)-t  when  a? «  JJ. 

24.  After  what  term  does  the  expansion  of  (l-fo;)!  begin  to 
converge  when  x^'^'i 

319.  Expansion  of  mnltinomialfl.    General  Theorem. 

When  n  is  a  positive  integer,  the  coefficient  of  a^lfiff ...  in 

the  expansion  of 

In 
(a+6+c+d+ ...)**  is   I r^ wherep+j+r...  =  •!. 

For  p  a's  can  be  chosen  in  -. — ~= —  ways ; 

qVn   can  be  chosen   from   the   remaining   n^p   factors   in 


q     n-p-q 


ways; 
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rc\  can  be  choeen  from  the  remaming  wp-^q  factora  in 

\n-p-q 

ways. 


I  f    I  n—p—q—r 

Hence  multiplying  we  have 

lit 
pa%  qb%  re's...  can  be  chosen  in   ■ — ; — ; ways. 

320.  Expansion  of  multinomials.  The  methods  of  dealing 
with  multinomials  when  the  index  is  not  a  positive  integer  are  best 
seen  from  examples. 

Bzaxnple  L    Expand  (1  +  a; + a^)i  as  far  aa  a^. 

1      ^_^  a.  ^^"•^)  /^+j^V 
"*'*^     3      ^    1.2    \     S    J 

.  l(-2)(-5)    /xj^\' 

"^       1.2.3         \     S    J 

.     X      x'      2    , 

=  ^  +  3-^3-9^ 

^9"  ■*■  51     **■••• 

_,     X      2x^      13    . 
"     ■^3'*"  "9"  "81       '•* 

Bx»mple  II.    Find  the  coefficient  of  x"  in  the  expansion  of 
(a6-(a+fr)a?+a^~S  when  a  and  h  are  ho(h  greater  than  x. 

ad-(a  +  6)a?+«*=  {a^x)  (6— a?). 

Let  __J__  =  -A-        ^ 

ad  — (a  +  6)a:  +  a:*      a—x      b—x 

then  1  =-4  (6-a:)  +  B(a-a:). 

Put  a? «  a,  ^  »  r —  • 

Put  a?  =  6,  B« r- 

a— 0 

Hence    {a* -(«+ 6) *+*«}-'_  ^^  |s^  "  J^}' 
1  1  /.     a?\-*       1  /  «*  \ 

and  j_L_-l('l-f  r'-lCl+...+^+...); 
(a-«)      « V       a/         a  \  a"        / 
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/.    coefficient  of  «"  =  ^-3^  |  js;^  -  js+i| 


Bzample  III.    FiimI  (^  coefficient  of  aP  in  the  expansum  9f 


x"  is  obtamed  by  multiplying  1  by  «^'  or  o^  by  «•. 
Hence  coefficient    =  5  x  r-^  +  1  x  r  *    *    =  110. 


-«     «:  - 


APPLICATIONS  OF  THE  BINOMIAL  THEOBEM 

321.  Approximatlonfl.  The  following  examples  show  how 
the  Binomial  Theorem  may  be  used  to  fieualitate  arithmetical 
calculations. 

Bxample  I.  Fini  the  cube  root  of  129  correct  to  the  third 
decimal  place. 

yi29  =  (125  +  4)i 

-5(l+yiy)i 

«5(l+.032)i 

1.-2.-5     /4)82y     \ 
^     1.2.8     *  V  8  /•••/ 
-»  5  (1 .0106 - -00011  +  -0000018 ...) 

»  5  X  1.01055 

ss  5*053  correct  to  three  decimal  places. 

Bxample  II.     Find  correct  to  three  decimal  plaoee  the  value  0/ 
(1.006/ 


ft 
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Fraction  =  (1  -  -059)*  (1 + .006)^ 

=  (1  -^295-i  X  (.0295)« ...)  (1  -.018+6  x  .000036...) 

=  (1 -.0295-.00043 ... )  (1 -.018+.000216 ... ) 

»  1 -•0295 —00043 -.018 +.00029+  -00023  +  .000216  + 
terms  beginning  with  at  least  four  noughts 

» 100074-04793 

a  .953  correct  to  three  decimal  places. 

The  Binomial  Theorem  is  also  used  for  algebraical  approximation. 

■ 

XSzample  •III.    If  x  is  so  small  that  its  cube  and  higher  powers 
may  he  neglected^  prove  that 

(l-4a?)i  +  (l-3a?H      q  .  5^ 
(l-2a?)l  "    "^    4   ' 

(1  -  4a?)i  «  1 -2«  +  Y^  4a:* ..., 

(l-3a?)-i-l+a?+ j—a:*..., 
(l-2a?H«l+J«+ll|.^...; 
.-.    fraction  =  (2-a?)  fl  +  5  +  -g")  . 


2  +  -J-  neglecting  cubes  and  higher  powers. 


Example  IV.    Find  the  limit  qf  ^^^^^ — ^  ^hen  h  is  infiniUly 
small. 


(*+*r=*"(i+^)* 


We  may  use  the  Binomial  Theorem  since  ~   is  less  than  unity ; 

*  h 

and  we  may  neglect  the  squares  and  higher  powers  of  -  since 

h  is  infinitely  small. 


Hence    £^(21^.^^'^^)"^ 


^«0  A»0 


I  his  \y  appncaoic  to    yro\p{£yy\s   \nv6ivm6    ^cjiv|\^uha\  «ow  :=^  _w 
J\rpr'VlTlorNl,      See     ChryslaVi  formuTaiJo/v,  ch.  xxi\l,  ^tj 
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322.  HomogeneouB  Produots.  To  find  the  number  of 
homogeneous  products  of  r  dimensions  that  may  be  nuide 
out  of  the  n  letters  a,  hy  c,  ...,  when  each  letter  may  be 
used  any  number  of  times* 

I 


l—ax 

I 
l-bx 


=  1  +aa:+a'a:"  +  a'«'+  ..., 


=  l  +  6a?+6*ic*  +  fr»af'  +  ..., 


l—cx 
1  1  1      ? 

X   z :-■  X    z 4-... 


I— ax      1— fca:      1—cx 
=  l+(a  +  6+c+...)^+(«*  +  ^  +  c'+^  +  <»+<**+— )-«^+  -•• 

It  is  clear  that  the  coefficient  of  of  will  be  the  sum  of  all  the 
terms  of  r  dimensions  that  can  be  obtained  from  the  le&ters 
aybfC,,,,  each  letter  being  taken  any  number  of  times  fix)m  0  to  r, 

1  1  IX 


"» 


1  e. 


1— CM?      1—bx      l—CXf^, 


l+SiX+5,aj"...  +Sraf  ... 


where  8r  denotes  the  sum  of  the  homogeneous  products  of  r 
dimensioxui. 

Let  Hr  denote  the  number  of  these  products  ;    or,  vt  H  r 

then  if    a^b^c^d  ...^8'^^.=  Hrya^, 

i.e.  fj^ — J    s=  l  +  lTiaaj  +  iTga'a;"...  +irra*'a^+  ...; 

but    (1  -axy*  -  1  +  »aa;+  ^^-^  a««« ...' 

H(n-fl)(n-f2)..>  +  r-l) 
"T  ^|— ■ —  VJr  +  ... . 


Hence  Hr  -  >*(''  +  ^)(''+2)»-(n  +  r-l) , 


M 


Note. 


tu 


^r 


|n4-r-l 
|n-l  |r 


*H-»wi 


C^. 


.J'    i 


.  /^ 
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328.  Summation  of  Series.        Ci'-     C  SluUlv,    %2^S. 

Sxample.    Show  that  the  two  infinite  series 

-  1      IJ       1.4.7       1.4.7.10 

"^  4"*"  4.8"*"  4.8.12"^  4.8.12.16  "*■    •• 

-  2       2.5        2.5.8  2.5.8.11 

ana       I  +  g  +  g  j2  +  6 .  12.  18  "*^  ff7l2Tl^24  "^  '• 
ar»  equal. 

First  Beiies 
^1,1      1(1  +  3)    /1\«      l(U3)(l+6)    /1\« 


1(1+8)(1  +  6)(149)    /ly 
■*"  1.2.8.4  U/      •••  • 


{This  saggests  a  binon^ial  expansion  with  fractional  index,  the 
denominator  being  8.  If  this  is  the  oasOi  there  should  be  a  fiustor 
8  in  the  denominator  for  each  factor  in  the  nomerator.  Since  the 
factors  in  the  numerator  begin  to  increase  at  once,  the  numerator  is 
—  1.  Bewrite  the  series  with  the  object  of  showing  that  it  is  an  ex- 
pansion of  the  form  (1  +x)~i.} 


First  series 

14*  1.2  U/ 

(-«(-Jt-l)(-i[-2)    /3\3 
1.2,3  \V  ••• 

-(i-iH-ttH- 

Second  aeries 
_  1      2(2  +  8)    /ly      2(2-l-8)(2  +  6)     /ly 

-i_-«  1  ,  (-§)(-8-i)   /i\' 

"*       12"^  1.2  \2j 

1.2.8         U; - 

-(i-iH-(J)-» 

Hence  tbe  two  series  are  equal. 

PATBSIOV  II  K 
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Examples  XXX  b. 

1.  Find  the  coefficient  of  a^  in  the  expansion  of  (1  +  2ap  +  Sx*)'. 

2.  Find  the  coefficient  of  x^^  in  the  expansion  of  (1  —2a^f  (1  ■*-  xfj 

3.  Find  the  coefficient  of  «*"  in  (1  +  a? + a:*)-*.    XXV-  a     "^  ^ 

4.  Expand  (l-^Sx-^a^)"^  as  far  as  the  term  containin^^  a^. 

5.  Find  the  coefficient  of  a;"  in  (1  +a?+a^)^. 

6.  Find  the  coefficient  of  a^  in  (1  +x-¥2a^Y. 

7.  Find  the  coefficient  of  x^^  in  the  expansion  of(l+jr4-J^-ff-jr 

8.  Find  the  coefficient  of  x^^  in  the  expansion  of  I j    . 

9.  Find  the  coefficient  of  it*' in  (1-x +  «•-«*)-*.        32C',    ^  » 

10.  Find  the  middle  term  of  (1  +x-{-a^fK 

11.  Show,  by  using  the  Binomial  Theorem,  that 

yiOi  =  10-0408756. 
Find  correct  to  3  decimal  places : 

12.  ^223.  13.  -v/225. 

14.  ^340.  15.  ^U7. 

-^  1-003  ,«   /1.003 

Id. 


-997 


17  (^j^r 

''  [  -997  / 


18.  The  time  of  swing  of  a  simple  pendulum  varies  as  the  square 
root  of  the  length  of  the  pendulum.  If  a  pendulum  39-37  inches 
in  length  swings  once  in  a  second,  what  is  the  time  of  swing  of 
a  pendulum  40  inches  in  length  ? 

19.  Brass  expands  -000019  of  its  length  at  0°  C.  for  each  degree 
that  its  temperature  rises.  A  brass  pendulum  beats  seconds  at 
O^G.  and  its  length  is  then  1  metre.  How  much  will  it  gain  or 
lose  in  a  day  when  the  temperature  is  25^  C.  ? 

20.  The  electrical  resistance  of  a  copper  wire  varies  inversely  as 
the  area  of  its  cross-section ;  find  the  percentage  change  in  the 
resistance  when  the  temperature  rises  from  O""  G.  to  100^  G.,  it  beiiig^ 
known  that  the  linear  dimensions  increase  -00168  per  cent,  for 
each  degree  the  temperature  rises. 

'21.  If  a;  is  80  small  that  its  square  may  be  n^lected,  prove  that 


js/l  +  2xx  yi6-f3a; 

(i^xy 


2+  82''- 
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22.  If  X  Ib  BO  small  that  its  cube  may  be  neglected,  prove  that 

23.  If  ^  be  a  large  number  and  a  the  integer  next  greater  than 
its  fourth  root,  show  that 

(24?)  The  roots  of  aaj»  +  6a:  +  c«0  are     Jl^i^^^Jllff. 

from  the  formula  what  these  roots  become  in  the  following  cases 
(i)  a  infinitely  small.  -^,  (ii)  h  infinitely  small, 

(iii)  c  infinitely  small.  yVslid    Vvi  i  ■        h""^      '     ,    ^ 

(2b.  Find  the  value  of  ^^-^  when  a  =  6.      S?  06  ;   c  t      /  >  '/    I /    . 

26.  Find  the  number  of  terms  in  the  expansion  of  (a  -^-b-^-e-i  ...)^ 
there  being  m  terms  in  the  bracket 

27.  In  a  bag  there  are  25  balls  of  five  different  colours  and  tiiere  v  )  ,  ,       l 
are  five  of  each  colour.    In  how  many  ways  can  4  balls  be  chosen  ^Mi  ,  M  ^ 
when  the  balls  of  each  colour  are  (i)  distinguishable,  (ii)  in-C.  ^^t'     ' 
distinguishable  ?  *^  '^  2  2  :    r.>  I,  >=  n+r  - 1  Cr 

28.  In  the  expansion  of  (a  +  6  +  c  +  d+  ...)"  where  n  is  less  than 
the  number  of  terms  in  the  bracket,  prove  that  the  coeflScient 
of  any  term  in  which  no  letter  appears  more  than  once  is  [n, 

29.  Show  that  the  number  of  ways  in  which  a  council  of  2n+ 1 
members,  representing  three  parties,  may  be  constituted  so  that 
no  party  has  an  absolute  majority  is  the  coefficient  of  a^^^  in 
(a; + o;^  +  x'  +  ...  +  :r'*)^    Show  also  that  this  coefficient  is  ^  n  (n  + 1 ). 

(^Q)  If  (1  -  a?)-'"  «  Co  +  c^x  +  c^a^  +  c^x^  +  ...  prove  that 

X  being  less  than  unity  and  m  and  k  being  positive  integers. 

81.  Find  the  sum  to  infinity  of  the  series 

t      1.3       1.8.5 

*  "^  4  "^  O  ■'^  478712  "^  "•  • 
k2 


<    \ 


Jl»     ^.' 
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:.  n^i' 


n 


c: 


(32..ShoW:that . 

3      J_^       3.9.15      3.9.15.21 
^'^S'^  8.16  "^8.16.24"*^  8.16.24.32^ 

33.)  Show  that  the  sum  to  infimty  of  the  series 


=  2. 


5  ,  5.7       5.7.9 
6"*^  6.9'*^6.9.12  '^ 


is  3^3-2. 
34.  Show  that 


l-2n+3». 


n+1      .     (»  +  l)(n  +  2)  ,        A    •  «    -4 
-jr 4» ~s '  +  ...  to  infinity. 


2~n 

35.  Find  the  value  of  .. 

.11      1.3    /1\«      1.3.5     /1\'  .    .  fi   ., 

l-2-2-^0-(2)  -2T476i2J  ■^•••*^"^^^*>^- 

'36,  If  i>  and  g  be  nearly  equal  and  n  >  1,  show  that 

(n-lXl^'+fl^  +2(n  +  l)i>g  *^*^  V  2pg  y   ' 

37.  When  a  balance  is  used  in  air  of  density  a  and  a  body  of 
density  D  is  balanced  in  it  by  brass  weights  of  density  d  weighing 
m  grains,  the  real  weight  of  the  body  in  grams  is 


1--, 


a 
d 


nr 


1--^ 


a 
D 


Expand  this  expression  to  the  first  power  of  a  and  find  how 
much  the  weight  of  the  body  differs  from  that  of  the  biafis  weights 
when  m  =  1000,  a  «  -0012,  d  =  8,  D  « -5. 

38.  Find  the  value  of  the  expression 


vV  +  or'  +  dx+c  -v^aj^  +  Oia^  +  fti^  +  Ci  when  «  =  <x>. 
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EXPONENTIAL  AND  LOaARITHHIC  SERIES 

324.  To  expand  a^  in  a  series  of  ascending  powers 
of  X* 

a*- {l  +  (o-l)}'    V 

Ln 

This  series  can  be  arranged  in  ascending  powers  ofx. 
The  coefficient  of  a;  is 

Denote  this  by  c,  and  the  coefficients  of  a;',  o^,  &c.,  by  eg,  <^, ... 
Then  a"- l  +  ca?+Cia:*+C8«'  +  ...  +  c^«'  +  ...,  (C) 

where  c,  <^,  Cg, ...  are  functions  of  a,  but  independent  otx. 

This  is  true  for  all  values  of  x.    Replace  xhj  x-\-h. 

Then    «*+*«  l  +  c(a;+*)  +  <j,(a:+*)«  +  ...  +  c^(a?+*)''+...,      (D) 
but  a'-^^^a^'xah 

«(l  +  ftir+c,a"  +  Cj«»+...)(l+c*  +  c,V+c,M  +  ...).       (E) 

The  right-hand  sides  of  D  and  E  are,  therefore,  equal  for  a]l 
values  of  x.    Equating  the  coefficients  of  a?,  we  have 

This  is  true  for  all  values  of  h.    Equating  the  coefficients  of 
like  powers  of  h  on  the  two  sides, 


c* 


4c4«cca5  .-.    c««g  g^, 


—  —  • 


rp^  «  cc,..! ;  .•.    c,. «  g— g  - 
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Substitating  these  values  in  (C),  we  have 

This  is  true  for  all  values  of  x.    Give  x  such  a  value   that 


a*=l+cir+      g- + —+.,.+  -_.  +  ....  (F) 


car=ss  1 ;  i.e.  put  «  = - 


^  r-.o 


'r 


Then  o««i  +  i+^+^+...+  ^+..,.^y     _j.. 

The  series  on  the  right  hand  of  this  is  convergent,  since 


is  less  than  unity. 

It  has,  therefore,  a  definite  vi^ue,  and  that  value  is  alwajrs 
denoted  by  e. 

Hence  a^  =  e,  i.e.  a  =  c* ;    .•.<?  =  log, a. 
Substituting  in  (F),  we  have 

a  =  i+xiog^a+ J2 +  — -g +...+  — r^ +... . 

This  result  is  called  the  Exponential  Theorem  or  Series. 
If  we  put  a  »  e,  we  have  a  useful  form  of  the  series : 

Again,  since  the  coefficient  (B)  is  equal  to  c,  we  have 

log,a«(o-l) 2 —  +  — g —  +...+  j; +.... 

Put  a  =  1  +  a?,  so  that  (a  - 1)  =  a?, 

This  is  called  the  Logarithmic  Series. 

325.  Convergenoy  of  the  Bzponential  and  Logarithmlo 
Series.  Series  X  is  a  Binomial  Expansion,  and  is  convergent  for 
all  values  of  r,  only  if  (a--l)  is  numerically  less  than  1,  i.e.  if  a  is 
less  than  2. 


EXPONENTIAL  AND  LOGAEITHMIC  SERIES    479 

■ 

For  the  Exponential  Series, 

r  =  CO  r  =  Qo  rsBoo 

which  is  less  than  unity  for  all  values  of  x. 

Hence,  as  far  as  the  last  section  shows,  the  Exponential  Expan- 
sion is  convei^ent  for  all  values  of  or,  provided  a  is  numerically 
less  than  2.  We  will  now  show  that  the  series  holds  for  any 
value  of  a. 

Let  ^  be  a  number  less  than  2  but  greater  than  1 ;  and  let  a  be 
a  number  greater  than  2.  Then  a  quantity  y  can  be  found  such 
that  A^  =  a,  so  that  a*  =  A'K 

But  since  A  is  less  than  2,  we  may  use  the  Exponential  Series 
for  A'^. 

but  A'^  s  a^,  and  if  log«  A  =  log«  a.    Substituting,  we  have 

1 2  [r 

where  a  is  greater  than  2. 

Hence  the  Exponential  Theorem  holds  for  any  value  of  a, 
and  is  convergent  for  all  values  of  x. 

For  the  Logarithmic  Series, 

The  series  is,  therefore,  convergent  when  x  is  numerically 
loss  than  1,  but  divergent  if  a;  is  numerically  greater  than  L 

826.  In  all  theoretical  work  logarithms  are  supposed  to  be 
referred  to  basee;  and  in  future  we  shall  suppose  that  logo? 
means  log  to  the  base  e  unless  some  other  base  is  explicitly 
mentioned.  Logarithms  to  the  base  e  are  called  natural 
logarithms,  for,  as  we  now  see,  algebraical  theory  leads  us  to  <? 
as  the  obvious  base  to  take  for  logarithms.  They  are  also  called 
Napierian  logarithms,  after  the  mathematician  Napier,  who  dis- 
covered logarithms  early  in  the  seventeenth  century. 
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327.  Alternative  Proof  of  the  Bxponential  Thea 

If  the  sum  of  the  infinite  series 


l  +  l+-rrt  +  7Q+—  ^s  denoted  by  c,  to  prove  that 


x^      ofi 


X' 


1  +«+  %  +  78  +  -  + 17  +  -  =  «*• 


In  the  first  place  both  series  must  be  shown  to  be  convergent 


r  -♦oo 


r-*  30 


L(^*T=,)-L-.-»' 


r-+oo 


»*-+(» 


whatever  x  may  be. 

Hence  there  is  a  finite  quantity  e,  since  the  first  series  is  oob- 
▼ergent;  and  the  second  series  is  convergent  whatever  be  the  value 
oix. 

Denote    1  +  m  +  rs-  +  i-s-  + ...  by  /(m), 


n' 


l+n+ Tg-  +1^-  +...  by/(n). 


and 


Then  /(m)  x/(n)  =  an  infinite  series  in  which  the  terms  of  the 
r^^  degree 


m^  .  nm^"'^ 


T—    + 


n'  w*"-^ 


i!i    l!:zJ    12  liz2 


+  .,.+   T- 


n*"  w»-* 


— 


=   -^-jf»*-  +  rw'^»n  +  ^^!^^w'^«nH...  +  n^ 


1 


=  - —  (w+n)**,  using  the  Binomial  Theorem. 


Hence  /(m)  x/(n) 


1+  -y-   +   -j2—   +...+   -|7—  +..• 


«=  a  convergent  series 

^f{m'\-n)i  where  m  and  n  are  any  real  quantities. 


\ 
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Similarly,  f{m)  xf{n)  xf(p)  x  ...  — /(m +n+p+ ...). 

Put  m  «  n  =:  |)  «  ...  s  1,  and  suppose  there  are  x  fociors  where 
:r  is  a  positiTe  integer ; 

then 

/(I)  x/(l)  x/(l)x  ...a?factor8=/(l+l  +  l  +  ...a:term8)=/(a;); 

Beplace/(a?)  and/(l)  by  their  corresponding  series  ; 

aji  /  1         1  \* 

then        l+a?+j2-+...  =  (  1  +  1+ 1-2"  + rg-  +  ...  1  «  e*. 

Hence  the  theorem  is  proved  when  re  is  a  positive  integer. 

Next  suppose  ^  "=  e  >  where  h  and  k  are  positive  integers. 
Then 

•^(h)  ^/(it)^"'^^*^*^"— /(e  +  Z  +...*tennsj; 

=  «*,    by  first  part  of  proof; 

i.e.   f{x)  =»  e*, 

when  a;  is  a  positive  fraction. 
Lastly,  suppose  a;  =  ~y,  where  y  is  positive. 

/Wx/(y)=/(-y+y)=/(0). 

el,    by  substitution ; 

=s  -^ »    since  y  is  positive 

»  e*,    where  or  is  negative. 
Hence  when  x  is  any  real  quantity 

a?' 


1  +a:+  -=-+...  to  infinity  =  «*. 

LI 
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328.  To  show  that 


«-►»  n-^flo 


Since  n  is  infinite  the  investigation  of  §  318  does  not  applj,  and 
special  investigation  as  to  conveigency  must  be  made. 

The  general  term  =  »(»-!)  (n-2K..(n->-M)  ^^  J, 
Hence     T  !fr±i  =T  IZT+l .  l.T    (1  -  1  +  1)  «  o. 

r  -♦  ao  '/•  -►  X  r  -♦ « 

Therefore  the  series  is  conveigent. 

^.   ■       ■(■-^(■-D-('-^) 

^'^  "^+^  = i 2 ...    (r-l)r 

»^1     lU^-iU^-M     /"-J lU 

""\l~nA2     n/    3     «/-\r-l      n/r' 

If  r  is  a  finite  integer  greater  than  1,  -;---=-  is  also  finite ;  when 

1  ' 

n  is  infinite  -  is  infinitely  small  and  may  be  neglected  as  com- 
ti 

pared  with  any  finite  quantity. 
Hence  L«,«  =  J  {\)(\)-{^)  G)^^  ''*'*''   ^  " 

n-*  » 

finite. 

When  r  is  infinite  but  less  than  n,  — ^  —  is  positive,  less 
than  — =- ,  and  infinitely  small. 

Therefore  T   "r+i<7(2)(  37  •"  (~y  ^^®^  **  "  infinite  but 

less  than  n.  ^ 

<  -j —  which  is  itself  infinitely  small. 
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Compare  the  two  series : 


The  series  are  identical  when  r  is  finite  and  differ  only  when  r 
is  infinite. 

Let  p  be  the  first  value  of  r  that  can  be  regarded  as  infinite. 

Then     e«  l  +  l  +  y^- +...+ =-  +  7—  +...  to  infinity; 

2  p-1        \p 


but  since  e  is  known  to  be  convergent, 


+ =-  + ...  must  be  negligible. 


P'l 


where  R<(  -—  +  — tt"  +  —  I J 

L/,    i\-    1         1 
\       n/        p         »+l 


TO  -►  00 


<  an  infinitely  small  quantity ; 
T    (1  +  -  j    can  be  shown  by  applying  the  same  processes  to 


n=oD 


equal  the  series  1  +«  +  7^-  + ...  +  -. —  + ... . 
Hence,  assuming  the  exponential  theorem, 


Oorollary. 

By  the  methods  of  this  seotion 


L(-i) 


«• 


»•«!+«+ -5+,..; 


,2 

M-*00 


Also    (1+    j     "^  |(l  +  -)  1   ,  however  great  «  may  be. 
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Hence  ,  !+»+ -x  +  -^ +...  ««^. 

li      \1 


The  method  of  limits,  therefore,  provides  an  independent  proof  of 
the  exponential  theorem.  ^ 

329.  Another  proof  of  the  Logarithmic  Series. 
By  the  Exponential  Theorem 

Put  as  1+Xf  then  if  re  is  nnmerically  less  than  1  we  may 
the  Binomial  Theorem,  whatever  be  the  value  of  y,  to 
(l+xy.    Hence 

Both  series  are  convergent;  we  may,  thexefoi^Q^  «qaate. coeffi- 
cients of  y, 

i.e.    logJl+a?)  =  a?-  ^  +  -g-  -  -j  ...  (-l)""'  — .... 
provided  x  is  numerically  less  than  1. 

330.  Calculation  of  Iiogarithms. 

The  logarithmic  series  can  be  used  only  when  xK"!  ;  we  can, 
however,  easily  deduce  a  series  by  means  of  which  any  logaTitfam 
can  bo  calculated : 

log,(l+a?)«a?--^  +  -g-^iN.., 

x^      aP  " 

logJl-a?)  =  -a?-  2"  --3-...; 

Example.    Calculate  log^lO. 

1 +x  •     9   f 

Find  X  so  that  ; «  10 ;  it  is  found  that  x  ^  rr  / 

1  —a;  11 

then    lo«.10.2[»+|.(yVJ(»)\...]. 

Th&  value  of  log«  10  can  now  be  worked  to  any  required  number  of 
places. 
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This  series  converges  very  slowly.    In  pni,ctice,  logarithms  are 
calculated  from  another  series. 

If  n  is  greater  than  1,  -  is  less  than  1.    Bence 

By  putting  n  b  2  we  can  calculate  log  3 -log  2. 
By  putting  n  »  3  we  can  calculate  log  4 —log  2,  i.e.  log  2. 
Since  log  8  =  log  2*  =  3  log  2,  log  8  can  be  calculated. 
By  putting  n  »  9,  we  have 

Iogl0-log8  =  2(l  +  i.l  +  i.l...). 

Hence  log^  10  can  be  calculated. 

We  can  now  find  the  common  logarithm  of  any  number,  for  it 
has  been  shown  in  Part  I,  §  206,  that 

'  1       *r     loga^' 

®*  log«  b 

Hence  i^^^n^^^^ 

=  ^^»-^^l5^- 
1       . 

i —  ix  is  called  the  modulus   of  the   common   system   of 
log«  10 

logarithms.    It  is  often  denoted  by  the  letter  fi ;  its  value,  correct 
to  eight  places,  is  43429448.     ^   . /•  i      P 

831.  IBzample  I.    Find  the  sum  qfthe  series 

a?       2««       3*' 

c      1  .    «       2a?"      3«'  .  W«*'   . 

^*       ^=^-^|2;^-[8;-*-i4-^--^^-^- 

r+1-1 


Wr+l  =  -^  ^ 


r+1 


*1     ^    ^'*'* 

[r_  "g'lr-fl  ' 
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li     li     1        X 


-1^^  +  ^  + 


14  ■^."V 


\  X/         X 

Example  II.    Ptrm  that  the  coefficient  of  at?"^  in  the  expamion 

o/log(l+a;  +  ar^)-i  ig  g^. 

{l+x  +  a^)  =  (l-x')  -^(1-3?); 
.-.    log(l+a?+a^)  «log(l-»')-log(l-«), 

1  "  2  ■"  n 

/.    the  coefficient  of  ^'''^  -  g  (g;^  "  s)  =  §;;  • 

Example  III.    i/^  y  =  -x+   g-  -  rg-  +  -m  eayawJ  a?  in  a  aeries 
of  ascending  poioers  of  y.  --      '— 

We  have  y  «  e~*  - 1,  where  x  may  be  any  real  quantity. 
.'.     -a?=  log(l+y) 

^y~^  +  ^...,providedy<l; 
i.e.       a; «  -y  +  1^  -  3  ...,  provided  y  <  1. 


Examples  XXXI. 

1 .  Calculate  the  value  of  c  to  six  decimal  places. 

2.  Show  that  -  «  -3679. 

e 


3.  Show  that  j(«  +  ^)  ==  *  +  72  +  T4"  "*" 


!••  • 
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c*-l  1  1 

"  4.  Prove  that  -^i —  =  1  +  r©  +  r^  + ...  • 

2e  10         5 


5.  If/(a;)«— g—  and  *(a;)  =  — g— » 

(i)    find  a  Beries  for  f(x)-h4*  (^) ; 
(ii)    prove  that  {/(a?)}*-  {<^(a?)}'  «  1. 

6.  Assuming  that  the  exponential  theorem  may  be  used  for 
imaginary  indices,  prove  that 

2 ""  ^  "  iY"*"  jV"  [6  •••• 

What  is  the  equivalent  of  the  series 

Ii    Ii    II' 


7.  Show  in  any  way  that 


8.  Find 


<r  s  00  jTs  ao 

...    e'+^-e* 


9*  Find  the  coefficient  of  ^  in  the  expression 

LI?:   11 "  [^"'•'•J  "^  r ""  ii  ""15  "•••]  • 

What  is  the  value  of  the  expression  ? 

•  10.  Find  the  coefficient  of  of  in  the  expansion  of  x — *-  ' 

•  11.  Expand  I6g  V^r,  in  a  series  of  ascending  powers  of  x, 

12.  Show  that  the  logarithmic  series  is  convergent  when  a;  »  1, 

but  divergent  when  x  =  - 1.       ''^  ^  |  \  *  •    ''    *  »  1 .       \''\ 

I 

•  13.  If  log,o-N=  filog^^,  show  that  /i  «  • — j^,  and  calculate 

its  value  to  six  decimal  places. 

.  14.  Calculate  the  common  logarithms  of  the  first  ten  integers, 
each  to  four  decimal  places. 

15.  Find  the  coefficients  of  a?*"*  and  x^^^^  in  the  expansion  of 

log{(l+a:)(l+a^)}. 


'■  ^  s\ 
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16.  Expand  log  (1  ''X-2si^)^  when  x  is  nutnerically  less  than  I. 
*17.  Find  the  coefficient  of  a:**  in  the  expansion  of 

18.  Prove  that,  if  op  is  numerically  less  than  unity,  ^  ^   ■ 

X  \  (    X     \^     \(     X     \° 

"■*     3     "^  5  "*"  7  "  "9"''** 
•  19.  Find  the  limit  of  l^£(^):r]?S5 ,  ^hen  ;b  =  0. 

■ 

20.  Sum  the  infinite  series  whose  n^  term  is      k^ 

f     ..-    .  v^.  (it  +  l)(n+2)g,^ 

n! 

21.  Show  that  loga2  «  j—g  +  s-^  +  5— g  +  •••  • 

'  22.  Prove  that 
log(x  +  l)-logx  =  2  jg^  +  3(2^»  +  5(2^Tl?  -^-}  • 
28.  Prove  that 

e  _         2        8       _i  J.  A 

2""      H"*"]!    11    11    •" 

24.  If  (X,  0  be  the  roots  of  i^a^+go^+reO,  show  that 
log(p+gaj+rx»)=rlogjp-(a+P)a? 2~^ 3-^  «•-.... 

1  *i-  loff  ^ 

*  25.  In  steam  engines  the  mean  pressure  is  ^^  times  the 

initial  pressure,  where  r  is  a  constant  depending  on  the  form  of 
the  engine.  Calculate  to  two  decimal  places  the  ratio  of  the  mean 
pressure  to  the  initial  pressure  when  r  «  2. 

26.  Prove  that 

^  ^    •      :     .  ,       2»   .  3»      4' 


"  27.  Find  the  sum  of  the  infinite  series 

X  dg*  g* 
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oO 


28.  Sun.  the  .erie.  ||  +  A  +  |.| ...  to  infinity,  s  £  g  =£^^  .  J^ j 

29.  Sun.  to  infinity  2-1^- 3-2^ +  j!g-5-i-^....  '  =e-l. 

30.  If  a-¥h+c  -  0,  prove  that 


CHAPTER  XXXII 

PAETIAL  FRACTIONS  AND  RECURRING  SERIES 

Partial  Fractions. 

332.  If  an  algebraical  fraction  is  expressed  as  the  sum  of 
a  number  of  algebraical  fractions  whose  denominators  are 
the  &ctors  of  the  original  denominatori  then  these  fractions 
are  called  Partial  Fractions.    Thus,  since 

2a?     ^     1  1 

are  the  Partial  Fractions  of 


-— —  >     -     -  «uo  tuts  jtrorhuu  fntcuuiui  ui    -5 a* 

a?-fo      a?— a  re*— o* 

[The  process  of  splitting  a  fraction  into  its  partial  fractions  is  of 
great  importance  in  the  Integral  Calculus,  and  has,  also,  useful 
applications  in  Algebra.] 

If  the  numerator  of  the  fraction  is  of  higher  dimensions  than 
the  denominator,  it  must  first  be  expressed  as  the  sum  of  an 
integral  expression  and  a  fraction  with  numerator  of  lower 
dimensions  than  the  denominator,  e.g. 

a?'  —  a*  a^  —  a* 

We  shall,  therefore,  consider  that  the  numerator  is  of  lower 
dimensions  than  the  denominator,  in  which  case  partial  fractions 
can  be  found,  each  having  the  numerator  of  lower  dimensions 
than  the  denominator. 

Resolution  into  partial  fractions  is  effected  by  Indeterminate 
Coefficients,  by  substituting  suitable  values  in  an  identity  or  by 
a  combination  of  the  two  methods. 

PATBBSOV  II  L 
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Example  I.    Besdlve  /j.,|)/a.^i)/a.„2)  ^^^ P<^^*^ Z^^"^***'^^ 

Assume    ; =t-7 tw — s\  =  — •  + 


(a:-l)(x+l)(a?-2)-"a?-l      x  +  l      x-2 

Af  Bf  and  C  are  of  lower  dimeDsions  than  ihe  denominatorB ;  and 
must  therefore  he  oonstants. 

Multiply  hy  («  - 1)  (a?  + 1)  (a?  -  2). 

3x«-4af+4  =  ^(a;  +  l)(a:-2)  +  J?(a?-l)(ic-2)  +  C(a:-l)(ic+l). 

If  we  equated  ooeffieientB,  we  should  haye  three  independent  equa- 
tions for  Uiree  unknowns ;  the  assumption  is  therefore  justified. 

Putic-1,        8-4+4  «il  (2)  (1-2);  /.    -4  -  -|^ 

iPuta?=-i,    8+4+4=:J?(-2)(-8);  .'.    B  ^  ^. 

Putic«2,      12-8  +  4  =  0(1)  (3);  .'.     C«f. 

3  11        .        8 


Hence  fraction  =  — 


2(a?-l)  ^6(«+l)^8(a?-2) 


Example  n.    i^^/^  ^_^^=i^^ 

One  of  the  denominators  of  the  partial  Ihtotions  is  (x— 1)*  ;   the 
corresponding  numerator  would  be  of  the  form  Bc+Q. 

«  X  i^+Q       P(g-l)+f+Q  ^      P       .  P+Q 

where  P  and  Q  are  constants.    Hence  we  may  assume 

3a?«-4ar+4         _      A  B  C        JD^ 

(a:-l)«(a?+l)(ir-2)-(a?-l)«'*"iC-l  "*■  5+1  '*'«-2' 
Multiply  by  (a?- 1)*  (a? + 1)  {x  -  2). 

3a?«-4a?  +  4  =  ^(a:+l)(a:-2)+P(a?-l)(a?  +  l)(a:-2) 

+  C(a;-l)«(a?-2)  +  2)(a:-l)«(a:+l). 
Puta?=     1,  3  =  ^(2)(-l);  .-.    il  = -f 

Puta?--1,         ll«C(-2)«(-3);        /.    0  - -J^ 
Putic«    2,  8  =  2>(1)»(3);  /.    D-     f- 

Puta;=    0,  4  =  -2^+25-20+1); 

i.e.    2B  =  4-3-J^-|,         .-.    5--}. 
Or  equate  coefficients  of  a:*, 

8  =  ^-25-40- A 
22?  =  -8-i  +  V-f, 
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Hence,  fraction 

=  3  7  11  8 

-'2(a?-l)«'4(*-.l)"'l2(ic+l>'^8(a?-2)  ' 

8^*— 4«P+4 
Example  HI.    Resolve  .^^^v  .  ^^  into  partial  fractions. 

A-«.«^     3a*-4a?+4   _-4«+J?        C 

Assume      r-S ^rr— TTT^  i =-     +    7i» 

(a:"  +  l)(aj-2)—  a:»  +  l    ^  X'-2 
Multiply  by  («"+l)  (a? -2), 

3aj«-4«+4  =  (^ic+5)(«-2)  +  C(«»+I). 
Puta?=2,  S=5C;  .-.    C-=f. 

Equate  ooeflScients  of  «*, 

3«^  +  C;  .-.    ^  =  f 

Equate  constants       4b~2P+(7;       .*.    Ps-|; 

Hence,  ftftction  -  g^^  +  5^  . 

Bxample  IV,    Resolve  into  partial  fractions  /  -n«/aJ,    4.2^' ' 

Suppose  we  proceeded  as  follows : 

Let 

ag»+a?4-l         _         A  B  C  D 

(a?-l)»(«"-a:+2)*-(a:"-a?+2)»  "*"  «"-»+2  "*"  \x-\)^  "*"  (»-l)* 

Multiply  by  (x  - 1)»  (a:"  -  x  +  2)», 

a:*+x+l  =  ^(«-l)*+^(a?-l)«(«»-a?+2)  +  C(«»-a?+2)« 

+  2)(a:«-a?+2)*(»-l). 

If  we  equate  ooeffloients,  we  h&ye  six  independent  equations  but 
only  four  unknowns,  and  this  would  in  general  lead  to  inconsistency ; 
therefore  our  assumption  is  not  justified. 

We  should  notice  that  some  of  the  denominators  are  of  the  second 
degree  and  should  assume  the  corresponding  numerators  to  be  of  the 
first  degree. 

Let  .,  - 

a?»4-a?+l         ^    Ax-\-B  Cx-k-D  E  F 

(a;-l)»(a:"-a?+2)«— («"-»+2)«  "*■  a?-x+2  '^  (»-l)*  "*"  x^l ' 

i.e.    a:"+«  +  l=(^a:+B)(a:-l)*  +  (to+D)(ar»-x+2)(x-l)» 

+^(ar«-«+2)«+F(««-a;+2)*(a:-I). 

Now  if  we. equate  coeflicients,  we  have  six  equations  and  six 
unknownSy  and  the  assumption  is  justified. 

Equate  coefficients  of  a^,    0  «  C+ F. 
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Puta:  =  l,        3  =  J&(2)«;        .-.    ^«}. 

Sabstitute  for  E  and  transpose, 

-}{(^-«)*+*(^-«)}+^+«-2 

=  (^+5)(a?-l)*+(Gir  +  i>)(a:«-x+2)(ar-l)« 

+F(a?»-ap+2)"(ar-l). 
Divide  by  a?-l, 

-}{a!»-ap"+4»}+a:+2 

=  (^»+5)(«-l)  +  (Ca?+2))(«»-a!+2)(«-l) 

+2f'(a:»-ar+2)». 

Pat««l,        -}(4)+3«F(2)«;       /.    ^-0. 

.-.    C=0. 

Substitute 

1 =(^«  +  5)(«-l)  +  (D)(a?»-a?+2)(x-l). 

Divideby  *— 1, 

Equate  coeflScients       2> «  .  j, 

5«-2-2Z)«-J. 
dar+2  3 


.•.    Fraction  =  — 


8 


Example  V.    Expand 


4(a:--x  +  2)«     4(a?«-a:+2)  ^  4(ar-l>* 
8««-2a?+l 


Let 


(a?-l)(a:+3)(a?-4) 


f  n  ascending 


3a?»-2a?+l         _    il     . 


+ 


(a:-l)(a?  +  8)(a?-4)"~iP-l      a?  +  8      a?-4 
Then    A^^^,    B  =  |.     C«|^. 

Hence,  fraction  «  g  (1  -  ^r)-'  +  li  (^  +  *r'  ^  gf  <*  ■"^)""* 

=  g(l+a;  +  ic"  +  ...+d^  +  ...) 


17/      a?      ^  /*"*\"        \ 

'*'42l       8  "*"  9  "^ •••■*■  V"3"/  "*""V 
41  /       X      a^  /x\^        \ 


n  s  oo 


Hence,  fraction  =2  {^{l  +  (-1)"40"-  "  80»)} 
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Example  VI.    Find  the  sum  of  the  first  n  + 1  co^fficietUs  of  the 
-      3a:-2 

Method  I. 

ar—  ox  —  u 

Now  j-^  -  l  +  a:  +  a:=+...  +  «"  +  ....         (§264-). 

If  X  has  such  a  valae  that  both  series  are  convergent,  the 

3a:— 2  1 

product  of  the  two  series  will  equal    »__,    _^  x  i^^  • 

The  coefficient  of  x^  in  the  product  of  the  two  series  is 

Oo  +  ^l +  <*«  +  •••  + ''ii  • 


Hence  the  required  sum  of  n  + 1  coefficients  equals  the  coeffi- 

3ic— 2 

cient  of  x*  in  the  expansion  of  — -= r-^ r-rs ;  •    And  this 

-(l-a?)  (l-a:)(6  +  «) 

expansion  can  be  carried  out  as  in  the  previous  example. 

The  artifice  of  this  method  is  frequently  used  in  summing  series ; 
the  following  method  is  more  straightforward. 

Method  II. 

Resolving  into  partial  fractions, 

3a;-2  16  5 


a?»-5a:-6      7(x-6)  "^7(a?  +  l) 
=  «(l-a:+«*+...) 


-S('-f-(8)'---) 


51-(-a?)*+»      16 


'-(I) 


n+l 


Sum  of  n  +  1  terms  =  y j^^^ y — g3^ 


By  putting  «  » 1  we  obtain  the  sum  of  the  first  n  + 1  coefficients. 
Sum  of  coefficients  «  |  -     ^  g T        b 

10  ^  35  ^  14^    ^ 
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Examples  XXXII  a. 

Resolve  into  partial  fractioDS : 


1. 
3. 
5. 

7. 
9. 


a?  +  l 


(a:+2)(a;  +  3) 
3~2a? 

«>  (!+«)•* 
3a^-a?*  +  3 

a:  («»-»+ 1)** 

(a:- 2a)*  (x- 3a) 


2. 
4. 
6. 
8. 
10. 


3a?»~2y-5 

(a:-2)(a?+2)(a:  +  3)  ' 

2a? 

(l+a?)»(l-a;)' 

x'  +  l 
ar»-l' 

8 

(l-a;)(l  +  ar)«(l+««) 

4 

(«« +!)«(« -I)*' 


r 


i    [  ^        11.  By  a  general  method  prove  that  the  expression 

i^l  16- ^<-  pa^  +  qx+r 

(a?— a)  (a? — 6)  (a?— c) 

can  be  identically  found  in  the  form 

A     ^     B  C 

+  — ^  + 


Show  that 


x—'d      a?— 6      jc— c 

"*(a-6)(a-c)  " 
Give  a  simple  rule  for  finding  A,  B,  and  C, 

12.  By resolying (^,„)(^_^f(^„)(^_^j »*«> P""*! fatctioD^ 

prove  that  2  (7r6)(Sr^f(^Zd)  -  0- 

1  +^4.2a?* 

13.  Expand  7^ — q-  .  ,,  .    «,  in  a  series  of  ascending  powers  ci  x, 

[i  —  «a?j  (1  +or) 

1  + 1 X 

14.  Find  the  term  involving  a?*  in  the  expansion  of. ^ -^r-^^ 

1  —a?  "—^ap^ 

15.  Find  the  sum  of  the  first  n  coefficients  in  the  expansion  of 
l+6a? 


(l-3a:)(l+2a:) 
16.  Find  the  coefficient  of  af  in  the  expansion  of 

l~9a?-f82a?' 

(l-6a;)«(l  +  7a?)' 
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333.  If  in  the  series 

a  relation  such  as  Mii  =  1>Uii.i  +  ^«-2  ^Bts,  the  series  is 
a  recurring  series. 

Thus  in  the  series 

1  +  4  +  5+9+14+23..., 

each  term  is  the  sum  of  the  two  preceding  terms, 

i.e.    t*,  « t*».i  +  M^, ; 
in  the  series  l  +  Sic+a^'-Src'  — 7a^+3ic"..,, 

the  relation  is  i*„«=  arw^i— 2a:*u^,. 
This  is  equivalent  to 

The  coeflScients  of  this  equation  taken  in  their  natural  order 
form  the  scale  of  relation. 

Thus  the  series 

l  +  3»  +  «*-5«'-7«*  +  3a»..., 

is  a  recurring  series  with  scale  of  relation  1  -:r +20;*. 

334.  If  there  are  n  terms  in  the  scale  of  relation  there  will  be 
n— 1  coefficients  in  it,  besides  the  first  which  is  always  one.  If  the 
series  is  given,  it  is  often  required  to  find  the  scale  of  relation. 
Now  n  consecutive  terms  are  required  before  the  scale  can  be  used 
once. 

n  +  1  consecutive  terms  are  required  before  the  scale  can  be 
used  twice. 

But  to  find  the  n— 1  unknown  coefficients  n-1  equations  are 
required. 

Hence  to  find  a  scale  of  relation  with  n  terms  at  least  2  (n— 1) 
consecutive  terms  of  the  series  must  be  given. 

It  is  always  supposed  that  only  just  sufficient  terms  of  the  series 
are  given ;  so  that  if  8  terms  are  given,  we  assume  as  the  scale  of 
relation 
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335.  If  a  series  not  containing  x  such  as 

1+4+5+9+... 
is  given,  we  find  first  the  scale  of  relation  of 

l+4a:  +  5a!»  +  9a:»  +  .... 
If  this  is  1  ^px^^ ;  then  in  the  first  series  u^  «=  P^m^i  +^a-j 

Examples  XXXII  b. 

Write  down  the  first  six  terms  of  the  recurring  series  in  which 

1.  The  scale  of  relation  is  1 — 2a?4-  So;*,  M|  s=  1,  u^  s=  2a; ; 

2.  The  scale  of  relation  is  X  —  Zx-x^  «}  s=  2,  t/,  »  —  3;r ; 

8.  The  scale  of  relation  is  1  -a? -2a::',  u^  ==  1,  m,  =  a? ;  Wj  =  3j*. 

4.  The  scale  of  relation  is  l-3a;+a*-2a:',   «i  =1,  «,  =  2x, 
fig  =  Sa^. 

Find  the  scale  of  relation  of  the  following  series : 

5.  l-2ar  +  7ar'-20ar»  +  .... 

6.  l  +  2a?  +  a^-ar'+.... 

7.  2-5a;-19x«-47x»+.... 

8.  l+2a:-3a;'-7a?*  +  6ar'  +  .... 

,  9.  Show  that  any  arithmetic  progression  is  a  recurring  series. 
10.  Show  that  any  geometric  progression  is  a  recurring  fseries. 

336.  To  fiind  the  sum  of  n  terms  of  a  recurring  series. 

Let  the  series  be  a©  +  a^^x  +  a^a^  + . . . ; 

let  the  scale  of  relation  be  1  -jw?-  gx*. 
S'^  =  ao  +  a,a:    +  a^a?„,  +  a„_,a:»-* 

When  n  is  greater  than  1,  ai,-j?a«_i-2a»-.«  =  0.     Hence 
(1  -pxw^)  S^=^ao-¥  (a,  -pao)  x     -  (pa^^ + go^.,)  a^  -  fla^ia:«+i ; 

"       *         1  —px^^x^  1  —px  '¥^ 

It  is  better  to  apply  the  process  in  all  cases  than  to  attempt  to  use 
this  result  as  a  formula. 
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If  the  part  of  iS;,  that  depends  on  the  yalue  of  n  becomes 
indefinitely  small  when  n  is  infinite  there  is  a  sum  to  infinity ; 
that  is,  if  the  recurring  series  is  convergent : — 

337.  To  show  that  the  expansion  of    ^^     ^^    in 

ascending  powers  of  a;  is  a  recurring  series  with  scale  of 
relation  1—px—qx^. 

It  is  olear  that  by  dividing  a+2u;  by  1~jnb— gx'  an  infinite  series 
is  obtained. 

Let         , -j  =  ao  +  ai«+a,«'  +  ...  +  a^a?'*  +  ... , 

then  a  +  6ic  =  ao  +  ajfl?  +  08aj'+...  +  a»a!"  +  ... 

— jHi^a?  — pa,  ic*  — . . .  — jpa„.i  op"  + . . . 

By  equating  coefficients,  it  is  seen  that  when  n  >  1 

i  e.  a^ic>*  ^px .  a»_i«*^* — jaj* .  »„_,  a?""*  =  0, 

i.  e.  u^  -P^n-i  -  ff*"  w«-»  *=  0. 

Hence  the  expansion  is  a  recurring  series  with  scale  of  relation 

By  equating  constants,  a  =  a^. 

By  equating  coefficients  of  :p,  ft  «  ^i^i^  • 
Hence  we  see  that,  whether  the  recurring  series  is  conveigent 
or  not,  it  can  be  developed  or  generated  by  expanding  the  fraction 

T^~~^~  *  ^^^  ^^  reason  the  fraction  is  called  the  generating 
function  of  the  series. 

838.  If  the  scale  of  relation  can  be  resolved  into  factors, 
the  generating  function  can  be  resolved  into  partial  fractions 
and  the  general  term  of  the  recurring  series  can  be  obtained 
by  the  method  of  Example  V,  §  382. 
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339.  Example.    ThetcaUofrelatumqftheftcitrrinff 

l+8a:+10a?"+26a!»  +  46a^  +  ..., 

is  of  the  form  1  -^px+qa^.    Find  the  term  of  the  series  invoMng  jr" ;  \ 

and  the  sum  of  the  series  to  inanity  when  x  is  numericaUy  less  than  }.  I 

Notice  that  more  terms  are  given  than  are  necessary. 

We  have  u^  +P^^n^i + ff** ««_» =  0.  f 

When  n  =  2  10+8jp       +g  «0.  (i) 

Whenn  =  3  2Q-hl0p     +8g         =0.  (ii) 

When  n  =  4  46  +  26i)     +10g       =0.  (iii) 

From  i  and  ii  54  +  54jp  =0. 

/.     p^  -1,      gcs   -2. 

These  valaes  also  satisfy  equation  iii. 

Letfl^  =l  +  8a?+10a?"+26a^  +  ...  to  infinity, 

then  -«5  =s      "X—  8a:"-10«'+,.., 

-2si^8      =  -  2«»-16«»-.... 

S=  i s— •  ^or  such  values  of  a;  as  make  the  series 

1— a?-2ar 

convergent. 

1+lx  A  B 

l-a?-2a:>  "  l-2ic  "^  1  +  a:' 

where  A     =  — |--  =  3,    5  =  ^  =  -2. 

f  3 

3  2 

Hence  the  series  is  the  expansion  of  ^ — s =-—  • 

.-.    the  term  involving  a?"  =  {3.  2"-2.(-l)"}ic". 
Also  the  series  is  convergent  if  2x  is  numerically  less  than  1, 
i.  e.  if  X  is  numerically  less  than  \, 

Examples  XXXII  o. 

Sum  to  n  terms  the  recurring  series : 

1.  aj  +  3a?«  +  5«»  +  7«*  +  .... 

2.  l  +  3a?  +  6a:"  +  7a'  +  .... 

3.  l+6a?+12a:«+48a:'  +  120a:*  +  .... 

5.  2+5  +  13  +  35  +  97  +  .... 
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6.  1+2+8+44+260+.... 

7.  1+5  +  7  +  17  +  31. 

8.  In  the  recurring  series 

J-la;+2««  +  /ar'  +  5a?*  +  7ar»+..., 

the  scale  of  relation  is  a  quadratic  expression ;  determine  the 
unknown  coefficient  of  the  fourth  term  and  the  scale  of  relation, 
and  give  the  general  term  of  the  series. 

9.  Obtain  the  coefficient  of  o;**^^  in  the  expansion  of 

1 

l-3a:+2a?" 

in  a  series  of  powers  of  x. 

In  the  foU6wing  series,  find  the  sum  to  infinity,  and  state  for 
what  values  of  x  there  is  a  sum  to  infinity. 

10.  1- 3a: -3a:* -15a?".... 

11.  2-a:+a^  +  12a:'+43a:*  +  151a:».... 

12.  -a?+a:"-4a!'  +  7a:*  +  .... 

— *-  — *  >, 

13.  Resolve  ; r? — \.,       ^, tv  "ito  partial  fractions. 

.       _         .(a:-a)(a:-&)(a;-c)(a?— d)         *^ 

Hence,  or  otherwise,  find  the  sum  to  infinity  of  the  series 

4.6  6.8  8.10 

^      J^.8.7.9  "*"  3.5.9.11  **"  5.7.11.13  **"•••• 

14.  If  the  scale  of  relation  of  the  series  Ui+U|a;+«8a;"+...  be 
1  -3a;+2a^  find  the  sum  to  infinity  and  show  that 

M„  =  M,  (2*-^  - 1)  -2ui(2*-*- 1). 
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CHAPTER  XXXIII 

THE  ELEMENTS  OP  THE  THEORY  OP  EQUA- 
TIONS. HORNER'S  METHOD  OP  SOLUTION. 
ELIMINATION.    DETERMINANTS 

Theory  of  Equations. 

340.  Thboughout  this  chapter  we  sappose  that  the  equation 

has  been  simplified  so  that  it  is  of  the  form 

and  we  shall  denote  the  left-hand  side  by  /(a?). 
We  also  assume  the  proposition  that 

If  /{x)  is  a  rational  integral  function  of  x^  there  is  at 
least  one  value  a,  real  or  unreal,  such  that  /(oc)  =  O. 

34L  Every  equation  of  the  n^h  degree  has  n  roots  and 
not  more  than  n  roots. 

By  the  last  section  there  is  one  root,  call  it  a^. 
Since /(Of,)  =  0,  (x-CXi)  is  a  factor  of  /(a?). 
Let  /,(«)  be  the  other  foctor  which  will  be  of  the  (h-1)*^ 
degree. 
Hence  /{x)  =  0, 

if  x^  Oil,    orif/,(ic)-0. 
But  fi(x)  s  0  must  have  a  root,  call  it  (X,.    Hence 

Mx)  -  0, 
ifa?  =  aj,    orif/8(ar)  =  0. 

Continuing  in  this  way  we  find  that  there  are  n  roots  Ofi,  OC|.«.(x., 
or,  to  put  the  same  fact  in  another  form,  that 

/(a?)  =  (a?-a,)(a:-a,)...(a?-orJ. 

It  may  happen  that  r  of  these  factors  are  the  same 

i.  e.  /(a?)  =  (a?  -  a)*"  x{n—r)  other  factors. 

In  this  case  it  is  usual  to  say  there  are  r  roots  equal  to  or. 
With  this  convention  we  have  now  proved  that  every  equation  of 
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the  n^  degree  has  n  roots,  which  may  he  real  or  imaginary, 
rational  or  irrational,  equal  or  unequal. 
The  equation  is  equivalent  to 

(a?~ai)(^-at)...(«-»J  -  0. 
If  any  quantity  k,  other  than  (X|,  (X^.^.O^^t  ia  suhstituted  for  x, 
the  product  on  the  left-hand  side  is  not  nothing ;  hence  there  is 
no  other  root  than  (X^,  (Xs...(X9,  i.  e.  the  equation  cannot  have  more 
than  n  roots. 

342.  Qymmetrlo  fonotions  of  the  roots. 

Let  Oil,  or,,  oc^,,.  be  the  n  roots. 
Then 

y+Pifl^* +i>,rF*-*+ ... +^»  =  (ir-«,)  (»-«,).. .(ic-aj. 
Equating  the  Coefficients,  we  have  as  in  §  225. 

2(aia,aJ  «  -i?,, 
&c. 

These  relations  are  useful  for  two  purposes,  (i)  to  solve  an 
equation  when  some  additional  fact  about  the  roots  is  given,  (ii)  to 
find  the  value  of  symmetrical  functions  of  the  roots. 

Example  I.  Solve  2a^-5a;'-4a;  +  12  «  0;  H  being  given  that 
two  of  the  roote  are  equal, 

Rq- write  equation     a!'-J«'-2a?  +  6=0. 
Let  OL,  oCj  3  be  the  roots. 

Then  2a  +  /3     =i,  (i) 

a«+2a/3=-2,  (ii) 

a«3  =  -6,  (iii) 

ix2a-ii  3a*-6a-2«0, 

a  -=  2  or  -}, 
/3=-tor¥. 

Substituting  in  iii  it  is  seen  that  the  first  pair  pf  roots  satisfies, 
but  the  second  does  not. 

.*. .  required  solution  is  a? «  2,  2,  - 1 , 
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Example  n.  Find  (he  sum  qfthe  cubes  of  the  roots  of  the  equation 

We  have  a+^+y  =  2.  (i) 

/3y+>a+a^«  -4.  (ii) 

a/3y«-5.  (iii) 

-2{4.3(-4)} 
a»+j9»4.>^=  -15  +  32=17. 

343.  General  Theorems  on  the  nature  of  the  roots. 

Theorem  L  If  (X|,  Ot,,  ot,, ...  (X^  are  the  roots  of  f{x)  «  0, 
then  -Otj,  -Of,,  -a,, ,..-«,  are  the  roots  of /(-«)  =  0. 

Theorem  n.  If  all  the  coe£Scients  PuPt,  •••?«  are  podtire, 
there  cannot  be  a  positive  root. 

Theorem  HI.  If  the  terms  are  alternately  positive  and  negative, 
there  cannot  be  a  negative  root. 

The  student  will  have  little  difficulty  in  supplying  the  proofe  of  the 
above  theorems. 

Theorem  IV.  Desoartee'  Rule  of  Signs.  An  equation  f(x) «  0 
cannot  have  more  positive  roots  than  there  are  changes  of  sign 
from  +  to-lor-to  +  in  the  terms  of  /(«). 

No  elementary  proof  of  this  has  been  given ;  but  it  can  easily  be 
verified.    Suppose,  for  instance,  we  have  the  equation 

2x»-6x*+7x+2  «  0. 

There  are  two  changes  of  signs. 

Multiply  by  Sx— 4  thus  introducing  a  new  positive  root. 

We  then  have  6a:«-26xS+46x*-22x-8  »  0. 

There  are  now  three  changes  of  sign. 

And  it  is  found  in  all  esses  that  the  effect  of  introducing  a  positive 
root  is  to  increase  the  number  of  changes  of  sign  by  at  least  one. 

If  the  product  of  the  factors  corresponding  to  the  negative  and 
imaginary  roots  is  multiplied  in  succession  by  the  factors  correspond- 
ing to  the  positive  roots,  at  least  one  change  of  sign  is  introduced  by 
each  positive  root ;  therefore  the  number  of  positive  roots  cannot 
exceed  the  number  of  changes  of  sign. 

Corollary.  Applying  this  theorem  to  the  equation  /(-a;)  «  0, 
we  have  'An  equation,  f{x)  =  0,  cannot  have  more  negative  roots 
than  there  are  changes  of  sign  in  the  terms  of  /( —x)  \ 
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Bxamplel.    ConMerihe  equation 

«»-6jk*+8«»+2«*+3«-1  -0. 

There  are  3  changes  of  sign,  and  therefore  not  more  than 
3  positive  roots. 

The  signs  in  /(-a?)  are  + + ;  and  therefore  not  more 

than  3  negative  roots. 

SSxample  II.    Consider  the  equation 

There  are  3  changes  of  sign,  and  therefore  there  are  not  more 
than  3  positive  roots. 

In  f(—x)  there  is  1  change  of  sign,  therefore  there  cannot  be 
more  than  1  negative  root. 

Hence  to  make  up  6  roots,  there  must  be  at  least  2  imaginary 
roots. 

Theorem  V.  If  (X+^fi  ib  a  root  of  f{x)^0,  and  if  V^  » 
irrational,  then  OC  -  ^/3  is  also  a  root. 

For  on  substituting  Oi-^'/fi  for  x,  /(x)  will  be  of  the  form  P+  Q  Vi 
where  P  and  Q  are  rationaL 

Henoeif  /(Ot+i/^)  ->  0,  P  -  0  and  Q  »  0. 

But  the  result  of  substitutiiig  (X^^0  for  x  differs  from  the  previous 
result  only  in  the  sign  of  ^fi, 

Henoe  /(«- V^^)  «  P-Q^ 

->  0  sinoe  P  B  0  and  Q  »  0 ; 

/.    a-v^  is  a  root  of  /(x)  =  0. 

Sinoe  0  may  be  positive  or  negative,  we  have  the  following  two 
important  statements : 

Imaginary  roots  oooor  in  palm. 

Irrational  roots  ooour  in  pairs. 

It  follows  that  an  equation  of  odd  degree  must  have  at  least  one 
real  rational  root. 

344.  DeriYOd  Fonotions. 

I«t  /(x)  =|ao«»+a,*"-»+...+o,.x«-'*+...+afc.i«+o,. 
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Substitute  x+/(  for  x;  and  expand  the  powers  of  x  +  h   by  the 
Binomial  Theorem 

+  ... 

+o«-i(«+*) 

The  term  not  inrolving  h  is 

The  coefficient  of  A  is 

wao«»-»  +  (n-l)aiX*-»+(n-2)a,a»-»  +  ...+o«.,. 

The  coefficient  of  =—5  " 

1  •  ss 

n(n-l)OoX«-«  +  (n-l)  (n-2)OiX«-»+(n-2)(n-8)a,«»-*  +  ... . 

Denoting  the  coefficients  of  *,  -5, ...  by/'(»),/''(x),  ...yt^  (x),  ... . 

If 
we  see  that 

/(x+A)  =/(x)+/'(x)A+'^-^^  *•  +  ...  +  -'— ^ 

where      /(x)  «  aQWx«-*+ai(n  — l)x""*+Oj(fi— 2)x»"»+... , 

and  /''(x)  =  aon(n-l)x«-«+ai(n-l)(n-2)x»-» 

+aj(n-2)(n-S)x"-«  + ... . 

/'(x)  may  be  derived  tromf(x)  in  the  following  manner. 
Multiply  each  term  of /(x)  in  order  by  the  index  of  x  in  that  term, 
at  the  same  time  diminishing  the  index  by  unity. 

f"(x)  can  be  deriyed  in  the  same  way  from  /'(x)  ;  and  it  c«n  be 
shown  that  /<*'>(x)  is  derived  in  the  same  way  from  /('^^(x). 

f(x)f  f\x\  k/Q.  are  called  the  first,  seoondi  &a  derived  lunetions 

of/(x). 

345.  Contmuity  of  a  rational  integral  function. 

I^t  /(x)  =aoX*+aiX»'-i  +  ...+a««iX+a«, 

where  Og,  Oj,  ...On  are  all  real,  be  the  rational  integral  fiinotion. 

(i)  f{x)  is  infinite  in  value  only  when  x  is  infinite  in  valnei  since 
the  function  is  integral. 
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(ii)  There  is  one  and  only  one  value  of  /(al^)  oorresponding  to  any 
value  of  Xf  since  the  ftinction  is  rational. 

(iii)  When  x  changes  slightly  in  value,  /(x)  also  changes  only 
slightly. 

For  suppose  x  to  change  to  at H- A;  then  it  has  been  shown  in  the 
previous  section  that 

f{x + A)  «  fix)  -f  ■'-^  *+  higher  powers  of  *, 

where  the  ooeificients  of  the  powers  of  h  are  all  rational  integral 
functions  and  are  therefore  not  infinite  for  any  finite  value  of  x. 
Hence  h  may  be  taken  so  small  that  all  the  terms  after  the  second 
may  be  neglected,  $  304,  Theorem  II. 

Hence  /(x  +  *)  -/(x)  -« /  (x)  A 

e  an  indefinitely  small  quantity  when  h  is 
indefinitely  small. 

346.  The  graph  of  y|[a;). 

It  follows  from  the  previous  section  that  the  graph  of 

y  =/(*) 
is  a  continuous  curve  (i.  e.  a  curve  without  any  break),  and  can  be 
cut  by  every  straight  line  parallel  to  the  y-azis  in  one  and  only 
one  point. 

The  following  statements  concerning  the  roots  of  an  equation 
may  eadly  be  proved  by  means  of  the  graph  of  y  =  f{x). 

(i)  If /(a)  and  f{f>)  are  of  different  signs,  then  an  odd  number 
of  real  roots  are  intermediate  in  value  between  a  and  h. 

(ii)  If  /(a)  and  f{h)  are  of  the  same  sign,  either  there  are  no 
roots  between  a  and  h  or  there  are  an  even  number  between 
a  and  &. 

(iii)  If  the  degree  o£ /(x)  is  odd  there  must  be  at  least  one 
real  root,  since  /(oo )  and  /(— oo )  are  of  opposite  sig^s. 

347.  Transformations  of  an  equation.  In  solving 
numerical  equations  we  often  wish  to  find  (i)  an  equation 
whose  roots  differ  from  those  of  the  given  equation  by  a 
known  amount,  (ii)  an  equation  whose  roots  are  a  known 
multiple  of  the  roots  of  the  given  equation. 

If  (X,  0,  y,  •••  are  the  roots  of  f(x)  *»  0,  to  find  an  equation  whose 
roots  are  (X—h,  fi-^h,  y— fc,  •.. . 
pATBMoa  n  M 
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I 

Let  y  «  x—h,  then  x^f-^-h.    If  we  substitate  for  x  in  the 
original  equation,  we  shall  have  the  equation  requited. 

Hence  one  form  is 

»o(y+*)"+»i(y+*)*"*+—+»»-i(y+*)+«i.  =  o. 

On  arranging  this  in  descending  powers  of  y,  it  is  of  the  form 

^y^+-4iy-'  +  .-  +  -4„_iy+-4,  =  0. 
We  wish  to  determine  ^»  ^i,  •..^. 
Replace  y  by  (a?~A),  then  the  left-hand  side  becomes 

-4o(a:-*)»+-4i(a?-*)"-*  +  ...  +  -4„_,(ar-*)  +  -4,  =  0- 
This  must  be  identical  with  the  original  equation, 
Le.     -4o(a?-fc)»  +  -4i(a:-fc)»-*  +  .,.  +  -4^i(a:-*)  +  ii,=/(x). 
Hence  A^  is  the  remainder  when  /(x)  is  divided  by  (x^h)  and 
^  («  -  *)— » + -4i  («  -  *)—»... + ^1 
is  the  quotient  when  /{x)  is  divided  by  (x'-h). 
If  this  quotient  is  divided  hj  x^h,  the  remainder  is  .^^^i. 

By  continual  division,  therefore,  we    obtain    the    successive 
coefficients  A^^ ,  A^^i ,  A^^f  •  #•  • 

The  divisions  are  performed  by  Horner's  Method  (Part  I,  p.  156). 

Example  I.    Find  an  equation  whose  roots  are  the  roots  of 

3«»-4a^  +  2a?-l  =0, 
each  diminished  by  4. 


3-4+2-1 
+  12     +32     +136 


3+8 
+  12 

+  34     +135 
+  80 

3     +20 
+  12 

+  114 

1 

+  4 

1 

+4 

1 

+4 

'3     +32 
Required  equation  is 

3y'+32y»  +  114y+135  =  0. 

In  practice  the  divisors  are  not  put  down  at  all,  nor  is  the  llrrt 
coefficient  of  the  dividend  repeated. 

Since  the  roots  of  an  equation  have  nothing  to  do  with  the  actual 
letter  used  as  the  unknown,  it  is  usual  to  replace  y  by  k  in  the  final 
equation. 
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Example  II.    Find  an  equation  uihose  roots  are  the  roots  of 

a?*-3ir'  +  2a?-7-=  0, 
each  diminished  by  3. 


1 

0 

-3 

2 

-7 

3 

+  9 

18 

60 

3 

+  6 

20 

53 

3 

6 

18 
24 

72 

92 

3 

27 

9 

51 

12 

Required  equation  is 

a?*  +  12ic' +  51  aj*  +  92a?  +  53 

0. 


348.  If  or,  ^,  y, ...  are  the  roots  off(x)  »  0,  to  find  an  equation 
whose  roots  are  kO(,  kfi,  X?y, ... . 

Here  we  have         ,  y  —  A», 

y 

and  X*  +  jpi  a?"""*  +|>,a?*~*. . .  +|),  —  0. 

Substituting  and  multiplying  by  k^y  we  have 

.'.    required  equation  is 

ar»+A?Pia?*-»+A?«i>,x»-«  +  ...+A?»p.  =  0. 

This  transformation  is  often  used  when  some  of  the  coefficients 
of  the  original  equation  are  fractions. 

Example.     Tyans/orm  the  eguatioti 

^4      3  2  ar         4_ 

*  "'5*^"45'^"*"75""675"" 

into  one  with  integral  coefficients. 

We  have  to  find  k  so  that 

^     5     •      315        ^3. 5«*^        3».5«*       " 
shall  have  no  fractional  coefficients. 

Clearly  15  is  the  smallest  suitable  value  for  k  and  the  required 

equation  is 

a:*-9a^-10aj«  +  45a?-300  -«  0. 

M  2 
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349.    Homer's  Method  of  solving  equations   with 
nmnerical  coefficients. 

The  steps  are  as  follows: 

(i)  Find  an  integer  a  such  that  a  value  of  x  lies  between  a  and 
a  + 1.    Then  x^a-¥yj  where  y  is  a  decimal  fraction. 

(ii)  Find  the  equation  for  y  by  the  method  of  §  847. 

Let  h  be  the  digit  in  the  first  deciina]  place  of  the  value  of  y,  to 
that  y  »  -A.... 

(iii)  Find  the  equation  for  z  whose  roots  are  ten  times  the  roott 
of  the  previous  equation,  so  that  ;?  «=  A. .... 

(iv)  h  is  then  found  by  treating  this  last  equation  ezactlj  aa  the 
original  equation  was  treated.  By  continually  repeating  the 
process  as  many  decimal  places  are  obtained  as  are  required. 

The  following  example  of  the  method  should  be  studied  closely. 

Example.    Find  a  root,  correct  to  three  figures,  of 

&r»-13aj«+26a?-35=0. 

(i)  Roots  cannot  be  negative  by  Theorem  III,  §  343. 

(ii)  /(O)  «  -35,  /(I)  =  -16,  /(2)  =  13. 

.*.    there  is  a  root  between  1  and  2  by  §  346,  i. 

(iii)  Find  the  equation  whose  roots  are  1  less  than  those  of  the 

above  equation. 

6 


-13 

26 

-36 

+  6 

-7 

+  19 

-  7 

19 

-16 

+  6 

-1 

-  1 

18 

+  6 

Equation  is  6«»  +  5««  +  18ir-16  =  0. 

(iv)  Find  equation  whose  roots  are  ten  times  those  of  last 
equation. 

Equation  is  6aj>  +  50a?*  +  1800a: -16000  «  0. 

(v)  Repeat  above  processes  on  this  last  equation. 

/(O) «  - 16000. 


! 

J 
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As  a  trial  root  take  the  greatest  integer  in  ^  viz.  8,  and  determine 
by  Homer*8  division  whether/ (8)  is  positive  or  negative. 

6       50        1800        -16000 
48         784        +20672 


98       2584 

There  is  a  root  between  0  and  8.    Tiy  7 : 
6       50       1800        -16000 
42         644        + 17108 

92        2444 
There  is  a  root  between  0  and  7.    Try  6 : 
6       50       1800        -16000 
36         516        + 18896 


i.e.  /(8)  is  positive. 


i.e. /(7)is  positive. 


2816 
732 

3048 


-2104       Le./(6)  is  negative. 


86 
36 

122 
36 

158 
We  have  now  foand  that  the  root  is  1*6  and  that  the  next  digit 
is  the  unit  digit  of  the  root  of 

6a:V1580««  + 3048  a? -2104. 
The  whole  work  is  nsually  put  down  as  follows  : 

6ic?-18a?«  +  26a:-35  «  0, 

/(0)  =  -35,   /(I) ,   /(2)  =  + 

6 


-13 

26 

35  166 

-  7 

19 

19 

-  1 

1800 

16000 

+  50 

2316 
782 

13896 

86 

2104000 

122 

804800 

1886976 

1580 

9696 

217024 

1616 

•314496 

Required  root  is  1*67  correct  to  3  significant  figures. 

Note  that  the  sign  of  the  last  column  is  changed  (  +  85  instead 

of  -85),  and  consequently  the  last  products,  19,  18896,  &c.,  are 

subtracted  instead  of  being  added.    The  student  may,  of  course, 

retain  the  negative  sign  and  add  in  the  last  column  as  in  the  others. 


510  THEORY  OP  EQUATIONS 

Negative  roots.    If  a  negative  root  is  found  to  existy  it  is 
to  find  the  corresponding  positiye  root  of  the  equation  /  (^jp)  =Q. 

Cube  fvots.  Any  arithmetical  cube  root  (fifth  root,  seyestfc 
root,  &c.)  may  be  found  by  applying  Homer*8  method.  Thna,  ia 
order  to  find  '^91,  solve  the  equation  a^  —  ^l^O, 

350.  Cardan'8  Method  of  Bolving  a  cubic  equation. 

[Lemma.    Solve  x'-l  «  0. 
Either  x-1  =  0  or  jb^  +  oc+I  «  0. 

.-.    »  =  1,  or g or  ^ . 

Since  the  equation  might  be  written  ac*  «  1,  we  see  that  the  ahoT« 
roots  are  the  three  cube  roots  of  unity. 

j^  It  is  easily  verified  that  either  imaginary  root  is  the  square  of  the 

~  Ct>^  '  other ;  hence  if  one  imaginary  root  is  denoted  by  u,  the  other  is  ^. 

It  follows  that  the  three  cube  roots  of  any  number  a  axB 

(i)  Let  aa^  +  te'+cx+(7«0  be  the  cubic  equation. 

Divide  by  a.  «>+  -«'+  -x^k^^  0.  ^ ' 

a        a      -^  :  4  • 

Put  X  =  yi-k;  then  the  equation  lor  y  is 

+  -y'  +  &c.  =0. 

Choose  k  so  that  the  coefficient  of  y',  viz.  Sk+  -  shall  vanish. 

Then  the  equation  is  reduced  to  the  form 

y'+gy  +  r=0, 
or    jc*-f  gx  +  r  =  0. 
(ii)  In  this  last  equation  put  x^  y+z. 
Then       a?^  «y'+«^  +  8yz(y+2r)  «  y»+«»  +  3ajy» 
and  equation  becomes 

y'+«*  +  (3y»  +  j)a?  +  r«0. 
We  may  impose  another  restriction  on  y  and  z  in  order  to  deter- 
mine them.    Choose  y  and  z  so  that 

3y«+g  =  0, 
then  y»+«»  +  r=0. 

These  last  may  be  rewritten, 

y'+«'  =  -r, 

^  27 
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Hence  y*  and  «*  are  the  roots  of 


it«+f*- 

•S-«' 

1/5  — 

■\l^^ 

49" 
27 

y  — 

2 

r           It" 
''"2+  V  4 

+  27' 

2 

-V? 

+  27- 

Denote  the  numerical  values  of  the  cubs  roots  by  tt  and  /3 
respectively,  then         y  ^tx^x  coOr  or  a>'cx, 

2:  ss /3  or  C00  or  tt*/9; 

but  y2r  is  rational,     .*.    y  =  Ot,       2;  =  /3, 

or    y  s=  «*(X,     ^  =  tt'/3, 

or    y  s  «*'(X,   2r  =  »^. 

Hence  the  roots  of  o^  +  gop+r  =  0  are 

a+ft  »a+»»^,  or  »«a(+»^. 


Examples  XXXIII  a. 

Use  Descartes*  rule  to  determine  whether  the  following  equations 
have  imaginary  roots : 

1.  3a?*-5a:»  +  6  =  0.  2.  4«»-7a?  +  4  =  0. 

3.  5a?»-8aJ«  +  5aj>-6a:-4  =  0.         4.  3a:*-2a:'  +  7a?+8  -  0. 

5  Prove  that  in  an  equation  with  real  coeffioients,  imaginary 
roots  occur  in  pairs. 

Given  that  2  +  \/^  is  one  of  the  roots  of  the  equation 

a*-4rr*  +  8iF  +  35  =  0, 
find  all  its  roots. 

6.  Solve  the  equations  ^i-  ^     V\'il 

a-  +  :^-2;c»  +  3:r.l  =  0,  '['I    -•^.■,  AVI!. 

jrJ'-4;r^  +  2a:»-4arH4a:-l  =  0,      '^     ^f/,  N  ^-  ^. 
being  given  that  they  have  two  roots  in  common.       T     '  ,.^  j  J  1. 


s:*  '• 


^ 
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7.  If  a,  /9,  y  are  the  roots  of  the  equation 

a:»-7rr*  +  18jp-7  =  0, 

prove  that  (!  +  «")  (1 +/3')  (1  +>*)  =  289 ; 

and  a'  +  /3*+y»«-14. 

^  8.  For  what  value  or  values  of  a  has  the  equation 

a  pair  of  equal  roots  ? 
9.  If  CX,  /3,  y  be  the  roots  of  the  equation  ac*  -jmc*  +  r=  0,  prove 

that  the  equation,  of  which  the  roots  are  — r-^  t  ^-3-  t *  is 

CK  fi  y 

/tc'  +  8nr*  +  (3r-jp»)a?  +  r'  =  0. 

.10.  Form  an  equation  whose  roots  shall  be  the  products  of 
every  two  of  the  roots  of  the  equation 

.11.  Transform  the  equation  a^—pa^+qx-r  =  0  to  one,  the  roots 
of  which  are  obtained  by  subtracting  one  of  the  roots  of  the  given 
equation  from  the  sum  of  the  other  two. 

Hence,  or  otherwise,  solve  the  equation 

82a;»  +  16aJ*-18a:-9«0. 

12.  Show  by  drawing  graphs,  or  otherwise,  that  a  root  of  the 
equation  /'{x)  =  0  lies  between  every  adjacent  two  of  the  real 
roots  of /(a?)  =  0. 

Hence  show  that  2dr'  +  3a«'+6a'x  +  fr  =  0  has  only  one  real 
root. 

18.  Solve  the  equation    2*»  +  2  +  a:*  +  jr  =  1205*+  12:i*. 

14.  Transform  a^-^j^  +  ix-S  =  0  into  an  equation  wanting 
the  second  term. 

15.  'Show  that  the  equation 

a:*  +  3a:"-10a:-5  =  0 

has  two  real  roots  of  contrary  signs,  that  it  cannot  have  more 
real  roots,  and  that  these  roots  lie  between  - 1  and  |f . 

16.  Show  that  a  positive  root  of  an  equation  cannot  be  greater 
than  one  more  than  the  magnitude  of  the  greatest  negative 
coefficient 
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( 17^  Show  that  if  a  root  is  repeated,  it  is  also  a  root  of 

f\^)  -  a 

The  roots  of  the  equation  8a:'(a^  +  8)  +  16  (a;'~l)  s=  0  are  not 
all  onequaly  find  them. 

Transform  the  following  equations  into  equations  with  integral 
coefficients : 

18.  a:"+2a:»+}a?+|  =  0. 

19.  «»-|a:»+JJa?-H  =  0- 

21.  Form  the  equation  whose  roots  are  each  5  times  those  of 
the  equation  a?* +23:*- 7a?- 1  =  0. 

22.  Form  the  equation  whose  roots  are  less  by  3  than  the  roots 
of  a;»-27a:-86  =  0. 

28.  Transform  the  following  equation  so  that  the  second  term 

may  be  wanting:      ic5  +  3a?*-7ic«-2a?  +  5  =  0. 

24.  Transform  a;'-4a;'  +  5a?-2  ^  0  into  an  equation  with  the 
third  term  missing. 

Find  at  least  one  root  of  each  of  the  following  equations  : 

25.  a:»-9a^+22aj-24  =  0. 

26.  8x»-26x«  +  lla?+10«0. 

27.  2a?*-13a;»  +  10a?-19  =  0. 

28.  2«>-3a:-6  =  0. 

29.  a?*  +  12a;  +  7-=0. 

'   80.  Employ  Homer's  Method  to  find  correct  to  two  decimal 
places  the  negative  root  of  a:"  +  a;+  20  =  0. 

Elimination  and  Determinants. 

351*  Suppose  the  two  equations 

aia:  +  6i  =  0,  (i) 

a,a;+&|»0  (ii) 

are  both  satisfied  by  the  same  value  of  x.  From  the  first  equation 

h  h 

x^ ^ ,  and  from  the  second  x=  — -•    But  these  values  are 

h  h 

known  to  be  the  same.    Hence  — -  = ; 

a,  a, 

i.e.    ai6,-a,ft,  =0.  (iii) 
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Equation  iii  is  the  condition  that  the  two  original  equations  ca& 
be  satisfied  by  the  same  value  of  a;. 

Whenever  two  equations  are  satisfiied  by  the  same  tsIik 
of  the  unknown  or  variable  letter,  a  third  equation  can  in 
theory  always  be  found  which  does  not  contain  that  letter. 
For  either  equation  may  be  solved  and  the  resulting  value 
of  the  unknown  can  then  be  substituted  in  the  other 
equation.  The  unknown  is  then  said  to  be  eliminated,  and 
if  JR=0  is  the  resulting  equation,  R  is  called  the  eliminant* 

352.  The  left-hand  side  of  equation  iii  in  the  previonB 

section  is  often  written  in  the  following  form :  I  ^     ,  ^  ;  • 

This  is  called  a  determinant.     It  may  be  regarded  as 
consisting  of  two  rows,  viz.    a^  bi  and  a^  b^f    or  of  two 

columns,  viz,        and  z},  or  of  four  constituents,    viz. 

^i>  ^2»  ^i>  ^2-     ^  determinant  with  two  rows  or  columns 
is  said  to  be  of  the  second  order. 


From  the  definition 


^i 


Similarly 


:  o   a  b  1 


5 
6 

a 
b 


b, 

8 

4 

b 
a 


=  5x4-6x3  =  2, 
=  axa-6x6=  a'-6". 


353.  Determinants  are  especially  useful  for  eliminatihg 
one  or  more  unknowns  and  for  solving  simultaneous 
equations. 

It  has  been  shown  in  the  two  prerious  sections  that  the  resnlt 
of  eliminating  x  from  the  two  equations 


18 


^ 


=  0. 


The  method  of  writing  down  the  determinant  is  obvious. 
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SSzample.    Find  the  value  of  p  in  order  that  j>a;+6»0  and 
6  a?  +p  ss  0  maff  be  satisfied  hy  the  same  value  of  x. 


/w+e 

1=0, 

6a:+j>  =  0. 

Eliminate  x 

9    6 
6    p 

=  0. 

Expand  the  detenninant, 

,«-86 

=  0} 

.'.    p  =  +6. 


354.  Eliminaie  x  from  the  equations 

aiX*+6,a?+Ci  =0,  (i) 

a,  ap* + ftja?  +  c,  =  0.  (ii) 

[In  other  words,  find  the  condition  that  these  two  equations  are 
satisfied  by  the  same  value  of  a?.] 

Multiply  i  by  a2,  ii  by  a^  and  subtract : 

(a,  ftj  -  Oi  6,)  a?  +  (a,  Ci  -  aiCj)  =  0, 


i.e.    X  s=  — M M  =  - 


ajdj-ajfti 


«1 

Ct 

«• 

c,  . 

'«i 

ft. 

r. 

6. 

(iii) 


Multiply  i  by  c,,  ii  by  Ci  and  subtract : 

(ai  Cj  -  a,  Cj)  ir" + (6i  Cj  -  6j  Cj)  a?  =  0. 

Now  unless  c^  and  c,  are  both  zero,  a?  is  not  zero ;  therefore  we 
may  divide  by  x.    Hence 


(iv) 


These  values  of  x  must  be  equal,  hence  the  required  eliminant  is 


6i 
ft. 


^ 


«1       <•! 


«i    c, 


356.  Solve 


a^aj  +  fegy+c,  =  0. 
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By  the  usual  method  it  is  fiMiad  that 
0,6,-11,61' 


ie       _^        ^         S _1„ 

■  ■     I  ft,    -i  I        I  <i    «.  I        I  «!    6.  ]  ' 
|6i<^l        I'i'^I        Ifh*.' 
where  each  denominator  U  obtained  from  the  preceding  a 
making  the  atnal  cyclic  changes. 
Bxample.    Solve         Bx-iy+2  =  0, 
2«+8y-5  =  0. 


366.  Beterminont  of  the  third  order. 
Eliminate  3:  and  y  from 

OiX  +  6,y  +  c,  =  0,  (i) 

a,a!+6,y+c,-0,  (iif 

a,x+b,g+Ct=0.  (iii) 

Treating  the  cocffidenta  of  the  given  eqnationB  exactly  aa  ia 

§  353,  ve  obtiun  a  determinant  of  the  third  order,  and  we  aay  that 

the  reauU  of  elimination  ia  : 


(W) 


Again,  &om  ii  and  iii 

16,    c,,        If,    fl,  I        [«,    6.1 
I  6,     e,  !         I  c,     o,  I         I  <i,    6,  I 
Substitating  in  equation  i,  we  have 
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Now 


4   — 


=  -(at<^-«sCi)=- 


'«8 


(vi) 


Hence 


B,      tj      C,     ^ 

a,    5,    c,  I  =  ai 

■  Os      *8      <^8 

by  comparing  (iv)  and  (vi). 


h 
h. 


l«8 


+  <h 


a, 


&. 
h. 


Rule  for  expanding  a  determinant  of  the  third  order. 
Multiply  each  constituent  of  the  first  row  by  the  deter- 
minant obtained  by  omitting  the  row  and  column  contain- 
ing that  constituent,  the  signs  of  the  products  being 
alternately  positive  and  negative. 

ISzample.  Do  the  graphs  of  the  following  eqftatfons  meet  in  a 
point  or  not  ? 

3a?-4y  +  2  =  0, 

2a?+3y-l«0, 

-«+2y-f3  =  0. 

If  the  graphs  meet  in  a  point,  the  equations  are  all  satisBed  by 
the  same  values  of  x  and  y.    If  that  is  the  case  the  determinant 

3-4      2) 


,23-1 

1-1      2      3 

Now  this  determinant 


must  vanish 


'  3     —1 


2     -1 
-1        3 


+  2 


2 
-1 


3 
2 


-3x11+4x6  +  2x7. 
This  is  not  zero,  therefore  the  graphs  do  not  meet  in  a  point. 

357.  If  there  are  n  equations  of  the  first  degree  containing 
n-1  variables;  the  n— 1  variables  can  be  eliminated  by  solving 
n-1  equations  and  substituting  the  values  so  obtained  in  the 
n^  equation. 

The  left-hand  side  of  the  resulting  eliminant  can  be  written 
down  at  once  as  a  determinant  of  the  n^^  order  exactly  as  in  the 
case  of  three  equations.  The  rule  for  expanding  a  determinant  of 
any  order  is  the  same  as  for  the  third  order. 

The  determinant  obtained  by  leaving  out  the  row  and  column 
containing  a^  is  called  the  minor  of  a^  and  is  denoted  by  A^* 
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■ 


Hence 


ttj      24      Cj       (^1  ••- 
Of        fr|       C|        (^2  ••• 


a,     6,     c^     (f„... 


1*1  il  J — dj  ^  +  tf  j^  J  ^ 


\ 


Examples  XXXIII  b. 

By  means  of  determinants  solve  the   following  simnHani 
equations : 

1.  3x-4y  =  18,  2.  2a?  +  3y  =  1, 

2ir+   y=l.  4a?  +  9y  =  0. 

3.  3a?-   y=:2a  +  4&,  4.  flw?  +  6y  +  (;  =  0, 

2a:  +  3y  =  5a—    6.  pa:+gy  +  r=0. 

5.  Show  that  the  solution  of 

aia?+&iy+c,2r  =  rfj, 

y  -ar 


IS 


-a? 

61     Cl 

d^ 

«! 

6. 

dt 

»t 

>, 

d» 

«J 

^ 

-1 

«1 

^ 

^ 

«! 

ft. 

Cf 

«8 

hs 

^sl 

c,    d,    a, 

^^S      ^8      «8 

6.  Use  determinants  to  solve 

,..       Sx'-2y+z       3y-22r  +  a?       32r-2a?+y      - 
(1)       f— zg—  = 2 =  ^' 


(ii)       a?-y  =  y-2r=:0+2  =2. 

7.  Show  that  the  result  of  eliminating  x  and  y  from 

aia?  +  6iy+Ci  =  a,a?  +  &2y+c,  ^Osaj  +  ftsy+Ca  «0, 

is  the  same  as  that  obtained  by  eliminating  x  and  y  from 

a^x  +  a^y+a^^  6|a?  +  6,y+6s  »=  CiOr  +  Cgy  +  fj^O. 

What  theorem  does  this  prove  about  determinants  of  the 
third  order  ? 

8.  Prove 


(i) 


a. 


ht 


,      (ii) 

^pq 
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Find  the  values  of  the  following  determinants : 


9. 


11. 


4 

8 

5 

6 

4 

3 

8 

7 

4 

a» 

a 

1 

&« 

b 

1 

c« 

c 

1 

10. 


12. 


8 

5 

7 

5 

6 

2 

7 

2 

9 

9 

10 

5 

16 

8 

4 

15 

6 

8 

368.  The  labour  involved  in  finding  the  value  of  a  determinant 
(eTaltiating  or  developing  as  the  prooess  la  sometimes  called)  is  con- 
siderablj  lessened  by  means  of  some  general  theorems  which  are  more 
easily  proved  if  we  start  with  another  definition  of  determinants. 
For  illustration  we  take  a  determinant  of  the  fourth  order,  but  exactly 
the  same  methods  apply  to  any  other  order. 


Definition 


is  called  a  determinant  and  stands 


Oi    6i    Cj    di 
o,    ft,    c,    d, 

<^s    h    <^    ^ 

^4      ^4      ^4      ^4 

for  the  algebiuical  sum  of  all  the  products  of  the  form  <tbcd  which 
can  be  obtained  by  changing  the  order  of  the  suffixes;  the  sign  to 
be  prefixed  to  any  product  being  determined  by  the  following  two 
rules: 

Bule  I.  The  term  Oih^c^d^  is  positive. 

Bule  II.  Any  interchange  of  two  suffixes,  the  letters  being  kept 
in  their  alphabetical  order,  changes  the  sign. 

[For  example  a^b^c^d^  must  have  —  prefixed ;  a^hiCidt  can  bo 
obtained  thus 

ai&sC,d4,  a,5iC,d4,  aj&ic^d,, 

and  must  therefore  have  the  negative  sign  prefixed.] 


The  student  should  now  expand 


bt      Cj 


and  convince  kimaelf 


«8    ^    fs 

that  the  same  result  is  obtained  as  by  the  previous  method   of 
development. 

Bale  II  might  be  given  in  the  following  form. 

Any  interchange  of  two  letters,  the  suffixes  being  kept  in  their 
natural  order,  changes  the  sign. 
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For  consider  the  same  examples  as  above 

axh^e2d^  «  AiCz&s<^4  ^^^  ^  obtained  from  aib^e^cl^ 
by  one  interchange,  hence  its  sign  is  — . 

a^biC^d^  ->  bid^OiC^i  and  is  obtained  from  Oj^c^ci^ 
by  three  interchanges,  hence  its  sign  is  — . 

359.  Theorem  I.  Tf  any  two  rows  (or  columns)  of  a  deia 
minant  are  interchanged,  the  sign  of  the  determinant  is  changed 

For  the  interchange  of  two  rows  (or  columns)  produces  the  saai 
effect  as  interchanging  two  suffixes  (or  letters)  in  every  tenn  of  tk 
expanded  value  of  the  determinant. 

Theorem  II.  If  two  rows  (or  columns)  of  a  determinant  are  ike 
same,  the  determinant  most  equal  nothing. 

For  the  interchange  of  these  two  rows  (or  colnmnB)  prodoees  w 
efifecty  and  yet  changes  the  sign.  Denoting  the  determinant  by  A,  we 
have  therefore  A  -s  —a,  i.e.  A  =  0. 

Theorem  m.  The  value  of  a  determinant  is  unchanged  hj 
writing  rows  as  columns  (which  involves  writing  columns  as  rovi 
at  the  same  time). 

For  by  either  of  the  methods  of  development  (§  857  or  §  368)  everr 
term  contains  one  constituent,  and  only  one,  firom  each  row  and  iron 
each  column ;  hence  the  terms  are  the  same  in  each  of  the  two  deter- 
minants ;  also  the  two  forms  for  Rule  II,  f  858,  show  that  the  sign  of 
any  particular  term  is  the  same  in  each  case. 

It  follows  that  the  determinant  may  be  developed  as 

Theorem  TV.  If  every  constituent  in  any  row  (or  column) 
be  multiplied  by  the  same  quantity,  the  determinant  is  multiplied 
by  that  factor. 

Let  \  be  the  factor,  then  every  term  such  as  Osb^c^d^  now  beoomeB 
(^  03)^1  c«dj. 

Theorem  V. 


al+*l  h  ^1 

a,    &i 

«J  +  *2      *2      <•« 

=s 

a,    &, 

08  +  *S      h      <'i 

«8      ^8 

<*! 

k,    b,    - 

h 

Ct 

+ 

*i    ^    <^ 

• 

Ci 

*8       h       <^S 

«1      ^      C| 

of  OiJ  «Sf  «8  »n 

«t      ««f      C| 

«i 

t     *i     C5 
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Lief  t -hand  determinant  »  (a^ + AC|)  ii| — (a, + Xe,)  ui,  +  (a,  -f-  Ar,)  A^ 


Similarly 


ean  be  expressed  as  the  sum  of 


a*    ^1    «8    +    *«    ^s 

«»     ^8     <J  *8     ^ 

Oi+fej    6i+Z,     c,+m, 
««+**    ^+^«    c,+m, 

«8  +  *8      ^8+^      C8  +  »»8 

eight  different  determinants. 

Theorem  VI.  The  value  of  the  determinant  is  nnaltered  if 
to  each  constituent  of  any  row  (or  column)  is  added  the  same 
multiple  of  the  corresponding  constituent  of  another  row  (or 
column).    For  example : 


«8       ^8      <^8 


a,    bi  +  \Ci 

This  follows  from  Theorems  V,  IV,  III.  H. 
Example  I.  Find  the  value  of  '  49    37    62 


ft. 
6. 


I  39    47 
1 29    57 

49    37       62 
A=    -10    10    -10 
I  -10    10     -10 


52 
42 

hy  subtracting  first  row 
from  second  row  and 
second  row  from  third  row 


0,  since  two  rows  are  identical. 


Example  IL  Find  the  value  of 


1 
a 
b 


1 


ab 


^ab 


ab 


1  1  1 

1    a    d' 

1     b    &* 

1       1           1 

0    a-1    a«-l 

0    b"! 

6«-l 

a-1    a*-l 
6-1     &«-l 


1 
1 


a  +  1 
6  +  1 


=  a6(a- 1)(6-1) 

=  a6(a-l)(6-l)(6-a). 
This  might  be  done  by  applying  the  factor  theorem. 

PATHIOI  II  JX 
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860.  Multiplication  of  determinants.     To  verify  tia 


^1 
or. 


y> 
ys 


^«i  = 


■8i 


aiOPi  +  ftiyi  +  CiZi 


^^s^  +  ^sJ^  +  Cjaii    (h^t  +  htft-^c^z^ 


This  last  determinant  is  the  sum  of  27  determinants  ;  MTtd  t^ 


are  of  the  type 


«i^i 


This  equals  XjXgy, 


.     5, 


21 


a,    Oj 


which  vanishes. 


The  remaining  p  are  of  the  type 


This  equals  x^y^s^ 
determinants 


«I*l 

61  Va     CiSgl 

OjXi     bjVj     0,35 

«8*1      ^y%      C8«8 

Oj     6,     c, 

Oj      &2      62 

.    The  sui 

«3 

fti      C3 

The  sum  of  this  and  the  0  aaak 


(«i»jS8-*iy8«3i-»»yi«j+a;iy82i+»jyi3j~»ay»«i) 


«1 

^ 

«^i; 

tt. 

^ 

«-! 

<h 

*3 

Ci' 

a^l 

Vi     «i 

«1 

61 

Cl 

X, 

yi     «a 

X 

«2 

6, 

Ca 

aCi 

Vs     «3 

O3 

fei 

C3 

361.  The  application  of  determinants  to  eliminating  n-l 
unknowns  from  n  linear  equations  has  already  been  explained. 

The  following  example  shows  how  one  unknown  may  be 
eliminated  from  two  equations  and  the  result  expressed  as  a 
single  determinant. 


Example.    EUminaU  xfrotn 

aa^  -^ha^  +  cx  +  d- 
dar'  +  cdj'  +  feit  +  a 

Multiply  i  in  succession  by  a^  and  x. 


0,  ii) 

0.  (u) 

Multiply  ii  by  «^  and  x. 


ELIMINATION  AND  DETERMINANTS       528 


aa^-^-ba^  +  ca^-^dx       =0, 
Treat  x^  x',  x\  ai^,  afisa  different  variables.    The  eliminant  is 


a 
0 
0 
d 
0 
0 


b 
a 
0 
.c 
d 
0 


c 
b 
a 
b 
c 
d 


d 
c 
b 
a 
b 
c 


0 
d 
c 
0 
a 
b 


0 
0 
d 
0 
0 
a 


Bzamples  XXXIII  c. 

1.  Verify  the  theorems  of  §  359  in  the  case  of  the  determinant 


«i 

yi 

«i 

«i 

y% 

«i 

1 

«• 

Vt 

*8 

Evalnate  the  following  determinants : 

2. 

5     »  -2      0 

8. 

1 

a+5      ab 

0 

0      5      9-2 

0 

1       a  +  5 

a6 

0-3      4    20 

• 

1 

5  +  c       &c 

0 

-3      4    20      0 

!o 

1        5  +  c 

})C 

4. 

54    72    37 

0. 

a 

d     c 

17    37    19 

• 

a« 

6^    c" 

• 

19    85    18 

«• 

6«    c» 

6. 


-2a  a+6  o+c 
6+a  -25  5  +  c 
c+o     c+5     —2c 


7.  Show  that 


X 

y 

z 

x" 

y* 

«« 

m 

yz 

zx 

a?y 

1    1    1 

«•    y«    «» 

JC»      j^      2* 


n2 
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8.  Without  expansion,  show  that 


tf  +  z 

h-y-z 

C^y^Z 

a 

z 

3f 

y+o 

-y 

y  +  c 

=  2 

z 

b 

-ar-y 

z+a 

z-k-h 

— » 

y 

-af-y 

c 

can  be  resolved  into  factors  if 


9.  Show  that 

a    h    g 

h    6   /    «0. 

SI    f    c 

10.  Show  by  means  of  a  determinant  that  the  graphs  of 

3a;-4y  +  2-i:0,  4«+5y+13-0,  3«-8y  =  2, 
meet  in  a  point. 

11.  Obtain  the  determinant  of  No.  3  by  eliminating  x  from 
equations.    Deduce  its  value. 

12.  Solve  by  means  of  determinants 

ax  +6y  +ez  —  A;, 
a'aj+ft'y  +  A**  **, 
a»a:  +  &»y  +  <^**=  ^• 

13.  If  the  equations  as^-^bx+c  =  0,  (te*+eaf +/■■  0  have  a  root 
in  common,  prore  that 

a  b  e  0 

0  a  b  c 

d  e  f  0 

0  d  e  f 


0. 


14.  Evaluate 


1  X  2a:«-l 

X        2a:'-l       4a?»-8a? 
2a?»-l    4ar»-3«    8a;*-8«»+l 
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CHAPTER  XXXIV 

SCALES  OP  NOTATION.     THEORY  OP  NUMBERS. 

CONTINUED  PRACTIONS 

Scales  of  Notation. 

362.  ThI  names  given  to  numbers  divide  numbers  into  groups 
of  teD,  hundred,  thousand ;  and  the  ordinary  Arabic  notation  repre- 
sents this  name  in  a  very  simple  manner,  much  simpler  than  the 
Roman  notation  for  example.  In  dealing  with  notation  care  must 
be  taken  not  to  confuse  the  name  of  a  number  with  its  symbolic 
representation.  Thus  the  number  eleven  should  convey  a  definite 
idea  independent  of  the  symbol  11  or  XI. 

The  almost  universal  custom  of  dividing  numbers  into  groups  of 
ten,  ten  times  ten,  &c.,  and  of  naming  the  numbers  acoordingly, 
certainly  arose  ftt>m  the  habit  of  counting  on  the  fingers.  In  theoiy 
there  is  no  particular  reason  why  ten  should  be  chosen  rather  than 
any  other  number;  and  it  is  instructive  to  devote  a  little  time  to 
considering  other  systems  of  notation. 

363.  Any  poniive  integer  N  can  be  expressed  in  the  form 
a^r"  +  (i^ir*~*+  ...  +(iir*-f  a^  where  r  is  a  positive  integer  and 
a„,  ^'ff-if  •••<>o  A^c  positive  integers  less  than  r. 

JiOt  r**  be  the  highest  power  of  r  that  is  less  than  Ky 
then  i^  =  a»  r* + &»  where  a^  <  r. 

Then  r*^^  is  the  highest  power  of  r  that  can  be  lees  than  &» 
bn  =  0|i-ir*~*  +  6»-i  where  fihu-i< r, 
and  N  =  Onr^+an^i  r*"*  +  fe».,. 

Continuing  the  process,  we  see  that 

iV«  a»r»  + 0,^-1  r*"'+  ...  +ai»"+«o* 
Note  that  any  of  the  quantities  a« ...  On^i  may  be  zero. 

The  quantity  r  is  called  the  radix  of  the  scale. 

The  scale  is  said  io  be  Binary,*  Ternary,  Qnatemaiy,  Quinary, 
Senary,  Septenary,  Octenary,  Nonary,  Undenary,  or  Duodenary, 
aiccording  as  the  radix  is  two,  three,  four, ...  eleven  or  twelve. 
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ffodigitcanbegreatprthRnorrqual  tothersdiz,«i.g.  in  I  In  iijiliw 
scale,  6  in  tbe  highest  digit  In  the  scftlee  higher  Uuin  the  d^- 
the  letters  t  and  e  are  used  sa  digits  to  denote  the  numbers  tea  u 
«Ieren  respectiTely. 

In  any  scale,  other  than  the  <lenu7,  a  niunber  is  raad  oat  bj-  bbe- 
naming  the  digits  in  order  beginning  on  the  left,  e.  g.  SB3  in  2 
Beptenary  scale  is  read  two  five  three  not  two  hundred  and  fif^-An 

364.  Addition,  Snbttaction,  Hultiplicatioii,  and  IMnsia  ir- 
performed  in  an;  scale  exactly  aa  in  the  denaij  scale ;  bat  ck- 
must  be  taken  to  divide  by  the  tadis  of  the  scale  to  Aeierma 
wbat  nambei  to  cany  and  what  to  put  down,  just  as  in  oiduw 
work  we  divide  by  10. 
Example  I.    Addition  in  the  oetenary  scalt. 
3472 
6805 
8614 
7263 
25076 

First  column.  Total  is  fourteen  >- 8  x  1  +  6  ;  .-.  pat  dowi  i 
and  carry  1. 

Second  column.  Total  is  fifleen  ^  ti  y  1  -k  7 ;  .-.  put  dowi ' 
and  carry  1. 

Third  colnmn.  Total  is  aizteen  ~  8x2  +  0;  .-,  put  dowi  0 
and  cany  2. 

Fourth  column.    Total  is  twenty-one  —8x2  +  5    .*.  pot  don 
5  in  the  fourth  colnmn  and  2  in  the  fifth  column. 
n  m  the  quinaiy  tetdf. 
4320 
2431 


Example  II.    SuUratlioi 


Here  five  is  added  to  the  top  digit  where  in  ordinary  nibtntctiaB 
we  should  add  ten. 

Examplea  XXXTV  a. 

1.  Express  all  numbers  from  ten  to  twenty  in  (i)  thequinuy; 
(ii)  the  nonary ;  (iii)  the  ondenary  scale. 
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I  2.    Wbat  number  is  represented  by  320  in  (i)  the  qoatemary ; 
li)  tbe  senary ;  (iii)  the  undenary  scale  ? 

3.  Multiply  7624  by  3465  in  the  octenary  scale;  verify  the 

4.  Divide  88480  by  nine  when   the   scale   is  (i)  nndenary; 
(^ii)  nonary. 

5.  In  octenary  scale  multiply  4467  by  6  and  divide  the  product 
by  7. 

6.  Divide  the  difference  between  845678^  and  €678543  by  e  in 
tbe  duodenary  scale. 

7.  Find  the  cube  of  111  in  the  scale  of  2. 

8.  Find  the  G.  C.  M.  of  242  and  11 11,  both  numbers  being  in 
the  scale  of  5. 

9.  Find  the  square  root  of  873444  in  the  nonary  scale. 
10.  Divide  ttei  1222  hy  teet  in  the  duodenary  scale. 

365.  Just  as  by  dividing  in  the  denary  scale  a  vulgar  fraction 
may  be  expressed  as  a  decimal  fraction ;  so  in  scale  r  the  vulgar 
i      fraction  can  be  expressed  as  a  radix  fintotion. 

Thus  in  the  septenary  scale  f  »  '2,  j^  »  -21, 
and  in  the  nonary  scale    f  «  •3535...  » .35. 

I  This  section,  taken  with  §  363,  shows  that  any  number  may  be 

expressed  in  the  form 

'  o«r^  +  (»»_ir"-*+ ... +a,r+ao+   -  +  J+.... 

t*         IT 

366.  To  reduoe  a  number  firom  one  scale  to  another. 

The  process  is  best  followed  from  numerical  examples. 

Bxample.     To  transfer  313*253  from  the  Benary  scale  to  the 
undenary  wale, 

GoDBider  the  fractional  and  integral  parts  separately. 

Let  313  in  senary  scale  Bao  +  lla|  +  ll'<i|+  .... 

Divide  by  eleven,  recollecting  to  work  in  the  senary  scale. 

7  n 

14yY  =    TT+«1  +  11«2+   —J  •*•      «0"7. 
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Cancel  the  fractionB  and  divide  bj  eleven  again 

0+ jY«  j^+a,+ ...;  .-.    a,  « 

Hence  313  in  senary  scale  >■  f  7  in  the  undenary. 

Let  -253  in  senary  scale  =  tt  +  ff »  +  •••  • 
Multiply  by  eleven 
5203 


/,  0,  =  0. 


6j 


/.      6,  s:  5. 

Cancel  the  integers  and  again  multiply  by  eleven 


This  process  can  be  continued  and  as  many  places  in  the  radix 
fraction  can  be  obtained  as  may  be  required. 

The  work  is  actually  arranged  as  follows : 


11 1  313 
111   U 


.253 


7 
t 


11 


5-203 
11 

3453 
11 

T003 


Answer  < 7-539.,. . 


It  is  usual  to  write  the  radix,  when  used  as  divisor  or  multiplier,  in 
the  denary  scale ;  thus  in  the  above  example  we  write  eleven  as  1 1, 
not  as  15  (senary)  or  10  (undenary). 

Alternative  methcxl  analogous  to  reduction  in  Arlthmetio. 

Seduce  3  tons  1  cwt.  3  qrs.  2  lb.  5  os.  3  drs.  to  the  decimal  of 
a  quarter. 

3  tons  1  cwt.  3  qrs.  16  [3»    ^ ^drs. 

^  16  1 5^189,08. 

61  28  |2.32rib. 

247 


•083  qrs. 


Answer  247*088. 
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In  an  exactly  similar  way  we  can  f^uce  314-253  fivm  the  senaty 
to  the  undenary  scale. 

3  13  senary.  6  [3 

^  6  1  5^5 


18  6  1 2't  Ot 

J  .639 

tl 

Answer  <  7-539. 

In  the  first  method  we  divide  or  multiply  by  the  new  radix  and 
work  in  the  old  scale;  in  the  second  method  we  multiply  or 
divide  by  the  old  radix  and  work  in  the  new  scale.  Thus  if 
both  methods  are  known,  we  can  work  in  the  denary  scale 
whether  we  are  transforming  to  or  from  that  scale. 
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1.  Express  3125-3125  in  the  scale  of  notation  whose  radix  is  8. 

2.  Transfer  67*75  from  the  scale  of  ten  to  that  of  five. 

3.  Multiply  the  senary  number  35*3  by  the  nonary  number  35'3, 
giving  the  answer  in  the  denary  scale. 

4.  Convert  384*16  in  the  nonary  scale  to  the  denary  scale. 

5.  In  what  scale  is  147  equivalent  to  the  denary  number  124  ? 

6.  Reduce  •2584  in  the  senary  scale  to  a  vulgar  fraction  in  the 
denary  scale. 

7.  If  the  double  of  the  denaiy  number  145  is  expressed  in 
a  certain  scale  it  is  represented  by  the  same  digits  145;  what 
is  the  radix  of  the  scale  ? 

8.  A  dealer  has  a  series  of  weights  1,  2,  4»  8,  .«•  pounds  up  to  128, 
but  has  only  one  of  each  kind.  Show  that  he  can  weigh  any 
exact  number  of  pounds  less  than  255  lb.  What  weights  must  he 
use  to  weigh  159  pounds? 

9.  If  weights  may  be  placed  in  either  scale  pan,  show  how  any 
nnmber  of  pounds  up  to  121  lb.  may  be  weighed  with  the  weights 
1, 3,  9,  27,  81  lb.    How  can  58  lb.  be  weighed  ? 
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10.  In  any  scale  of  notation  whose  radix  is  (r)  prove  thai  if  tht 
sum  of  the  digits  of  any  whole  number  be  divisible  by  (w—l: 
the  number  itself  will  be  divisible  by  r- 1. 

11.  The  first  and  second  of  the  three  digits  by  which  a  perfe^ 
square  is  expressed  are  1  and  2n  respectively;  find  the  third 
digit.  And  show  that,  whatever  be  the  ladix,  a  perfect  sqix&re 
would  be  obtained  by  reversing  the  order  of  these  digits. 

12.  Prove  the  following  rules  for  finding  the  factors  of  as 
integral  number  N  expressed  in  the  scale  of  r: 

(a)  Any  factor  of  r  will  also  be  a  factor  of  N  if  it  exaetlv 
divides  the  extreme  right-hand  digit. 

(h)  Any  &ctor  of  r'  will  also  be  a  factor  of  N  if  it  e^ctlr 
divides  the  number  denoted  by  the  two  extreme  rig^ht-haJBd 
digits. 

(e)  N  is  divisible  by  r- 1  if  the  sum  of  the  digits  is  divisible 
by  r-1. 

(d)  N  is  divisible  by  r+1  if  the  difiPerence  between  the  sums 
of  the  odd  and  even  digits  is  exactly  divisible  by  r+ 1. 

18.  If  n  be  the  sum  of  the  digits  of  a  number  N,  show  that  N-m 
is  divisible  by  the 'radix  r}^t, 

14.  Show  that  a  vulgar  fraction  will  reduce  to  a  terminating 
radix  fraction  provided  the  denominator  contains  no  factor  -which 
is  not  a  factor  of  the  radix. 

"^  15.  If  the  radix  is  equal  to  xyz,  and  if  the  denominator  of 
a  vulgar  fraction  iax^  }f^^u>  where  w  does  not  contain  as  a  &ctor 
x^  y,OTz;  show  (i)  that  there  will  be  n  non-recurring  figures  in 
the  equivalent  radix  fraction  where  n  is  the  greatest  of  the  three 
quantities  a^h^  c;  (ii)  that  the  number  of  recurring  figures  cannot 
exceed  tc—l  and  must  be  a  factor  of  m^-  1. 
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■ 

In  dealing  with  the  properties  of  numbers,  we  suppose 
that  all  the  numbers  are  positive  integers. 

367.  If  two  numbers  have  no  common  factor  except  unity, 
they  are  said  to  be  prime  to  one  another. 
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If  a  number  has  no  factors  other  than  itself  and  unity,  it  is  a 
prime  number  or  prime.  A  number  which  has  factors  is  a 
oomposite  number. 

If  a  number  N  can  be  exactly  divided  by  any  other  number 
n,  it  is  a  multiple  of  n ;  this  is  denoted  as  follows 

If  3r  is  not  a  multiple  of  n,  it  can  be  expressed  in  the  form 
N=qn-\-r  where  q  is  the  integral  quotient  when  ^is  divided  by  n, 
and  r  is  the  remainder  less  than  n.  When  this  form  of  relation 
is  used  n  is  called  the  modulus.  For  example,  with  modulus  5  all 
numbers  can  be  put  in  one  or  other  of  the  forms  5g,  5g  + 1,  5g  +  2, 
5^  +  8,  5j  +  4,  or  more  simply  5g-2,  5g-l,  5g,  5g-f  1,  bq  +  2, 

3B8.  It  is   useful   practice  to  prove   the  following  simple 
theorems. 

to 

(i)  If  a  s  fi5  +  r,  and  if  a  is  prime  h^  then  r  is  also  prime  to  b, 

(ii)  If  a  is  prime  to  h  and  to  <?,  it  is  prime  to  be, 

(iii)  If  a  is  prime  to  b  but  is  n  £Eu;tor  of  be,  then  a  must  be  a 
factor  of  c. 

(iv)  If  a  is  prime  to  bed  •••,  it  must  be  prime  to  each  of  the 
factors  bf  ey  df ,,, , 

(v)  If  a  number  N  is  divisible  by  each  of  the  numbers  a,  b,e,df,.. 
and  if  a,  6,  c,  d, ...  are  prime  to  one  another  then  N  is  divisible 
hy  abed, 

(vi)  If  a  and  b  are  prime  to  each  other,  a"*  and  &**  are  also 
prime  to  each  other,  m  and  n  being  any  positive  integers. 

(vii)  If  a  is  prime  to  6,  then  the  fraction  r  is  in  its  lowest  terms. 

For  if  possible,  suppose  ^  =  ^i  then  a'  —  -^  • 

Therefore  b  divides  o^ ;  but  b  is  prime  to  a  therefore  b  divides 

h'.    Hence  b'  cannot  be  less  than  b,  and  -=-,  is  not  in  lower  terms 
than  T. 

0 

Bxample.    J/nbe  even,  show  that  n  (n'  +  20)  is  divisible  by  48. 
Becaaae  n  is  even,  n  »  2  in  where  m  is  any  integer ; 

.-.    n(n*  +  20)-2t»(4m«  +  20)-8m(m«  +  5). 
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If  m  is  even,  m  is  divisible  by  2 ;  if  m  is  odd«  m^  is  also  odd 
and  m'  +  5  is  even ;  hence  in  any  case  m(m'  +  5)  is  divisible  by  2. 
Hence  n  (n*  +  20)  -  8  M{2)  =  M  (16). 
It  remains  to  show  that  m(m'  +  5)  is  divisible  by  8. 
If  m  «  Hq,  m  is  divisible  by  3. 

If  m  s  3g  + 1,  m'  +  5  =s  9^±iiq  +  Q  which  is  divisible  by  3. 
Hence  in  all  cases,  m(m*  +  5)  is  divisible  by  3. 
Therefore  n(n*  + 20)  is  divisible  by  16  x  8,  i.  e.  by  48. 

369*  (i)  The  number  of  primes  is  infinite. 

For  suppose  p  to  be  the  greatest  prime  number. 

Then  the  product  of  all  the  prime  numbers  up  to  p  is  divisible 
by  all  of  them. 

Therefore  1  +  1. 2. 8.6. 7. 11  ....p  is  prime  to  all  of  them. 

This  number  is  therefore  either  itself  prime  or  divisible  by  a  prime 
greater  than  p. 

In  either  case  p  is  not  the  greatest  prime  number. 

Therefore  there  is  no  limit  to  the  number  of  primes. 

(ii)  No  rational  integral  function  of  x  can  be  found  which  will 
be  prime  for  all  values  of  x. 

If  possible,  let  a + to  +  ex'  +  dx' . . .  be  such  a  function. 
Suppose  p  is  the  value  when  «  «  m. 
Then  p  —  a+bm+cm^i-,... 
Let  q  be  the  value  when  x  «»  m+p. 
Then  q  «  a  +  &(m+p)+c(m+p)«+... 

=  o  +  5m+cm'+... 

+  terms  containing  i> 

-D+lf(p) 

-3f(D); 

i.  e.  9  is  not  prime. 
Therefore  the  ftinotion  does  not  represent  primes  for  all  vslaes  of  x. 

870*  (i)  A  composite  number  can  be  resolved  into  prime 
factors  in  only  one  way. 

If  possible  let  N  »  abed,,,  and  also  »  (Xfiy9 ... , 
where  a,  5,  e^  d, ...  are  primes,  some  of  which  may  be  equal ; 
and  (Xfiyi ...  are  primes,  some  of  which  msy  be  equal. 

Now  (X  divides  N^  i.e.  OC  divides  abed ... , 

.*.    OL  must  divide  one  of  the  factors. 
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Suppose  a  is  a  footor  that  OC  diTides, 

but  a  is  prime  and  can  be  divided  only  by  itself  or  unity. 
.-.      a  «  (X. 
Similarly  &,  e,  d,  ...    can  be  shown  to  be  respectively  equal  to 

(ii)  To  find  the  number  of  divison  of  any  given  number. 
Suppose  the  given  number  =  a^h^tf  ...  where  a,  b,  e  are  primes. 

Then  all  factors  will  be  of  the  same  form  with  indices  not  greater 
than  Pf  Qj  r  respectively.  Hence  all  the  possible  factors  are  the  dif- 
ferent terms  of  the  product 

(l+a+a«...  +aJO  (l  +  6+6«+  ...  +6«)  (l+c+ c»...+0  .... 
The  number  of  these  terms  is  (p+1)  (g+1)  (r+1)  .... 
This  includes  the  two  terms  1  and  ai^b^c^ .... 
Hence  total  number  of  divisors  including  unity  and  N  is 

(P  +  l)(«+l)(r+l).... 
(iii)   It  follows  from  (ii)  that  the  sum  of  all  the  divisors  of 
oFlftf...  is 

(a-l)(6-l)(c-l)... 

371.  (i)  The  product  of  r  consecutive  integers  is  divisible 
by  \r. 

The  number  of  combinations  of  n  things  taken  r  at  a  time  is  an 
integer. 

n(n-l) ...  (n— r+1)  .   . 

.'.    — ^ —, — ^ =  an  integer. 

Since  n  and  r  may  have  any  integral  values  provided  r^^n  this 
proves  the  theorem. 
This  theorem  may  easily  be  proved  by  induction. 

(ii)  If  p  is  a  prime  number  (a  +  d)''— a**— d'  is  divisible  by  p. 

r=l  ^ — 

„  P(P-l)...(P-»'+I).  .4  L         /.x 

Now    ^-^^ ■ IS  an  integer  by  (i). 

And  since  p  is  prime,  no  fSftctor  of  |  r  divides  it ;  also  p  is  greater 
than  r  and  cannot  therefore  divide  any  factor  of  |  r  .  Hence  the 
denominator  {  r  is  completely  cancelled  without  using  the  factor  p, 
i.e.  each  term  in  (A)  is  divisible  by  p. 
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(iii)  UpiBVL  prime  number, 

For    [a-^{b-^C'^d,.,)']P'-aP-{h'^c-^d+...)P  --  M{p)  by  (u)  ; 
i.e.  (a  +  b+c+d..O''-a''-[&>*+(c+cl+  ...)'+^(p)]  =  -■''(j^X 
i.  e.  {a-^h-^c+d  ...)P-ai»-6i»-.(c+<l ...)'  «  ^{P)' 

Continuing  this  process  we  have  the  required  result. 

(iv)  Ifj)i8  prime,  IP'-N^Mip). 

In  the  result  of  (iii),  put  a  »  &  »  c...  «»  1,  and  suppose  there  «» 
jy  terms,  then      a-^b+c^  ...  -  N  and  a»+6'+c'...  —  If, 
Henoe  2fP-2f  «  Jf(p). 

(v)  If  j>  is  a  prime  namber  and  N  is  prime  to  p  then 

N^^  - 1  «  M{p)  (Fermaf  a  Theorem.) 

For        NP—N^M{p)  whether  N  ia  prime  to p  or  not ; 

i.e.    Jf  (AP~^— 1)  »  M{p)  whether  N  is  prime  to  p  or  not, 

but  N  is  prime  to  p, 
.'.    .?7P~*  —  1  =  Jtf  (p)  when  -y  is  prime  to  p. 

372.  (i)  If  a  is  prime  to  h,  the  remainders  obtained  when 
a,  2a,  8a,  .••  (d-l)a,  are  respectively  divided  by  6,  are  all  diffeieni 

For  suppose  that  the  remainders  obtained  when  pa  and  ^  are 
divided  by  h  are  the  same,  viz.  r. 

Then    pa  »  bx-^r, 
qa  as  by+r, 

(P-3)a  «  («-y)&. 

Henoe  d  is  a  factor  of  (p— 9)  a. 

But  p  and  9  are  less  than  h  by  the  conditions  of  the  quetttion,  there- 
fore h  cannot  be  a  factor  of  p— 9. 

Henoe  &  must  be  a  fiiujtor  of  a  which  is  contrary  to  the  oonditiona  of 
the  question. 

Thus  the  remainders  are  all  different. 

(ii)  If  p  be  a  prime  namber,  1  +  \p-l  is  divisible  by  p, 

(Wilson's  Theorem.) 
Let  a  be  any  one  of  the  numbers 

l,2,8,4,...(p-l). 

Then  a  is  prime  to  p ;  therefore  by  (i)  the  remainders  obtained 
when  a,  2a,  8  a,  4  a,  ...  (p—  1)  a  are  divided  by  p,  are  all  different. 

Henoe  one  and  only  one  of  the  products  a,  2  a,  ...  (p— l)a  gives 
remainder  one  when  divided  by  p.    Let  it  be  ma. 
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Then  ma  —  M(p)  +  1  where  m  >  (p— 1). 

If  m  -  O)  a*  =  If  (p)  +  l,  therefore  (a  +  l)(o  — 1)  is  divisible  by  p, 
which  is  the  case  only  when  a  «  1  or  p— 1. 

Hence  if  a  is  neither  1  nor  p—lyfn  and  a  are  different. 

It  follows  that  for  any  one  of  the  numbers  2,  8,  i,  ...  p— 2,  another 
can  be  chosen  such  that  their  product  is  of  the  form  M  (p)  + 1* 

Hence  the  (p~8)  integers  2, 8, 4, ...  p— 2,  can  be  grouped  in  pairs  so 
that  the  product  of  each  pair  is  of  the  form  if  (p)  + 1. 
Multiplying  all  these  pairs  together 

2.8.4...  (p-2)«  if  (p)  +  l; 
1.2.8.4...  (p-2)  (p-1)  -  {if  (p)  +  l}  x(p-l), 

-  if  (P)+P-1, 
i.e.     l  +  lp-l  «  if(p). 


373.   Example.     To  find  the  highest  power  of  5  which  is 
contained  in  1 144. 


Of  the  first  144  integers ; 

5,  10, 15,  ...  140  contain  5  once  as  a  factor. 
25,  50,  75, 100,  125  contain  5  twice  as  a  factor. 

125  contains  5  thrice  as  a  factor. 

140 
The  number  of  integers  in  the  first  of  these  lines  is  -p-  b28, 

144  0  ' 

which  is  the  greatest  integer  in  -7-  * 

125 
The  number  of  integers  in  the  second  of  these  lines  is  tt?-  k5, 

144  ^^ 

which  is  the  greatest  integer  in  -^  • 

The  number  of  integers  in  the  third  of  these  lines  is  27^  ^1, 

144 

which  is  the  greatest  integer  in  -^  • 

Now  when  the  product  |144  is  taken,  5  occurs  once  for  each 
number  in  the  first  line;  an  additional  time  for  each  number 
in  the  second  line ;  and  an  additional  time  for  each  number  in  the 
third  line. 

Hence  the  highest  powers  of  5  in  1 144  ^  28  +  5 + 1  =  84. 

374.  (i)  If  ^  =  a'  and  a  is  a  prime  number,  the  number  of 
numbers  less  than  N  and  prime  to  it  is  ^  f  1  —  j  • 


a« 
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The  numbers  from  1  to  iV  are  a*  in  number. 

Of  these  a,  2a,  8a.  ...  a^^a^  are  the  only  numbers  not  prime  to 5. 
and  there  are  a^^  of  them. 
Henoe  the  number  of  numbers  less  than  N  and  prime  to  it  is 

^-a-.-<..(l-y-i.(l-l). 
(ii)  If  N  =  a'b^  and  a  and  b  are  primes,  the  number  of  niunben 
less  than  N  and  prime  to  it  is  ^(1  —  )(^~r)' 

The  multiples  of  a  are  a .  2a .  Sa  ...  a*~'  6*  a, 
and  there  are  o^^ftv  of  them. 

Similarly,  there  are  a*b>^^  multiples  of  b. 

Some  numbers,  namely  those  which  are  multiples  of  a&,  are  incsluded 
in  the  multiples  both  of  a  and  of  b. 

The  multiples  of  ab  are  abj  2a6,  8  ab, ...  a^^yf'^ab,  so  that  there  an 
<,«-i5r.iofthem. 

Hence  there  are  a*"*6«'  +  o*b«'~'— a*"^6«'"*   numbers    in    the    fiist 
.V  numbers  which  are  not  prime  to  N, 

Therefore  the  numbers  which  are  prime 

=  a«6»-a»-ib»-a*6»-Ha*->6r-i 

"  \        a       b      db  / 

(iii)  If  N^a'b^if..,  and  ai&xC^...  are  primes,  the  number  of 
numbers  less  than  N  and  prime  to  it  is 

H'-i)('-.-)('-;)-- 

This  follows  by  continuing  the  process  of  (ii). 

The  number  of  integers  less  than  N  and  prime  to  it  is  often 
denoted  by  <f>  {N). 

Examples  XXXTV  o. 

1.  If  a  be  prime  to  b,  then  a  +  6  is  either  prime  to  6  or  else  they 
have  a  common  factor  z. 

2.  Any  square  number  is  of  the  form  4w  or  8m  + 1. 

3.  The  sum  of  a  number  and  its  square  i&  always  even. 

4.  If  any  square  number  be  divided  by  12,  the  remainder  is  also 
a  square  number. 
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5.  Any  cube  number  is  of  the  form 

(i)  9pordp  +  l;   (i\)  Ap  or  4p +1 ;  (ni)  Ip  OTlp±l. 

6.  Show  that  the  product  of  any  three  consecutive  numbers  is 
divisible  by  |3. 

7.  If  N be  odd  and  prime  to  5,  then  N*-!^  if (80). 

8.  If  n  be  any  whole  number,  n  (n*  - 1)  (n'  -  4)  is  divisible  by  120« 

9.  If  n  be  even,  then  n'— 4n  is  a  multiple  of  48. 

10.  If  JVbe  even,  then  ^'(i^*-4)  is  divisible  by  192. 

11.  If  JVbe  a  prime  number  greater  than  8,  prove  that  ^'—1  is 
divisible  by  24 

12.  Prove  that  the  5th  power  of  any  number  is  of  one  of  the 
forms  11m,  llm  +  1. 

13.  Prove  that  every  square  number  prime  to  6  is  of  the  form 
24n  +  l. 

14.  If  X  be  any  prime  number  greater  than  5,  excepting  17^ 
a;i<-l  is  divisible  by  16320. 

15.  Find  the  sum  of  all  the  divisors  of  24. 

16.  How  many  pairs  of  factors  has  the  number  792  ? 

17.  Find  the  number  of  numbers  less  than  1904  and  prime  to  it. 

18.  If  ^(a)  denotes  the  number  of  integers  less  than  a  and 
prime  to  a;  prove  that  <l>{ab)  ■>  ^(a)  x  ^(6). 

19*  State  and  prove  the  converse  of  Wilson^s  Theorem. 

20.  State  FermaVs  Theorem.    Deduce  that  JVC*'^) "  - 1  is  divisible 
by  n',  if  n  is  prime  and  N  prime  to  n. 

21.  Find  how  many  different  numbers  will  divide  25200  without 
remainder.    Find  their  sum. 

22.  If  a  square  number  N  equals  a'b^tf ...,  how  many  pairs  of 
fitctors  has  it  ? 

23.  Find  the  highest  power  of  a  number  a  contained  in  n ! 
[Denote  greatest  integer  in  ^  by  /(^)]. 

Show  that  100 1  is  divisible  by  2^. 

fAtMMMOm  It  O 
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1271 
375.  Bzample  I.    Reduce  -rrao  ^^  ^  continued  fracti^m. 


Fraction   = 


ipie  JL« 

jnn»i»&) 

"  4462* 

U  C*  CVTti 

1271 

1 

4462° 

4462 
1271 

1 

1 

^■^^1271 

3  + 

1 
1271 
649 

1 

1 

81        ^ 

ft  + 

1 

1  + 

622 
649 

1 

1  + 

1 

^^622 

^  i 

1 

O  T     - 

1  + 

1 

1 

1  +  — 

23 

(A) 


Such  a  fraction  is  called  a  oontinued  fraction. 
To  Bave  space  continued  fractions  are  often  expressed  in  the 
following  form 

3+  1+  1+  23+  27  ^°' 

It  will  be  noticed  that  the  process  by  which  the  vulgar  fraction 
is  reduced  to  the  form  A  involyes  all  the  work  of  finding  the 
G. G. M.  of  the  numemtor  and  denominator;  but  whereas  in 
finding  the  G.  G.  M.  there  is  no  need  to  put  down  the  quotients, 
in  reducing  to  a  continued  fraction  it  is  the  quotients  that  are 
required. 

The  work  may  be  arranged  as  in  the  following  example. 

749 
Bzample  H.    Express  ^noo  ^  ^  continued  fraction. 

2nd  Quotient        3       749       3223       4       1st  Quotient. 

2         68         227        3 
22         22  23       1 
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Quotients         4      3      3      2      1      22 

Continued  Fraction    -: —  ^^ —  7: —  ;= —  ^ —  ^r^z  • 

4+  3+  3+2+  1+  22 

The  successive  quotients  are  called  partial  quoti&ntSy  the 
complete  quotient  at  any  stage  being  a  mixed  number ;  thus 
corresponding  to  the  partial  quotient  2  in  Example  II  the  com- 

22 
plete  quotient  is  2  ^  • 

376.  Convergents  to  a  continued  fraction. 

The  fraction  obtained  by  stopping  at  any  partial  quotient  is 
called  a  convergent  to  the  fraction. 
In  Example  II,  the  convergents  are 

1  In 

4  "4' 

J- 1  »  .A 

4+8  ""8x4+1  "is' 

_L  JL  ?  gj*  8x8+1         ^10 

4+8+8  "(8x4+l)  +  Jx4        "8x18+4        "  48' 

JLJL-Li  (8x8+l)+ix8      _  2x10+8      ^28 

4+8+8+2  "  (8xl8+4)+4xl8    "2x48+18      "W 

J-J-J-J-i      (2xlO-H8)+|xlO       28x1  +  10      ^88 
4+  8+  8+  2+  1  "(2x48+18)+Jx48  "99x1  +  48      "  142' 
and  complete  continued  fraction 

_  (28+10)  +  Ax28     ^  22x88+28        749 
"  (99+48)+Ax99     "  142x22  +  99  "  8228' 

1       8       10     28      88       749 
Convergent,  are  J »   J3,   ^^   55'    ^>  ^^. 

377.  Law  of  formation  of  convergents  to  a  continued 
firaction. 

Let  the  fraction  be  — : ...  — ;  and  let  —  be  the 

ai+  a,+  0,+       a^  q^ 

convergent  corresponding  to  the  partial  quotient  a^ ;  then  we  are 

going  to  show  that 

Suppose  this  law  does  hold  for  a  particular  value  r,  so  that 

*  This  ihustion  is  derived  from  the  fraction  above  it  by  changing  8 
into  84. 

o2 
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The  rTT***  convergent  differs  from  the  r'^  in  having  a^  +  ~ —  in 
place  of  a^ ;  hence 


«r+i 


r+l/  <V+| 

Pr-l 


Therefore  if  the  law  holds  for  any  convergent,  it  holds  for  the  next. 
By  actually  working  out  the  convergenta  it  is  found  that 

Pi  _  1_     Pn  ^       (h  Pi OaOj  +  l 


«i      <H     ft      Oi»a+l     Qs      <»t(ai«»+l)  +  <H 

Hence  the  law  holds  when  r  -  8,  and,  therefore,  for  any  value 

greater  than  8.  '  J^ 

1      1      1.^+1    1 
XSzample.    Write  down  the  convergents  to  — -  =—  5—  -r—  =  • 

1+   J+  0+   4+  D 

Convergents  are  i,  |,  A»  §!»  *k»  ftt-  '^ 

378.  Fropertiea  of  oonvergonts. 

(i)  The  convergents  are  alternately  greater  and  less  than  the 
continued  fraction. 

For  ai  <  whole  denominator ;  .*•  ~  is  greater  than  the  fraction  ; 

-  > ;   .*.  — : —  is  less  than  the  fraction, 

a,  1    '        01+  a, 

and  so  the  argument  continues. 

For    Pngn-i-Pw-iiw  «  (anPifc-i+Pii-«)«»-4-PH-l(«ii?i>-i  +  «ii-«) 

Similarly      p,u-i  J»-a  -Pn-a  Jn-i  "  -  (Pn-a  Qn^  -Pn^  «»!-«)• 
(P«g«-4-Pi»-l«»)  -  (^1)*"'  (P«2i-Pift) 

(iii)  Each  conveigent  is  in  its  lowest  terms. 

For  any  common  factor  of  p,.  and  9,.  would  divide  Pr^r^'-Pr^Qri 
that  is,  would  divide  ±  1,  which  is  impossible. 
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(iv)  Each  convergent  is  nearer  to  the  continued  fraction  than 
any  preceding  convergent. 

Let  ^Szl    £*y  ?S±^  be  three  sucoesaive  oonveigents ;  then  if  x  denote 

the  oontinaed  fhtetion,  and  k  the  complete  quotient  after  the  (n)^ 
partial  quotient, 

X  mm  ^    ^'^-^  since  X  diifers  from  — *  in  taking  the  complete 

quotient  k  instead  of  the  partial  quotient  Oh^i. 


SimiUrly  «^?==i  -  KPnU^v^Pn^x^n)  . 
Now  *>1  and  9»>9tt.i;   .'. 


k  ^  1 


9fii-i(*ffn  +  g«-i)        9»  (*9» + ft»-i) 


Hence  ^  is  nearer  to  x  than  is  — ^  • 

Similarly  ^^^^  is  nearer  to  x  than  ^^^^  * 
And  the  theorem  follows. 


379.  To  redaoe  a  qoadratio  surd  to  a  oontinuad  firaotion. 

An  example  will  render  the  process  clear. 


=  2  + 


V?+2 
3 


^7  +  2 


_2+— i—  (A) 

V^+2 

3 
(The  greatest  integer  in  v^+2  is  4,  hence  greateat  integer 

^+2      .     ^/^-l      ,._2_ 
8      -'+      3       "^■^v'f+l 


-1+-^  (B) 
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^l±l  =  l  +  ^v^l  =  l+     3 


=  1  + 


V^  +  1 

1 

>/7  +  l 


(C) 


3  '+      3  '"^^7  +  2 

^/7  +  2«4+^7-2«4+-73 —  from  (Al. 
(And  steps  J?,  C>  2>  follow  as  before.)  3 

Hence  ^5  «  2  + = 


(D) 


1  + 


1  + 


^'*'4+  Ac. 


and  the  partial  quotients  1,  1, 1,4  continually  repeat. 
Hence  v^  equals  a  recurring  continued  fraction. 

380.  To  show  that  a  recurring  continued  fraction  equals  one 
of  the  roots  of  a  quadratic  equation  with  rational  coefficients. 

Kumerioal  example.    Find  the  vahie  of 

1      1      1      !..«.. 

«  J-  JL 

"*  3+  4  +  a; 
4  +  a:   . 


Let 


then 


18  +  8«' 

i.e.    8a:»  +  12ar-4«0. 

Hence  the  fraction  is  the  positive  root  of  this  equation. 

General  Proof. 

Let 

11  111 


11  111 

05  —  0+  ' —  —  •••  r —  ; » 


and  let 


^"'  ni+  n+       «+  r+  y 
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~»  ->  bo  the  convergents  corresponding  to  h,k  respectively. 
Then  »-^. 

Solve  this  for  y,  '      y  —  JuZJZ  . 

r    r' 
If  - »  -7  are  the  convergents  to  y  corresponding  to  11, «,  respectively, 

Substitute  for  y  the  value  already  obtained  ; 

which  is  a  quadratic  equation. 

381.  Application  of  continued  firaotions  to  the  eolation  of 
indeterminate  equations. 

Sxample.    Find  ihe  general  solution  of  7^%x — 372  y  b  7. 

Find  the  nearest  convergent  to  |f|, 

8        298        872        1 

2         66         79        1 

8  10  28        2 

1  8        8 

Quotients       18    12    2    8    8. 
Convergents  i    f    f    H    !l    *    Sfj. 
Hence    298 x  118-872  x89  -  1. 
Multiply  by  7.    298  x  791  -872  x  628  =  7. 
Subtract  from  given  equation    298  (x  -  791)  =  872  (y — 628) ; 

g-791  _  y-628 
'•     ""872  298    ' 

5ri!-.2-l^^     2 
872  293 

x-47      y-87      ^,  . 

-8^"'-29r-*("^pi^"")' 

.•.    X  «  872*+47 
y-i298X:+87. 
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Examples  XXXIV  d. 

1.  ProTe  that  the  difference  between  two  Buccessive  conveigenti 
to  the  continued  fraction  C£   e-v    5,     -}  f-J. -r  K 

is  a  fraction  whose  numerator  is  unity. 

2.  In  the  continued  fraction  — --  r t —  ... 

a+  6+  a+  0  + 

show  that 

8.  Prove  that  the  n^  convergent  to  the  continued  fraction 
1      1      1     .       n 


IS 


2-  2-  2-        n  +  1 

4.  Find  the  convergents  to  ^)^. 

5.  Find  the  value  of  the  infinite  continued  fraction 

-L  J-  J-  JL  J_  JL 

1+  2+  8+  4+  1+  2+'*" 

o    r^  .111  ...111 

&+  a+   6+  "^  a+   6+  a  + 

both  fractions  being  continued  to  infinity,  prove  that 

ay  ^hx^  ay  — 1, 

7.  If  i>s>  P4  ^^  ^be  numerators  of  the  8*^  and  4^  convergents  to 

111 

a,+  0,+  04 

8.  If  ^  denotes  the  n^^  convergent  to  the  continued  fraction 

... ,  prove  that 

a,+  a,+   «,+ 

9.  Verify  that  the  roots  of  the  equation  aj"-3a?+l  «  0  can  be 
written  in  the  forms 

2+  , —  r—  r —  to  infinity,  and  1  -  |—  ^--  rr-  to  infinity. 
1+  1+  1-f  ^  1+  1+  l-f 
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10.  Express  — ^ —  as  a  periodic  continued  fraction,  and 
verify  the  result 

11.  Express  the  roots  ofx*— 2ap-7s=0  as  continued  fractions, 
and  find  the  first  convergent  to  the  positive  root  which  differs 
from  it  by  less  than  y^. 

12.  Show  that  all  convergents  to  «+rT-  "T  •••  *"*  ^^  ihm 
lowest  terms. 

Express  ^  as  a  continued  fraction  and  find  the  first  three 
convergents. 

18.  Find  a  quadratic  equation  one  root  of  which  is  equal  to 

1111 


*'*"2+  3+  2+  8  + 


•••• 


- 14.  Show  that 

/-i—r-  2      1111 

1+  a+  1+  a+  1  + 

15.  Prove  that 


^9^5  +  3  =  3a +5^ 


1         1 


2a+  6a+  2a+  6a  + 

16.  Find  the  value  of  l  +  gl-_L_L  _!_.... 

17.  Find  all  the  convergents  to  84416. 

—18.  If  ^  is  the  2n**>  convergent  to  z —  s —  z —  5-7- ... , 
?,„  "  1+  2+  1+  2  + 

prove  that  Pi«  =!>««-« +2 ft,.,.    ..    0  A  .. 

Find  the  general  solution  of  the  following  equations: 

19.  37ar+35y«l. 

20.  317a?-412y  =  3. 

21.  llar+9y»67. 

22.  74ir-89y+3  =  0. 


MISCELLANEOUS  EXAMPLES 

1.  Find  the  Highest  Common  Factor  of 

a?'-3a?-28,  a:»-13a!"  +  42a?,  anda^-(7  +  26')a:»  +  (U+6)!i^ar-76»' 

2.  Solve  the* equations: 

(ii)  «»  +  y+««21 
ar»+y2r  -22 
a^yz         «  96  J 

(iii)    >/a:?*+a:+4+-/a:*-a?+8«2a?+l. 
8.  If  a,  ft,  c,  <f  are  unequal,  and  if 

then  a,  &,  c,  <f  are  in  proportion. 

4.  A  tailor  buys  a  piece  of  cloth  for  a  certain  sum  and  sells  two 
yards  more  than  one-fourth  of  the  whole  at  a  profit  of  25  per  cent. 
He  afterwards  succeeds  in  selling  the  rest  at  a  profit  of  75  per 
cent.,  and  finds  he  made  a  profit  of  60  per  cent,  on  the  whole 
transaction.    How  many  yards  of  cloth  did  he  buy  ? 

5.  Define  the  Arithmetic,  Geometric,  and  Harmonic  means 
between  two  quantities. 

There  are  four  numbers,  the  first  three  of  which  are  in 
Arithmetic  progression  and  the  last  three  in  Harmonic  progression. 
Show  that  the  four  numbers  are  in  proportion. 

6.  Show  that  6(x)=iH^  ^V  ^^       is  a  function  of  x  which 

^^  '  logr 

satisfies  the  condition  ^  (^)  =  1  +  ^  (x). 


7.  Simplify 

.     _1_      J^      _2_         4 

..      (g-f-ft-fc)'       (a-h)*-(^ 


'\ 
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8.  Find  the  square  root  of 

(i)    9aj«-6aj»-llar<  +  10«>+2««-4a?+l; 

(ii)    62-20v^. 

9.  Solve  the  equations : 

(i)    a^-10a?  +  18  =  0; 
(ii)   2ir«  +  8a!y  +  4.y>  =  62,    «»+a!y+y'=  19. 

10.  A  and  B  start  to  run  to  a  flag  500  yards  off  and  back ; 
A,  returning,  meets  B  50  yards  from  the  flag  and  arrives  at  the 
starting-point  40  seconds  before  B,  How  long  did  A  take  to 
run  the  whole  distance  ? 

11.  It  is  desired  to  make  with  the  least  amount  of  sheet  metal 
a  closed  cylindrical  tin  to  contain  exactly  1000  cubic  centimetres 
of  water.  Plot  a  curve  which  will  show  the  relation  between 
the  amount  of  metal  in  square  centimetres  and  the  diameter  of 
the  tin.  Use  this  curve  to  determine  the  required  diameter. 
Give  the  equation  of  the  curve. 


I 


(a*  +  W)*-(&i-f(r4fl  i  


12.  Show  that  V  \    :.  'i    =  1  + 


13.  Determine  whether 

{(m  +  ii)(a?  +  a)}'-(ma?  +  na)'-(n;c  +  ma)'-2(ma?+wa)(nap  +  ma)=0 
is  an  identity  or  an  equation. 

14.  Resolve  into  factors : 

(ii)  a*+6*  +  c*-26V-2c»a-2a*&»;  ^^ 

(iii)  (o«+26c)»  +  (ft*  +  2ca)»  +  (c*  +  2at)»        ^•^'^'^  ^ 

-8  (a«+26c)  (6*+2ca)(c»+2flt). 

15.  Solve   graphically    the  equation   6«'-18a?-80«  0,   and 
verify  the  result  by  calculation. 

16.  Explain  the  special  value  of  the  rule  for  rationalizing  the 
denominator  of  a  compound  surd. 

Assuming  that  ^/3  =  1-732,  find  the  value  of    ^"^  • 
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17.  ProTe  the  formulae  for  finding  (i)  the  sum  of  n  terms  of  an 
Arithmetic  ProgreBsion ;  (ii)  the  sum  of  n  terms  of  a  Harmonic 
Progression. 

Find  the  sum  of 

(i)  -7-4-1  +  2...  to  17  terms. 

(ii)  loga  +  logf  ^)  ^^^^VTv  +  •••  ^  *  terms. 

If  a  »  25,  &  »=  2,  and  ««  100,  calculate  to  the  nearest  integer 
the  sum  of  the  series. 

18.  Find  two  successive  terms  in  the  expansion  of  (1  +0?)**  which 
are  such  that  their  coefBcients  are  in  the  ratio  5:1. 


19.  Obtain  a  meaning  for  a  ^  and  a^. 

Divide    arS  — :c*— 4a?f +  6a?-2«i   by  a:i-4a?i+2. 

Simplify     ^12  +  AV^+6V'S- 

20.  Extract  the  fourth  root  of 

_  3a'a?^      27  aV  _  27 a V      SUM 
6      ■*"     86«  16fc»    ■*"  256&*  ' 

21.  Prove  that  in  a  quadratic  equation  x^+px+q  =  0,  the  sum 
of  the  roots  is  —p  and  their  product  is  q, 

B  and  C  each  attempt  the  same  equation.  B  after  reducing 
has  only  a  mistake  in  the  numerical  term  and  finds  for  its  roots 
+  8  and  +2.  C  after  reducing  has  only  a  mistake  in  the 
coefficient  of  Xy  and  finds  for  roots  -9  and  -1.  Find  the 
correct  roots  of  the  equation. 

22.  If  a,  5,  c,  d  be  in  A.  P. ;  a,  e,/,  d  in  0.  P. ;  a,  g^  h^  d  in  H.  P. 
respectively ;  then  ad  ^  ef  ==  hh  ^  eg, 

23.  On  a  certain  steamer  the  expense  of  coaling  per  mile  is 
found  to  be  directly  proportional  to  the  square  of  the  speed 
maintained,  being  2«.  M,  per  mile  when  the  speed  is  80  miles  per 
hour,  the  other  expenses  being  £1  16«.  Od,  per  hour  at  all  speeds. 
Express  in  pounds  the  expenses  of  a  journey  of  100  miles  at  x  miles 
an  hour ;  draw  a  diagram  showing  the  expense  of  a  journey  of 
100  miles  at  any  speed  from  0  to  45  miles  an  hour,  and  determine 
the  most  economical  speed  and  the  expense  at  that  speed. 
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24.  Express  in  rational  form  the  condition  that  the  equations 
(u^  +  6a? + c  =  0,  a  V + 6'a? + c'  =  0  may  have  a  common  root. 


25.  If  a+  v^fc  =  c+  V5,  neither  h  nor  d  being  a  perfect  square,     §19  -3. 
prove  that  a  »  c,  5  »  d. 

Find  the  square  root  of  174  +  36v^6. 

26.  Solve     (i)   2^a*+  ~  ^  -9/'a:+  M  +14=0; 

(ii)   lla?+7y+68ay  =  0«=a?+y+5ay. 

•B'*~8»P*f-4 

27.  Draw  the  graph  of   y= -= — s ^  for  real  values  of  a? ;  and 

ar  +  oa?+4 

find  algebraically  the  limits  between  which  y  must  lie. 

28.  Find  the  square  root  of  the  ratio  of  two  numbers  whose <^,^  ^,;    v;\ 
arithmetic  mean  is  twice  their  geometric  mean.    ^2.  r>p,      ^^  >'  m  I  lo    tn .  v     •  . 

29.  What  is,  in  general,  the  meaning  of  /(a?).  ^^  \    j '  ^  ''     •  ^  '  •>' 
If    /(a?)  E  0?  +  - ,  show  that  /(a?)  =  -  /( -«).  Verify  this  when 

X 

x^\  and  a;  s=  0.    Comment  on  the  results. 
Draw  the  graph  of  y  =  «+  -• 

X 

30.  If  (l  +  aj)"  =  Co  +  C4a?  +  c,aj*...  -^-c^^^  where  n  is  a  positive 
integer,  prove  that 

31.  If       a?+y+«=a 

ic*+y*+««  =  6 
ic'+y'  +  «'  =  c, 
find  an  equation  in  h  whose  roots  are  a?,  y,  2r. 

32.  Define  the  logarithm  of  a  number  to  a  given  base;  also 
define  its  characteristic  and  its  mantissa.  Give  a  single  rule  for 
determining  the  characteristic  of  the  common  logarithm  of  any 
number.    Explain  why  negative  numbers  have  no  real  logarithms. 


H.v:\. 
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33.  Between  one  census  and  the  next  the  native  population  of  a 
town  increased  by  8  per  cent.,  while  the  number  of  foreignen 
decreased  from  200  to  150.  The  increase  in  the  total  population 
was  7  per  cent.  What  was  the  total  population  at  the  second 
census  ? 

p 
34  If  a^  is  defined  as  another  form  of  ^V^>  prove    that 

aixai  =s  ai. 
If  ai  +  6i  +ci  =  0,  prove  that 

a*  +  fe»  +  c'  +  3(a  +  &  +  c)(6c  +  ca  +  ad)=  ZQabc. 

If  m,  aj,  aj,  ...  a,.,  n  be  in  A.  P.  and  m,  Ai,  A,, ,.,  ^^ ,  n  be 
in  H.  P.,  prove  that  as*»-s+i  =  *»^' 

36.  Quelle  est  la  condition  pour  que  dans  Pequation 
le  produit  de  deux  racines  soit  egal  an  prbduit  de  deux  autres  ? 


37.  Disposer  de  X  et  /a  de  fayon  que  le  polyn6me 

a?*— io:* +«*  +  Xa?+ /i 
soit  carre  parfait  et  extraire  la  racine. 
r  38.  (i)  Find  the  factors  of  a(&-c)H6(c-a)»+c(a-&)». 

(ii)  Simplify     (x-,  i)H  (y+  1)«  +  (^  +  1/ 


-hl)H)(''*h) 


39.  Solve     (i)   J^+^  =  ^; 

(ii)f  +  ?«?+5«?+y. 

40.  Find  the  number  of  permutations  of  n  things  taken  all 
together  of  which  r  are  alike.     If  this  number  be  denoted  bj 

i),  show  that      (P3-l>,)  ip,-I>^  ...  iPn^i'Pn)  -  fe£^:^l?9=J&<^ 
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41.  Berechne  logaritbmisch  das  18^®  Glied  der  geometrischen 
Reihe,  in  welcher  daa  Anfangsglied  a  und  der  konstante  Qnotient 
q  die  folgenden  Werte  haben :  a  ^  3,  g  =  }. 

42.  A  gentleman  arrives  at  the  railway  station  nearest  to  his 
house  an  hour  and  a  half  before  the  time  at  which  he  had  ordered 
his  carriage  to  meet  him.  He  sets  out  at  once  to  walk  at  the  rate 
of  4  miles  an  hour,  and,  meeting  his  carriage  when  it  had 
travelled  2  miles,  reaches  home  exactly  an  hour  earlier  than  he 
had  originally  expected.  How  far  is  his  house  from  the  station 
and  at  what  rate  was  his  carriage  driven  ? 


43.  Explain  the  use  of  brackets ;  and  prove  that 

a+(i^— c)  =  a  +  b-c 
a—{b—c)  =  a—h'^-c. 

Give  any  geometrical  representation  of  the  fact  that  the 
product  of  two  negative  numbers  is  positive. 

44.  A  solid  cube  of  lead  weighs  126*44  lb. ;  998  ounces  of  water 
occupy  one  cubic  foot,  and  a  cubic  foot  of  lead  is  11-352  times  as 
heavy  as  a  cubic  foot  of  water.  Find  by  logarithms  the  length  of 
a  side  of  the  cube  of  lead  correctly  to  four  significant  figures. 

45.  Prove  that  the  arithmetic  mean  of  n  positive  quantities  is 
greater  than  their  geometric  mean.    |  ^    -^  ^  '  *  >^  >  V  *  '    ''  ^  -''  ^  -  *     \  W  F 

Find  the  minimum  value  of  2x+Sy-\-Az  subject  to  the  con-   " 
dition  that  a^y^z*  ==  <^  where  c  is  constant.    §2  9:-.        I .  -t  •    ,      ^      ^^ 

46.  Entwickle  mit  Hilfe  des  binomischen  Lehrsatzes : 

(a:-2y  +  l)». 

47.  Transform  1022634  from  the  septenary  to  the  denary  scale, 
and  124-96  from  the  denary  scale  to  that  with  radix  5. 


V  o>  K     tr.i 


t  > 


I 


48.  Trouver  la  valeur  limite  de   ^^2  +  V'o  +  a/2^  *  ^®  nombre 
dcs  radicaux  etant  infini.    rr    f^v       .    a    ^ 

(x—2)(x+l) 

49.  Plot  the  graph  of  the  expression  — gZl — "  ^*^®®^  *^® 

values   a;c=  —  3   and   are 4,    and  use  it  to  obtain  approximate 
solutions  of  the  equation    a^-Sa?-!  «  Oj    f*i     ^  i     '>£-*'*'  ^*  ^  *^>    °^ 
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50.  Solve:    (i)  —  -3-^  =2; 

(ii)  a:«-ay«5,  a:+3y  =  ll. 

51.  Trouver  la  somme  des  cubes  des  n  premiers  nombres  impaizs. 

52.  If  X  and  y  be  the  roots  of  the  equation  in  X 

X«  +  l  =  a(X  +  l), 

prove  that    ^  +  -^  =  a»  +  |-l. 

53.  Prove  that  if  -  ^  -,  then  either  of  these  fractions  is  equal 

y     V  ^ 


to 


y+av 


•    Hence  show  that  if  ( ^^-r )  —  r7»  ^^^  either  ^  =  3 

\c  +  d/       cd  b       d 


b      c 

or  -■*  3 

a     a 


^  ^^'^^  {l-x)(2-x)(2+ix)  ^  P*"*^™  "**«"^  P*»^» 

of  X,  giving  the  general  term. 


•^  55.  Find  all  the  values  of  x  for  which 

x+lA 


4< 


ic»-l 


<10. 


o  .  r:  J     ^  ^    '*56.  Solve    (i)   «*(«»-3aa?-a«)  «  a«(aj"+3aa?-a«); 

(ii)   a^"*"*'^*^^  +  ft^*^y^^'*"  =  ai». 

57.  If  1,  », «'  represent  the  cube  roots  of  unity,  show  that 
(i)  (a?-«y)(a;-«*y)c=«'+«y+y". 

»(ii)  a«  +  6»+<!'a.(a  +  6  +  c)(a  +  «6  +  »«c)(a+«"6+»c)j^3ui  1  . 

58.  The  series   %+aiX-\-a^a^-^  ..•  is  such  that 

«n-3a^.i+2a,.,«0. 

Prove  that  its  general  term  is  (A  +  B,2^)x**;  and  determine  A 
and  B  in  terms  of  a^  and  ai . 


Chr  i. 252,31 


MISCELLANEOUS  EXAMPLES 


668 


59.  Find  a  qnadtatic  eqaation  one  root  of  which  is 

^3+  2+  1+  3+  2+*'*' 
and  express  the  other  root  as  a  continued  fraction. 

60.  (i)  Quelle  est  la  limite  de 

1+2  +  3  +  4...  +(n  +  l) 


l+3  +  5  +  7...+(2n  +  l) 

(ii)  On  consid^re  le  determinant : 

1      2      3 
4      5      6 

7      8      9 

montrer  a  priori  qu*il  est  nul. 


pour  fi  infini  ? 


II 


EXAMINATION  PAPERS 


OXFOBD  UNIVERSITY. 


BeSPONBIONS.      SEPTEMBSBy    1907. 

1.  If    a?  =  2a»-&'-c«, 

af  =  a«-6*  +  2c«, 
find  the  value  of    4a;-2y  +  30, 
when    a  =  4,  6  =  —3,  c  =  2. 

2.  Subtract    a»-2ar(a  +  3a:)   from   (a  +  2a?)(a-3a:X 
and  multiply    a'— a'  +  a-l    by   a'  +  a"-a  +  l. 

3.  Find  the  0.  G.  M.  of 

8a;'+6a^-4a?-3  and   12«'  +  5ic*+a?+3, 
and  the  L.  C.  M.  of 

oj"— a:-6  and  aj*-2a?-3. 

4.  Simplify : 


(1) 


(2) 


3a-2& 
a?  —  — 


45 


da 


a«  +  2a&       a6  +  26«' 


(^"^•J^) 


y>       X 

5.  Extract  the  square  root  of 

16a?*  -  24a!"y + 49««y«  -  30ay«  +  25y*. 

6.  Prove  that  if  any  number  be  divided  into  any  two  parta^  the 
difference  of  the  squares  of  the  parte  is  equal  to  the  number 
multiplied  by  the  difference  of  the  parte. 

7.  Solve  the  equations : 


(1) 


7ir-4     „  .   3a;+3       7ar  +  l 

—  ^  + 


15 


16 


20 
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8.  (1)  Solve  the  equation : 

12a;+18y«74, 
17a?-19y«30. 

(2)If  |+y  =  9,and?-y-l, 

find  the  yalae  of  ;r-y. 

9.  Find  two  consecutive  numbers  such  that  the  sum  of  the 
third  and  fourth  parts  of  the  lesser  number  shall  be  equal  to 
the  sum  of  the  half  and  the  fortieth  part  of  the  greater. 

10.  A  man  invests  £50,000  partly  in  Railway  Shares  and  partly 
in  Colonial  Bonds.  From  the  former  he  gets  3  per  cent,  on  the 
■nm  invested,  from  the  latter  8|  per  cent.,  and  from  the  first 
investment  he  derives  £200  a  year  more  than  from  the  second. 
What  was  the  amount  invested  in  each  case  ? 

Besfoksiohs.    Hiohablmas  TsBMy  1907. 

1.  Multiply  together 

(a  +  d)c,  a  +  c,  and  a-6, 

and  find  the  value  of  the  result  when 

a  =  3,    6«  -2,    c-4. 

2.  Add  together 

a*-26(a  +  3&),    (a+2&)(a-d6),   and  3&(a  +  4fr)-2a> 
Subtract 

— g-2  +a  from  x ^—  • 

3.  Find  the  G.  G.  M.  of 

2«*-aj-l   and  a^-«*-2a?  +  2, 
and  the  L.  G.  M.  of 

a»  +  5a6  +  66>,    a«+a6~2ft^,  and   a*  +  2a6-3lp". 

4.  Simplify: 


a+2b  + 


a-2h 


<^)  (?-?) 


X     .    1 


•         a  ■ 


3^        y*    '    op" 
^        X 

?2 
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5.  Extract  the  sqaare  root  of 

4x«-12a:»y+17«y-12«»y»+4aV- 

6.  Prove  that  the  square  of  the  Bom  of  any  two  nnmbs! 
together  with  the  square  of  their  difference  is  equal  to  tviee 
the  sum  of  the  squares  of  the  two  numbers. 

7.  Solve  the  equations : 

(1)  —=3; 

-2      * 

X 

(2)   ^.a-?^^.36. 


3 
8.  (1)  Solve  the  equations : 

56, 


10a?  ^  9y  ^ 


9-2 

3y  _2^      2 
To     T""5' 

(2)  If  2y-  ^  =  4,  and   3a?+  ^  =  »• 

find  the  value  of  — -  • 

x-y 

9.  A  tourist  starts  for  a  walk  at  noon  and  allows  himself  seven 
hours  to  reach  a  certain  town.  After  walking  two-thirds  of  the 
distance  at  3}  miles  an  hour,  he  rests  for  an  hour  and  a  quarter, 
and  then  finds  that  he  must  walk  four  miles  an  hour  if  he  is  to 
arrive  at  the  town  by  seven  o'clock.  What  was  the  length  of  his 
walk? 

10.  A  man's  income  amounts  to  £1500  a  year.  On  this  he  pays 
<£63.  10«.  income  tax,  partly  at  the  rate  of  U,  in  the  £  and  partly 
at  ninepence. 

Determine  the  amount  on  which  he  pays  at  each  of  the 
two  rates. 
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CAMBBIDGE  UNIVERSITY. 

Previous  Exakikation. 

Wednesday,  Decembeb  11,  1907. 

1.  If  the  sqaare  of  half  the  difference  between  a  given  number 
and  its  square  be  subtracted  from  the  square  of  half  the  sum 
of  the  same  number  and  its  square,  show  that  the  result  is  the 
cube  of  the  given  number. 

2.  Find  the  difference  between 

(a?-l)»  +  3a»(a:-l)  and  a»  +  3a?(a?-l)«. 
Divide  «*-29a?+12  by  a!"  +  2a:-l. 

3.  SimpUfy:  (1)  d-2a-{c-a-(6-a+c)}, 

a^  y* zx 


(2) 


(x-y)(x-z)      (y-z)(y-x)      {z-x){z-y) 

4.  Find  the  Highest  Common  Factor  of 

2«*-6a»-2«*-6«-4   and   2a»-5a:'-7a?-2. 

5.  Solve  the  following : 

/i\   Jg-tt   ,  x-\-h      a+h 

(2)  4ar+15y  =  l,    5y-|a:  =  i, 

(3)  50^*— 9ar «  5|  giving  the  answer  to  two  decimals, 

(4)  7y«  +  6ay=:468,    5a?+4y=-3. 

6.  A  father's  age  is  three  times  his  son's  age ;  prove  that, 
when  the  son  is  twice  as  old  as  he  is  now,  the  father  will  be 
twice  as  old  as  the  son. 

7.  Prove  that  (a:"*)*  8=  ar"*",  when  m  and  n  are  positive  integers. 
Simplify  (a»6<r«)i  x  (o-»ir«c«)i. 

8.  A  number  consists  of  three  digits  of  which  the  middle  one 
is  equal  to  the  sum  of  the  other  two ;  the  square  of  the  middle 
digit  falls  short  of  five  times  the  product  of  the  other  two  by  1, 
and  5  times  the  first  digit  equals  twice  the  third  digit.    Find  the 

number. 
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9.  Find  the  sum  of  n  terms  of  a  geometrical  progpression  wbest 
first  term  is  a  and  common  ratio  r.. 

Sum  the  series : 

(1)  U*5  + 15-3-1- 16*1  +  ...  to  20  terms, 

(2)  24  +  86  +  54+  ...to  8  terms. 

10.  Prove  that  log  ^  «  log  a  -  log  5. 

Find  by  logarithms  4^2fM,  (.07925)*. 

11.  Draw  the  graph  of 


'- J 1.^  *»-»'!■ 


for  values  of  x  between  0  and  5.     Find  from  the  graph  Ui« 
values  of  x  and  y  when  y  »  2x. 


LONDON  UNIVEBSITY  MATRICULATION 

EXAMINATION. 

Seftembsb  10,  1907. 
1.  2.  3.   Arithmetic. 


4.  (1)  Simplify 


1  ^2 

2 

—  +  - 

—      OM 

a?     y 

X      y 

1      2 

1    r 

-  +  - 

«"y 

X     y 

(2)  Solve  the  equations 

(M.+6y  =  a«+2a6-6* 
6a;+ay  sia'  +  ^. 

5.  A  bill  for  10  lb.  of  butter,  7  fowls  and  52  quarts  of  milk 
amounts  to  42«.  Id.,  when  a  bill  for  1  ]b.  of  butter,  2  fowls,  and 
4  quarts  of  milk  is  6^.  10(f.  The  next  week,  butter  having  risen 
Id.  a  lb.  and  fowls  8d.  each,  the  bill  for  8  lb.  of  butter,  5  fowls, 
and  46  quarts  of  milk  is  35«.  11<I.  Hnd  the  prices  for  the  first 
week. 


Time 

Date 

Time 

h.    in. 

h.    m. 

8     8 

May  31 

3    51 

7  44 

Jane  30 

3    48 

6  47 

July  30 

4    21 

5  39 

Aug.  29 

5      8 

4  35 
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6.  A  and  B  make  from  the  same  place  a  journey  of  56  miles ; 
'      A  starts  3  hours  and  10  minutes  after  B,  but  travels  5  miles  an 

hour  faster.    They  arrive  at  the  same  time.    Find  the  pace  of 
each. 

7.  From  the  following  data  draw  a  graph  representing  the  time 
of  sunrise,  and  estimate  the  time  of  rising  on  Feb.  15th,  May  16th, 
and  on  the  day  of  earliest  rising : — 

Date 

Jan.  1 
Jan.  30 
March  2 
April  1 
}  May   1 

8.  Trace,  with  the  same  axes,  graphs  of 

(1)  y  =  0-3«*-l-2; 

(2)  y  =  «». 

With  the  help  of  the  graphs,  solve  the  equation 

a:»  =  0-3«»-l-2. 

9.  There  are  2457  plants  in  a  strawberry  bed;  in  each  row 
the  number  of  plants  exceeds  the  number  in  the  preceding  row 
by  a  fixed  amount ;  in  the  first  row  there  are  77,  and  in  the  last 
row  157  plants.    How  many  rows  are  there  ?    If  you  use  a  formula, 

prove  it. 

a* 

10.  The  first  term  of  a  Geometrical  Progression  is    ^,    the 

fourth  term  is    -.    Find  the  sum  of  the  first  21  terms.    If  you 

a 

use  a  formula,  prove  it. 

Jakuaby,  1908. 

1.  Arithmetic. 

2.  Water  fiows  into  a  cistern  from  a  tap  A,  and  flows  away 
through  a  tap  B,  When  both  A  and  B  are  open  the  cistern  is 
filled  in  p  minutes,  and  when  only  B  is  open  the  cistern  is  emptied 
in  q  minutes.    In  how  many  minutes  can  the  cistern  be  filled 

I  when  B  is  dosed  ? 
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3  and  4.  Arithmetic. 

5.  (a)  Find  the  factors  of 

(i)  ir"+a;(6+c)-a"-a(ft  +  c); 
(ii)  a;*-7a?y+y*. 

(h)  Find  to  three  significant  figures  the  value  of 

6.  When  a  train  is  running  at  a  speed  of  45  miles  per  hour 
against  the  wind  the  air  pressure  on  the  front  of  the  engine  is 
12<675  pounds  per  square  foot.  Assuming  that  the  pressure  u 
•003  V*  pound  per  square  foot  where  Fis  the  velocity  of  the  train 
relative  to  the  wind,  measured  in  miles  per  hour,  find  the  rate  at 
which  the  wind  is  blowing,  and  the  pressure  when  the  train  is 
going  at  45  miles  per  hour  with  the  wind. 

7.  With  the  same  axes  draw  the  graphs  of 

(i)  y  =  3ir»-4a;+2  and   (ii)  y  «  6a;+12. 

Find  the  values  of  x  at  the  points  where  the  graphs  intersect, 
and  verify  by  solving  the  equation 

3a:«-4a?+2  =  6a?  +  12. 

8.  A  besieged  fortress  is  held  by  5700  men  who  have  provisions 
for  66  days.  If  the  garrison  loses  20  men  each  day,  for  how  many 
days  can  the  provisions  hold  out  ? 

9.  A  man  at  the  beginning  of  each  of  ten  succenive  yean 
deposits  XlOO  with  a  company  which  pays  him  interest  at  the  rate 
of  4  per  cent,  per  annum,  and  he  allows  his  deposits  to  accumulate 
at  compound  interest  Given  that  (l«04)i<' »  1480234,  find  to  the 
nearest  penny  how  much  he  has  at  the  end  of  the  tenth  year. 

10.  Given  that  a^  +  4a^  -^px^  +  gar + 9  is  the  square  of  x" + ax + 6, 
find  all  the  possible  values  of  a,  h,  p  and  g. 
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SCOTTISH  UNIVEESITIES  JOINT  BOABD 

PEELIMINAEY  EXAMINATIONS, 

Mathematics.     Lowbb  Standard.    Octobeb,  1906. 
1-5.  Arithmetic. 

6.  Find  the  value  of    ./('^?^±?^), 

when  a  =  2,  6=8,  ic  «f=  3,  y  =  2. 

7.  Express 

ac^-a^  g'-y  a;'-c» 

as  a  single  fraction  at  lowest  terms. 

Solve  the  equation      ^  -  ^  -  ^  • 

8.  Find  an  equation  of  the  form  Ax-\-By-'1^0  where  A  and 
B  are  independent  of  x  and  y,  which  has  the  two  Bolutions 

a?  =  1,  y  -■  —  1,  and  a?  =  2,  y  =  3. 

Trace  the  graph  of  the  equation. 

9.  How  can  you  tell  by  examining  the  coefficients  whether 
Ax^-\-Bx+  C  can  be  resolved  into  factors,  the  coefficients  of  which 
are  real  and  rational  ? 

Factorize  the  following : 

(i)  (aa:  +  Jy)»-(6a:-<iy)«;    (ii)  2a'-3a:  +  l. 

10.  Solve  the  following  equations  : 
(i)    (2a?  +  l)«+4(2a;  +  l)-5  =  0; 

11.  A,  B,  C  are  three  coaling  stations  on  a  parallel  of  latitude 
whose  circumference  is  3150  miles.  The  distance  between  A  and 
B  is  150  miles,  but  the  distances  BC  and  CA  are  unknown. 
A  cruiser,  starting  from  A,  steams  to  B  with  a  slow  uniform  speed. 
She  coals  at  B,  increases  her  speed  and  steams  to  C  At  C  she 
coals,  again  increases  her  speed  in  the  same  ratio  as  before  and 
finally  steams  to  A,  If  the  time  taken  between  each  of  the  three 
stations  be  the  same,  find  the  distances  BC  and  CA, 
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Mathematics.    Iktermbdiate  and  Highisb. 

PiBST  Papeb.    Seftembbb,  1906. 

1.  Arithmetic. 

2.  Simplify  the  following : 

(6-c)(«-a)'+(c-a)(a?-6)«  +  (a-6)(a?-c)«. 

Show  that  numerical  values  can  be  found  for  A^  B^  C,  such 
that  the  equation 

shall  be  an  identity. 

3.  Solve  the  equations  : 

(i)   (a«-J')(l-x»)«4a6a?; 

(ii)  («"-3a?-5)(aJ'-3a:+3)+7  =  0. 

4.  State  and  prove  the  condition  that  the  roots  of  the  equation 

may  be  real  when  a,  h,  and  c  are  real. 
Show  that  the  roots  of 

are  always  real  for  real  values  of  p,  g,  r. 

Find  the  greatest  value  that  5 -2 a; -3a:'  can  have  for  real 
valaes  of  x. 

5.  Show  that  when  a,  6,  c,  and  <{  are  in  proportion  — ^  ■=  — -j. 

I^    ^-^  ==  oTT-  =  P-T- »  P'<^^®  *^**»  "*  general, 
2a+o      2o+c      2c+a 

x+ff+z  _  (b+c)x+{c  +  a)y+(a  +  b)z 
a-^b-hc"  2{ab+bc+ca) 

6.  Draw  accurately,  using  the  same   axes  and  marking  the 
scales,  the  graphs  of  x^  and  rr+l*5  from  a?»  -2  to  a;a>2. 

Thence  solve  graphically  the  equation 

2a;»-2a?-3-=0. 
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Second  Papbb.    Octobeb,  1906. 

!•  Find  the  following  products,  grouping  terms  of  the  same 
type  together:— 

(i)  {a-¥b-\-c){a*  +  h*-¥(^-bc-ca-ab); 

(ii)  (a  +  b  +  cy(a'  +  l^+€^-bc-ca-ab). 

2.  Solve  the  following  equations : 
(i)   4(aJ»4l)-18(a;  +  l)»  =  0; 
r'\   ^'  +  ^  +  ^   .    g'-a?-f  1        „ 

3.  Find  the  quadratic  function  of  x  which  has  zero  values  when 
a;  s  3  +  v^  and  x=S-  v^t  and  whose  value  is  10  when  a? «»  5. 

4.  If    12 : X  ^  X Iff  ^  ff : z  ^  z :  18,  calculate  the  value  of  x  to 
two  places  of  decimals :  and  show  that 

x^  +  i/'+^      ""     3^+^- 

5.  What  are  the  main  types  of  simultaneous  equations  involving 

two  unknowns  that  can  be  solved  by  elementary  methods  ?       CU,  XI V    "H 

Solve  the  simultaneous  equations  :  '^g  7  Z4 

2y-3a?  =  2,   x^+2xy=20. 

The  perimeter  of  a  rectangle  is  802  yards  and  its  area  is  5460 

square  yards ;  find  the  diameter  of  the  circumscribing  circle. 

» 

Hathsmatigs.    Lower  Standard.    April,  1907. 

1-5.  Arithmetic. 

6.  Find  the  factors  of  the  following  expressions : 
(i)  12««  +  19aa:-18a«; 

(ii)   (ar-l)(2a^+5a?+8)  +  (a?+l)(2««-3a?+l). 

For  what  values  of  x  does  the  expression  (i)  vanish  ? 

7.  (i)  Express  as  a  single  fraction  in  its  lowest  terms : 

1     _  2 (2 -a?)      a?-15 
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(ii)  Solve  the  equation : 

X         x+a-hb      a— d 


«0. 


x—a         «+a  X 

8.  For  what  yaLues  of  A,  B  and  C  is  the  equation 

8a?+l  A      .5  .       O 


a;(4ic»-l)      2a?-l      a?      2a?+l 
an  identity  ? 

9.  Solve  the  equations : 
(i)  (a:«  +  3a;  +  2)»=6(ir»  +  3»+2); 

(ii)  a?  +  6y-(3a;-8y+5)  =  y+2a?-^(2y  +  3«+3)  =  f y-a?. 

10.  Show  that  the  square  of  the  sum  of  any  four  numbers  is 
equal  to  the  sum  of  their  squares  together  with  twice  the  prodnci 
of  every  pair. 

11.  A  line  12  inches  long  is  divided  into  two  parts  such  that  the 
square  on  one  part  is  equal  to  three  times  the  rectangle  contained 
by  the  whole  line  and  the  other  part;  find  to  the  nearest 
hundredth  of  an  inch  the  lengths  of  the  two  segments. 

HATHEMATIC&      INTERMEDIATE  AND   HlGHSB. 

F1B8T  Paper.    March,  1907. 

1.  Arithmetic. 

2.  State  a  rule  for  calculating  rapidly  the  coefficients  in  the 
expansion  of  (1  +:v/  when  n  is  not  very  large. 

Find  the  coefficient  of  x^  in 

(a?+l)»(a?-l)»  +  (a?+l)»(a?-l)». 

3.  Determine  p  in  order  that  the  system  of  equations 

a:  +  2y-32f«:0,    a?+y-2r  =  0,    a;+py  +  2««0 
may  admit  of  solutions  other  than  (r  «  0,  y  »  0,  ar »  0. 

Solve  the  system 

a?  +  2y-32r  =  0,   a?+y-2r  =  0,   a?'+yH«"-a?-y-««  0. 

4.  Find  the  G.  C.  M.  of 

a;*-«'  +  2a:«  +  a?  +  3   and    a?*-3a:»  +  6a!«-5a?  +  3. 
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5.  Two  integers  conBist  each  of  the  same  two  digits,  but  in 
different  order.  If  the  sum  of  the  two  be  165  and  their  product 
6786,  find  them. 

Sboond  Papsb.    Apbil,  1907. 

1.  Solve  the  quadratic  a^421*2«+39*l  ■«  0,  giving  each  root 
correct  to  two  places  of  decimals. 

2.  State  the  condition  that  a^+px+q^  where  p  and  q  are 
rational  numbers,  may  be  decomposable  into  two  factors  whose 
coefficients  are  rational  numbers. 

Factorize  completely   a5*-6«*+lla*-6. 

3.  Express  — - —  +  — -z  +  — -—  as  a  single  fraction. 

*^         x+a      a?+&     x-hc  ° 

4.  If  «-(y+a)/(y+6),  and  y  =  («+o)/(«+6),  for  what 
particular  values  of  or  is  a;  equal  to  2;  ? 

Solve  the  system    **+y»+a?+y-sO,    a?'-y*+«-2y  «  0. 

5.  If  aib^hic^eid,  and  o,  5,  c,  d  be  all  real  positive 
quantities,  prove  that 

(I)    a-^d>h  +  c;        (u)   jrrjf-^- 

6.  Determine  the  general  shape  of  the  graph  of 

x-^l 


UNIVERSITIES  OP  MANCHESTEB,  LIVEBPOOL, 
LEEDS  AND  SHEFFIELD  JOINT  HATBICULA- 
TION  EXAMINATION. 

SXPTSMBEB,    1906. 

1.  The  statement  that  8  kilometres  is  equal  to  5  miles  gives  the 
length  of  a  kilometre  too  great  by  about  }  per  cent.  Find,  as 
accurately  as  possible  from  this  statement,  the  length  of  a  metre 
in  yards. 
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2.  What  is  the  object  of  rationaliziiig  the  denominator  of  an 
arithmetical  fraction  involving  surds?  Calculate  correct  to  four 
decimal  places : 

3^2  +  ^6 

3.  FactoruBe        (1)    a:"-7a?-18;        (2)  a!»-2a:«-5a?4-6; 

(3)    2aa?y+y«-a:»-ay;        (4)    a*+4ft*. 

4.  Explain  (1)   b^    arithmetical   verification,   and   (2)    by   a 
geometrical  illustration,  the  identity 

a-(6-c)  =  a—h+e. 

Solve  the  equation 

A(4a:  +  l)-J(7-«)«39-i(274-12ar). 

5.  Reduce 

2+a?     3-a?      6-« 

-         "^    ■     ■  •!.        —  • 

ic  +  5      0?— 4      x+2 

h      c      d  c+d      \6+rf/ 

6.  Solve    a^  =^7x  +  Q    correct  to  two  decimal  places. 

If  as^  +  bx+c  has  the  values  4  when  x  is  8,  20  when  rr  is  4, 
and  34  when  ;b  is  -3,  find  a  negative  value  of  x  which  will 
make  the  expression  equal  to  0. 

7.  The  area  of  a  certain  rectangle  is  equal  to  the  area  of  a 
square  whose  side  is  three  inches  longer  than  one  of  the  sides  of 
the  rectangle.  If  the  shorter  side  of  the  rectangle  be  decreased 
by  one  inch  and  the  longer  side  increased  by  two  inches,  the  area 
is  unaltered.    Find  the  lengths  of  the  sides  of  the  rectangle. 

8.  A  certain  Arithmetical  Progression  has  its  first  term  a  and 
its  last  term  I ;  what  is  the  average  of  all  the  terms  ?  If  there  is 
an  odd  number  of  terms  what  is  the  value  of  the  middle  one  ? 
(Answer  this,  if  you  can,  by  general  reasoning  without  quoting 
formulae.)  A  man  begins  by  walking  1^  miles  in  the  day  and 
each  day  for  4  weeks  he  walks  one  mile  more  than  the  day  before ; 
what  is  his  average  daily  walk  during  that  time  and  what  distance 
did  he  walk  on  the  last  day  ? 

9.  A  hare  rms  ten  times  as  fast  as  a  tortoise  which  it  is  pursuing. 
The  hare  at  A  is  100  yards  behind  the  tortoise  at  B;  when  the 
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hare  is  at  B  the  tortoise  has  advanced  to  C,  and  when  the  hare  is 
at  C  the  tortoise  has  advanced  to  D,  and  so  on  an  endless  number 
of  times.  Find'  by  adding  up  the  pieces  AB,  BC,  CD,  &c.,  how  far 
the  hare  will  have  gone  when  it  overtakes  the  tortoise.  If  you 
can  find  the  answer  in  any  other  way,  show  that  the  results  of 
both  methods  agree. 

July,  1907. 
1  and  2  are  Arithmetic. 

3.  If  a  polynomial  in  x  vanishes  when  x^Oy  show  that  it 
contains  x— a  as  a  factor. 

Show  that 
ftc(6-c)  +  «i(c-a)  +  aft{a-6)  +  (6-c)(<?-a)(a-5)  =  0. 

4.  Find  the  factors  of :     . 

(1)  aj»+a:'y-a?-y; 

(2)  2**  +  15»-77; 

(8)    l+**(y-«»)-a:V«. 

5.  Solve  the  equations : 

(1)  a(2a:-.a)+5(2a?-6)«2a5; 

(2)  2ir-3y-4,     3a:  =  5  +  7y; 

^^'    a:  +  l'^ir+3      a?+4' 

6.  Find  two  numbers,  one  of  which  is  Jths  of  the  other,  such 
that  the  difference  of  their  squares  is  6237. 

7.  If  four  quantities  are  in  proportion,  show  that  the  difference 
between  the  first  and  second  is  to  the  second  as  the  difference 
between  the  third  and  fourth  is  to  the  fourth. 

show  that  w,  Xf  y,  and  z  are  proportionals. 

8.  Find  the  square  root  of  the  ratio  of  two  numbers  whose 
arithmetic  mean  is  twice  as  great  as  their  geometric  mean. 

9.  Find  the  sum  of  n  terms  of  a  G.  P.  whose  first  term  is  a  and 
the  common  ratio  n 

The  sum  of  the  first  6  terms  of  a  real  G.  P.  is  65  times  the 
sum  of  the  first  3  terms.    Find  the  common  ratio. 
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COLLEGE  OP  PBECEPTOBS. 
First  Glass  Cebtificatb  Examination. 

CHBISTMASy   1907. 

1.  If  a^—hc  =  a^,  6'-co  =  y",  c'-ofc  =  «*,  show  that 

2.  Simplify: 


(i) 


2iF»-7a!»-15«+27' 


^"^^  8a:»  +  12a:"y-18ay»-27y»  ^  8a!»-12a»y-18«y«+27y'' 

(iii)  Divide  a^-(a  +  6+c)aj"+(6c+<»+aJ)a?-atc  by  :r— c. 
Find  the  factors  of  the  quotient. 

3.  Solve  the  eqaations : 

x—2     a?-4     a?— 6     a?— 8 


(i) 


(ii) 


a?-8      a?~5      a?~7     a?-9' 

1       ^     7 
8a;+2y     By-a? 

3  4  6 


(a?-2)(y-l)     y(l-y)     y(a:-2) 
(iii)   -/4a:'  +  2a?+7  «  (12a:»  +  6a?+21)-140. 

Either  4  (a).  A  number  of  two  digits  is  sach  that,  if  the  di^ts 
be  transposed,  the  new  number  is  less  by  9  than  the  original  number, 
and  the  sum  of  the  squares  of  the  digits  is  118.    Find  the  number. 

Or  4  (h).  Draw  the  graphs  of  y  «  2a?+ 7  and  y  =  7  -2a;. 
Take  the  points  in  which  these  lines  respectively  cut  the  axis 
of  Xy  and  deduce  the  graphs  of  the  lines  drawn  through  these 
points  parallel  to  the  original  lines. 

5.  Find  the  square  of  3  V3-4  V^+5 ^15 ;  and  the  square  xt>ot 
of  152-30^/15. 

^'"^^^^^     2^5.3^  • 
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6.  Divide  a +  45  by  a^-2aHi  +  26i. 

4 
Find  the  square  root  of  a  +  6  +  - — -  -  4. 

7.  If  a?+y:3a-6::y+af:  86— c::2r  +  a;:3c-a,  prove  that 

x-¥y  +  z      <tx+by  +  cz 
a+h  +  c  "  a*+&M^' 

8.  (i)  In  an  Arithmetical  Progression  of  an  even  number  of 
terms,  the  sum  of  the  odd  terms  is  105,  the  sum  of  the  even 
numbers  is  119,  and  the  excess  of  the  last  term  over  the  first  is  26. 
Find  the  progression. 

(ii)  What  is  that  Geometrical  Progression  of  which  tiie  first 
term  is  12,  and  the  limit  of  the  sum  of  the  terms  is  8  ? 

(iii)  What  is  the  present  value  of  £a  due  n  years  hence, 
compound  interest  being  reckoned  at  c  per  cent.  ? 

Eitker  9  (a).  Explain  what  is  meant  by  Variation ;  and  if  a  x  6, 
and  c  oc  rf,  prove  that  ac  a  W,  and  —  *  ■>  • 

li  y  ^  t-¥v  where  tccx  and  va  V^i  find  the  relation  between 
X  and  y  when,  x  being  given  equal  to  4,  y  equals  5 ;  and,  when  x 
is  given  equal  to  9,  y  equals  10. 

A  passenger  in  a  railway  carriage  observes  another  train, 
moving  on  a  parallel  line  in  the  opposite  direction,  to  occupy 
2  seconds  in  passing  him,  but,  when  moving  in  the  same  direction, 
to  occupy  30  seconds  in  passing.  Compare  the  rates  of  the  two 
trains. 

Or9(&).  Graph  the  function  10  +  34a?-0<6:K;\  Find  its  maxi- 
mum value,  and  the  values  of  x  for  which  it  vanishes. 

Find  as  accurately  as  you  can,  the  maximum  or  minimum 
value  of  (i)  (2 a: +  3)  (a: -J),  (ii)  ir(12-ir);  and  state  the  value  of 
X  for  which  the  function  has  its  turning  value. 

[Any  of  the  following  questions  A,  B,  C,  D  may  be  substituted 
for  the  same  number  of  the  questions  5,  6,  7,  8,  9,  but  will  receive 
considerably  lower  marks.] 

A.  Simplify 

(,     4a«a;-3ai;'+A  .  /  t  .  4rt*x  +  3ffjr^-f -c'X 
-— ^i— ,.^  )• 

PATXUOV  II  Q 
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B.  Find  the  L.  C.  M.  of  (9f  + 1),  (aj*  - 1),  («» - 1),  and  (a?*  - 1). 

G.  A  waterman  went  down  a  river  and  back  again  in  6  hom 
and  found  that  he  could  row  9  miles  an  hour  with  the  stre&m  aaa 
3  miles  an  hour  against  it.    How  far  iiid  he  row  down  ? 

D.  Three  numbers  whose  sum  is  15  are  in  Arithmetical  Pro- 
gression, and  if  1,  4,  9  be  respectively  added  to  them,  the  number 
will  be  in  Geometrical  Progression.    Determine  the  numbers. 

FiBST  Class  Certificate.    Midsummer,  1908. 

1.  Express  »2(n+l)>-6u(n  +  l)(2/»+l)  +  36»(M+l)  as  a  cos- 
tinued  product ;  and  find  the  simplest  form  of 

where  2a;+3y  =  1. 

2.  Simplify : 

^^^  i»  +  3«y-10y«      ar*-2-rj/-36y«  "'"  ^■-9ay  +  14y»» 
... a(a  +  fe):c'  +  &*iry-a(a~&)y' 


3.  Prove  that,  if 

ay  =  3(iP-3)  and  y^=3(y-3),  then  aM?  =  3(2r-3). 

4.  Solve  the  equations : 

.    2a?~l  _  6j;-5  _  1 
^^^  4a:-3      14a:  +  3~2' 

(ii)  &(a?-36)  =  a(y+26)  \ 

(a  +  2h)x'-2{a  +  h)y  =  4a'  +  7(i6+2d«  J  ' 

Either  5  (a).  If  a  dealer  sold  1512  articles  for  £3.  9«.  more  than 
they  cost,  and  at  such  a  rate  that  the  number  sold  for  la,  exceeded 
by  unity  one*third  of  the  number  of  dozens  bought  for  XI,  what 
did  he  give  for  the  articles  ? 

Or  5  (h).  The  highest  and  lowest  marks  awarded  at  an  examina- 
tion were  285  and  75  respectively.  All  the  marks  have  to  be 
reduced  so  that  the  highest  and  lowest  marks  may  be  200  and 
60  respectively.  Draw  the  necessary  graph,  and  from  it  deter- 
mine what  marks  of  the  new  system  correspond  to  95,  175,  215, 
and  255  of  the  old  system. 


I' 
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Either  6  (a).  Solve  the  equations: 

(i)   VT5^"2-  V'5*^  =  -/20X-59  ; 

(ii)  («*-6iP-f3)«+6(iP-3)«=a:"  +  27. 

Or  6  (6).  Carefully  draw  the  graph  of  y  =  2ar*-6x+7,  and 
from  it  find  the  minimum  value  of2a:*-6a;  +  7  and  the  approxi- 
mate roots  of  the  equations : 

(i)  2a?«-6aj+3-0;  (ii)  2«»-6aj+l-0; 

(iii)  2««-6a?-8  =  0. 

7.  Simplify: 

.,  2+^^      yS-l  ..,    -/l26  +  45 V^ - 4 -/2 

(0 ^    X    ^--:: ;  (11) -T_.  . 

2-.V^      ys  +  l  v/38  +  21V^ 

8.  If  a  and  6  are  unequal  quantities  and 

then  the  ratio  of  a  to  b  is  the  duplicate  ratio  of  c  to  d. 

Given  that  a,  6,  c  are  three  positive  quantities,  and  that 

h  a  +  c  a  +  h  +  e       \kW  ^^  -    ^  i     <       /;  ^  Tt 

a  +  ft"  a  +  46-c"  3d+2c  * 

determine  the  ratios  aih\c, 

9.  Find  the  (Geometrical  Progression ,  such  that  the  sum  of  the 
first  4  terms  is  j|  and  the  sum  to  infinity  1}. 

If  a,  hf  e  are  in  Arithmetical  Progression,  and  ft,  c,  d  in 
Harmonical  Progression,  then 

ab(f^+d')^cd{a*  +  l^). 

[Candidates  may  substitute  any  one  of  the  following  questions. 
A,  B,  C,  D,  for  the  same  number  of  the  questions  6,  7,  8,  9 ;  but 
the  questions  A,  B,  C,  D  will  receive  considerably  fewer  marks.] 

A.  If  lbs^—4o^-¥ax  +  S  is  exactly  divisible  by  3a? -2,  what  is 
the  value  of  a  ? 

x-^h  3«P*~7fr 

B.  Solve  the  equation   »    .  or  -  iTb— Tom  =  ^• 

2a+8o      4(3rt  +  2o) 


D.  Find  the  square  root  of 

(a«  +  ft«)  (a«  +  c»)  -2a  (6 + c)  (a« + 6c)  +  Aa^be. 

02 
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OXFORD  LOCAL  EXAMINATIONS. 

Junior  Cebtifigate,  1907. 

1.  Find  the  H.C.F.  of  a^  +  3a:»  +  4  and  ic'»  +  ««-2. 

2.  Find  the  square  root  of  4a?«  +  4x»-3df*-10a?'-3x-  +  4ar  +  4. 

3.  Simplify     h -    1^  +  J--LA      \i+   J     ^  _1 ) 

4.  Show  that 

(o' -  tc)  (6* -«»)  {c»  -  at)  =  afcc{a8  +  fe» + c»j  -  (&»c» +  <?>«»  + a»ft»), 
and  verify  the  result  when  aa«2,  &«— 3,  c«=-l. 

5.  Solve  the  equations : 
(1)    ?+     ^  ''^ 


X      a?  +  2      ic+1' 

(2)  ?Z^ +  *_-*«  2. 

(3)  6a?»  +  13ar  +  6=0. 

6.  Show  by  di-awing  graphs  that  the  values  of  x  and  y  whieh 
^tisfy  the  equations 

3a?+y=2,  7«+4y=  3, 

satisfy  also  the  equations 

2a?  +  5y  +  3  =  0,  5a?+2y-3  =  0. 

7.  (1)  Find  the  cube  of  a;i  +  yt . 

<^^  ^^  6Ti'^'  *^^  r+y      &^*'  show  that  ;ry  =  a6. 

8.  At  an  election  contest  between  two  candidates  the  total 
number  of  votes  recorded  was  8600.  Had  one-third  of  the  success  fol 
candidate's  supporters  stayed  away  and  half  the  unsuoceraful 
candidate's,  the  successful  candidate's  majority  would  have  been 
reduced  by  200.    How  many  votes  did  each  actually  receive  ? 

Higher  Alosbra. 

1-  ^^  -n^zr — ^ "  .,  /     .X  «  -T-^iT-^ '  P'^ove  that 
(y+«-a:)(6  +  c-a)  «=  («+iP-y)(c+a-6) 
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2.  An  arithmetic  and  a  geometric  progresBion  have  their  first 
two  terms  the  same,  and  the  ratio  of  the  snm  of  the  first  three 
terms  of  the  arithmetic  progression  to  the  sum  of  the  first  three 
terms  of  the  geometric  progp:e88ion  is  f .  Prove  that  the  ratio  of 
the  sum  of  the  first  four  terms  of  the  arithmetic  progression  to 
the  sum  of  the  first  four  terms  of  the  geometric  progression  is 
either  §  or  ^. 

3.  Write  out  in  full  the  permutations  of  the  letters  a,  6,  c,  <{  two 
at  a  time,  and  the  combinations  of  the  letters  a,  b,  c,  dy  e  three  at 
a  time. 

In  how  many  ways  can  9  balls  be  put  into  two  bags,  neither 
of  which  holds  more  than  6  ? 

4.  Assuming  the  binomial  theorem  for  a  positive  integral  index, 

prove  it  for  a  positive  fractional  index. 

Show  that  the  coefficient  of  x**  in  the  expansion  of 

(l-a:)-«i8i(n  +  l){n  +  2). 


Sbkiob«     1906. 

1.  Find  the  remainder  when  a?*-3ar'— 5a:"  +  20a:— 8  is  divided 
by  a:-3. 

2.  Find  the  square  root  of 

^  +2a?»  +  3«*-5a?-3+  -  +  i. 

3.  (i)  Divide  «*  +  a?V-2y  by  x^-y^. 
(ii)  Find  the  L.C.M.  of 

a:»-2ir»  +  a:-2,  a?'-3ar2+a:-8,  and  «»-4a^-f  a?+6. 

4.  Show  that 

(a-6)(rt-c)  ^  (6-c)(6-a)      (c-a)(c-6)  "^  *  "  "' 

5.  Solve  the  equations : 

(ii)  2x'-5x  +  l»0,  finding  each  root  correct  to  three  places 
of  decimals. 


574  EXAMINATION  PAPERS 

6.  Show  that,  if  a  is  n  root  of  the  eqaation 

aa^+bx+e^  0, 
then  x-a  is  a  factor  of  the  expreaedon 
ax^+bx+e. 

7.  The  stun  of  the  squareii  of  two  qaantitieB  varies  aa  the  anm  ol 
the  qnantitieB,  and,  when  the  quantities  are  equal  but  not  E«ro.  ■ 
each  of  thsm  ia  equal  to  2.    Find  the  valnea  of  one  when  the  nUwr  I 
is  equ&l  to  }. 

8.  Show  \>j  examples  the  difference  between  permutatioi 
combinations. 

In  how  man  J  way«  can  a  part;  of  16  people  be  conve; 
two  vehicles,  one  of  which  will  not  hold  more  than  8  peopi 
the  other  not  more  than  10  ? 

9.  Find  (i)  the  coefficient  of  «"  in  the  expansion  of  (1 
and(ii)  the  coefficient  of  x*  in  the  expanuon  of  (l4-a;+2a:*)*. 


HiaHEB  AUIEBRA.      1906. 
-     10.  Prove  tbftt,  if  it:  is  numeiicaUj  lets  than  unity, 

"«.('+»)-»-|  + ?-?+•■•• 

11.  Sum  the  series 

l''+2'+3'  +  ,„+n'. 

12.  Showthat,if  a,,ii,....iT„  are  any  positive  quantities, 

Find  the  greatest  value  of  the  expression 
{2a-8!F)'(3a  +  2a:)' 

for  values  of  x  lying  between      -_     and  -=-  ■ 

13.  Draw  the  gr^ph  of  the  function  2'. 

Show  that  an  equation  of  the  form  2'  —  ax,  where  a  is  i 
positive  quantity,  has  either  two  real  roots  or  none. 
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14.  Evaluate  the  detenninant 

1,     1,  1,  1 

a,     6,  Cf  d 

a\    J^,  c\  cP 

a^    h\  c*,  d* 


Senior*     1907. 

1.  Find  the  H.  C.  F.  of 

a?*-ar'-4a:-4  and  2a?*  +  3a:»+*4ic*+a?-2. 

2.  (1)  Find  the  square  root  of 

a^  +  2aj"-2a?*+fl5~2ir*  +  l. 
(2)  Simplify 

1-a?^  l+x^  {\+xy       l+x" 

3.  (1)  Find  x  and  y  from  the  equations 

a       So  a       25 


(2)  Find  x  from  the  equation 

11  3 


»0. 


a:+l      a:+2      5a?+2 

4.  If  a  +  c  =  26,  show  that  a*-26«  +  c«  «  (o-t)(a-c). 

5.  Solve  the  equation  aa^4  &r+c  «  0. 

Find  the  roots  of  the  equation  a^-lx^l  ^  0,  correct  to 
two  places  of  decimals. 

6.  (1)  Find  the  sum  to  n  terms  of  an  arithmetic  progression,  of 
which  the  first  term  is  a  and  the  common  difference  d, 

(2)  The  sum  of  the  first  eight  terms  of  a  geometric  progression 
is  seventeen  times  the  sum  of  the  first  four  terms.  Find  the  value 
of  the  common  ratio. 

7.  The  product  of  two  quantities  varies  as  the  excess  of  their 
aum  over  3,  and,  when  one  of  the  quantities  is  equal  to  2,  so  is  the 
other.  Find  what  other  value  the  quantities  may  have  simul- 
taneously. 
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8.  Show,  without  using  any  formulae,  that  the  number  of 
binations  of  m  +  ti  things  taken  m  together  is  the  same  as 
number  taken  n  together. 

A  party  of  four  people  is  to  he  chosen  from  nine, 
whom  are  a  Mr.  and  Mrs.  A.  and  a  Mr.  and  Mrs.  B.     Mr 
Mrs.  A.,  if  invited  at  all,  must  be  invited  together; 
Mr.  and  Mrs.  B.,  if  invited  at  all,  must  be  invited  together. 
how  many  ways  can  the  party  be  chosen  ? 

9.  Write  out  in  full  the  expansion  of  (a—xf. 

Find  the  coefficient  of  3^  in  the  expansion  of  (1  +aae'hsr^* 


tk^ 


Ib 


Higher  Alobbra,  1907. 

1.  Show  that  the  number  of  wayu  in  which  a  council  of  2  m  +1 
members,  representing  three  parties,  may  be  constituted  so  that 
no  party  has  an  absolute  majority  is  the  coefficient  of  «•*"+»  in 

Show  also  that  this  coefficient  is  equal  to  ^n(n  -f  1). 

2.  Resolve  into  partial  fractions 

1^ 

3.  Convert  v^  into  a  recurring  continued  fraction. 

4.  Show  that  1 ,+  { n  -r  1  is  divisible  by  n,  if  n  is  a  prime  number. 


Show  conversely  that,  if  1  +  |n-l  is  divisible  by  n,  then  it  muft 
be  a  prime  number. 

5.  Evaluate  the  determinant : 

X,  a?+l,  x+2 
a?+l,  a?+2,  a?+3 
a-  +  2,    a?  +  3,    af+4 
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CAMBRIDGE  LOCAL  EXAMINATIONS. 
Junior.    Decbmber,  1907. 

[Candidates  can  pass  in  this  subject  by  doing  sufficiently  well  in 

Part  I  of  the  paper.] 

Part  L 

1.  Find  the  value  of  (af-y)'  +  2(2r+j?)*-3(a?+y)(y-2r)    when 
ar  =  1,  y  «  -2,  a? «  8. 

2.  Multiply  x'^-ix  +  U  by  a?*  +  4«»-5a:-20. 
Divide*     a?*- 5a? +  156  by  a" -5a? +12. 

3.  Find  all  the  simplest  factors  of 

(i)  a;»  +  2a!»-35a?,     (ii)   (a«  +  l)y*-y*-rt«. 

4.  Simplify 

g*  y*  {x+ff)z 

(a?-y)(a:-2')  "*"  (V''^)(yi^)  "^  (2^-a?)(2:-y)' 

5.  Solve. 

..      x  +  a        rt— a?       3a  +  l 

(ii)  4a?-9y«8r?^  =  a?  +  y; 

(iii)  3a!»  +  16a?=299. 

6.  Plot  the  graphs,  from  a; »  ~  1  to  a?  »  +4,  of  the  equations 

and  find,  from  the  diagram,  the  values  of  x  at  the  points  where 
they  intersect 

7.  Two  boys,  A  and  B,  have  each  a  certain  number  of  nuts, 
^*8  being  the  greater  number.  If  A  were  to  give  B  18  nuts, 
B  would  have  twice  as  many  as  A  ;  but  if  B  were  to  give  A  three 
times  as  many  nuts  as  the  difference  between  their  original 
numbers,  then  A  would  have  twice  as  many  as  B,  How  many 
nuts  has  each  ? 


678  EXAMINATION  PAPEES 


Part  II. 

8.  Proye  that  a  greater  inequality  is  increased  by  sfabtractisg 
the  same  positive  quantity  from  each  of  its  terms. 

What  quantity  must  be  subtracted  from  each  of  the  teni» 
of  the  ratio  of  113  to  71,  to  produce  the  ratio  3  to  1  ? 

9.  Find  the  ram  of  n  terms  of  an  Arithmetical  Progressioii 
whose  first  term  is  a  and  common  difference  6. 

Show  that  the  sum  of  the  first  m  terms  of  this  Progpnesaion  will 
be  equal  to  the  sum  of  the  first  n  terms  if 

&  « ^  a. 

m  +  «  —  1 

10.  Find  f«»r«  ^^^  number  of  permutations  of  n  things  taken 
r  at  a  time ;  and  prove  that 

P«+l»  r+l "■*!•»  r+1  =  ('*+  I)P«>  r« 

From  10  red  and  7  black  counters  how  many  different  roi^ 
can  be  made  with  6  counters  in  each  row  ? 

11.  Prove  the  Binomial  Theorem  for  a  positive  integral  exponent. 

If  (l+a?)'  =  l+rt,a?+a,»«  +  ... 

and  (lf-aj)»=  1  +  b^x  +6,a:*+..., 

find  the  sum  of  l  +  Oihii- a,&,  +  a^h^, 

12.  Prove  that  a'^a''  =  a'»+". 

Which  is  greater^  10*^  or  2»  ?    Justify  your  answer. 

13.  State  what  is  meant  by  the  expression  log, 32,  and  find  it? 
numerical  value. 

2      1 

Prove  that  log^a"^  ^  ~log«a,  when  m  is  a  positive  integer. 

Given  logio2  «  .801,  log,o3  «  477,  log,o7  =  -845 ;  write  down 

a  table  of  the  logarithms  of  the  first  ten  integers ;  and  show  from 

your  table  that 

5  e=  S****"  approximately. 
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Senior.    July,  1907. 

[N.B.    Attention  ie  called  to  the  alternative  queations 
A,  B,  C,  D  at  the  end  of  the  paper.] 

1.  Simpliiy: 

/•\   /x-^a      x—a         /x+a      x—a 
(i)  ( + -r  1 ,  ; 

2.  Find  the  H.  G.  F.  of 

a?*-4a»aj»  +  8a'fl?+6a^   and   aa;*  +  3a«a:'+crW-2ri<ar. 

Simplify    — ^  -    ^^'    -    ^^*    . 

3.  Solve  the  equations : 

^^^  3a:-3'*"4^M^""IJi"^' 

(ii)  a^-a(3a:-2a)  +  fe(a:-2a)  =  0; 

(iii)  2rr«+y"  =  43,  ^^ 

a^-^xff   =24.  S  loo. 

4.  What  is  the  price  of  gold  per  ounce,  if  a  rise  of  3<f.  reduces 
by  5  the  number  of  ounces  that  can  be  bought  for  JB5757  ? 

5.  Plot  the  graphs  ^  =  -  +  1,  ysa^+2jr,  between  the  values 

X 

a;  es  -  8  and   x^2,   using  the  same  axis  for  both  graphs,  and 
taking  ten  oT  the  small  divisions  of  the  squared  paper  as  the  unit. 
Hence  obtain  approximate  solutions  of  the  equation 

ar'  +  2a;*-a?-l  =  0. 

6.  Find  the  n*^  term  of  an  Arithmetical  Progression  whose  first 
two  terms  are  a  and  h. 

If,  for  all  values  of  n,  the  Aum  of  n  terms  of  an  Arithmetical 
Progression  is  n'+6n,  find  the  n^^  term. 

7.  Prove  that  loga  m«  «  k  logo  m. 

Write  down  the  logarithms  of  (i)  M  to  the  base  2,  (ii)  2  to  the 
base  64. 

Evaluate  the  seventh  root  of  '8912. 
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8.  Find  for  what  value  of  r  the  number  of  combinations  ci 
n  unlike  things  taken  r  together  is  greatest. 

If  two  out  of  n  things  are  alike  and  the  rest  are  unlike,  prorc^ 
that  the  number  of  combinations  of  them  taken  r  together  i? 
(with  ordinary  notation) 

9.  Write  down  the  coefficient  of  a;^  in  the  erpansion  of  (1  —  x)  * 
by  the  Binomial  Theorem. 

If  a;  is  so  small  that  its  cube  and  higher  powers  may  be 
neglected,  prove  that 

(l-4a?)i  +|1  - 3x)]  ^         3a^ 
(l-2ar)f  "*"    4    ' 

10.  Find  the  conditions  that  the  expression  cu^-^hx+e  maybe 
positive  for  all  real  values  of  x. 

Prove  that,  for  real  values  of  a?,  ^^_» ^  must  lie  between 

-1  and  ^. 

11.  Show  how  to  continue  the  series 

l  +  3a?  +  10a:»  +  36a?'  +  ... 
as  a  recurring  series  of  the  second  order,  and  find  the  h^  term, 

12.  Find  the  sum  of  the  cubes  of  the  first  n  natural  numbers, 
and  prove  by  induction  or  otherwise  that 

where  «^=  l»•  +  2»•  +  3'■+...  +  n^ 

[N.B.  Any  of  the  following  questions  may  be  taken  instead  of 
any  of  the  questions  9,  10,  11, 12,  but  considerably  lower  marks 
will  be  assigned  to  them.] 

A.  Resolve  into  factors : 

(i)  (6-c)»  +  (c-a)»  +  (a-6)»; 
(ii)  a?*  +  a^y*+y*. 

B.  Solve  the  equations : 

X      y  X      y 

(ii)   (a:-5)(2-x)+^=0. 
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G.  The  sum  of  JC40.  19«.  9d.  is  divided  between  60  men  and 
i^oinen  so  that  each  man  receives  as  many  shillings  as  there  are 
men  and  each  woman  receives  as  many  pence  as  there  are  women. 
How  many  men  are  there  ? 

D.   If  -  =  — , ,  prove  that  '.—  =-. 
y      a  +  o    ^  a?  +  y      a 

If      .  J'  =      .  o    =  —TTy- »  prove  that 
r+2g      p  +  2r      g  +  2^'*^ 

xiyiz^  2^  +  23— r;  2q-{-2r—p\2r-k'2p''q, 


Skkiob.    Deoembsb,  1907. 

1.  Resolve  into  factors : 
(i)  (a  +  26)«-(2a  +  6)«; 

(ii)  a* -80. 

Simplify    (|-^)x(?-l. J). (f-2.^). 

2.  Reduce  to  lowest  terms  ^r  ,  ,  «  3  .  »r  »    1  • 

^^^"  .4,.- >L*  ^.- 

3.  Solve  the  equations : 

.     6ar  +  4o      2a?  +  a  _  - 

^*^    2a:  +  a   "  "ar  +  a  "    ' 

..     a?-l  _  g-2  _  a?-3      a:-4 

*"^  i+l  "«  +  2"'a;  +  3      a:  +  4' 

(iii)  «*  +  4y^=  17, 
8a?-2y«-l. 

4.  A  number  of  similar  articles  were  bought  for  JC4.  IO0.,  and  the 
purchaser,  by  selling  them  for  6d.  each  more  than  the  cost  price, 
received  for  all  but  6  as  much  as  all  had  cost  How  many  articles 
were  there  ? 


582 
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5.  Plot  the  graphs  y  =  ±V^)  y=  -. —  2  between    tlie  vaJs! 

0?  s  —  2  and  a;»4,  using  the  same  axes  for  both  g'liftplis  asi 

taking  ten  of  the  small  divisions  of  the  squared  paper  as  ihe  bbs. 

Hence  obtain  the  approximate  solutions  of  the  sunnltaneosl 

equations  ^-4y  =  8,    x-/  =  0. 

6.  Prove  that  if  m  and  n  are  positive  integers, 


a^xa 


a 


i^w^^^p 


Simplify  [ah  {a-hlrh  (a»6»)-l}i]». 
Evaluate  with  the  help  of  logarithm  tables 

(1234)ix(^7)i 

7.  Prove  the  formula  for  finding  the  sum  of  n  terms  of  a  Geo- 
metrical Progression. 

The  fifth  term  of  a  Geometrical  Progression  is  64  and  the 
eleventh  term  is  729.    Find  the  thirteenth  term. 

8.  Find  the  number  of  permutations  of  n  unlike  things  r  a 
a  time. 

In  how  many  ways  can  10  persons  be  seated  in  a  railwav 
carriage,  5  on  each  side,  if  3  of  them  will  not  sit  back  to  the 
engine? 

9.  Find  the  term  independent  of  x  in  the  expansion  of 

Obtain  the  first  four  terms  in  the  expansion  of 

1 

(2-a?j(2-3x)l' 

10.  Resolve  into  partial  fractions 

_  ^         -_ 

and  obtain  the  sum  of  the  first  n  coefficients  in  the  expansion  in 
powers  of  x  of  the  expression 

__  _^ 

(x-l){x-2){x-S)' 

11.  Prove  that  the  arithmetic  mean  of  any  number  of  positive 
quantities  is  greater  than  their  geometric  mean. 

Prove  that  ^—^ —  <  ( --o")   • 
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12.  ProTe  the  law  of  formation  of  successiTe  convergents  of 
the  continued  fraction 

1    i     1 

Prove  that  if  —  is  the  n*^  convergent  of  the  recurring  con- 

tinued  fraction  f  + 1  +  f  +  ••• » 

then  i>«+i>«-i  =  2~. 

[N.  B.  Any  of  the  following  questions  may  be  taken  instead 
of  any  of  the  questions  9, 10, 11,  12,  but  considerably  lower  marks 
will  be  assigned  to  them.] 

A.  If  a*-^lfi  +  <^  mm  Sabc,  prove  that  either 

a  +  fr  +  c^O    or    a^hss  c, 

B.  Solve  the  equations : 

2a:-y  _  2£+y-3      3«      y   .n^. 

x-2         a7-8        7 


(ii) 


2iP-5      3a?-7"i5 


C.  Find  the  square  root  of 

D.  li'ind  a  number  of  two  digits  which  is  equal  to  seven  times 
the  sum  of  its  digits,  and  exceeds  the  sum  of  the  squares  of  its 
digits  by  4. 


OXFORD  AND  CAMBRIDGE  SCHOOLS  EXAMINA- 
TION  BOARD. 

ExuciNATioN  FOB  ScHooL  Cebtificates.     July,  1906. 

Paot  I. 

[This  has  been  given  on  page  320^  Part  I.] 

Pabt  II. 

7.  Solve  the  equations : 

by  -j;  ^S, 
9y»-«' -:48a -16a*. 
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8.  Prove  that  the  roots  of  the  equation 

oc^+px  +  q  =  0 

will  be  uni'eal  if  4^  is  greater  than  />'. 

Find,  in  terms  ofp  and  q,  the  sum  of  the  squares  ajid  the  sum 
of  the  fourth  powers  of  the  roots  of  the  above  equation. 

9.  Define  the  logarithm  of  a  number  to  base  10,  and  exf^juii 
why  tables  need  only  contain  the  logarithms  of  numbers  between 
1  and  10. 

Find  by  the  tables  the  values  of: 

(1)  The  number  whose  logarithm  is  3*5  ; 

(2)  (4827)i 

10.  Draw  the  graph  of  2^  for  values  of  x  between  —3  ajid  +3 
inclusive,  and  find  approximately  from  your  figure  the  value  of  x 
which  satisfies  the  equation  2^  b  5. 

11.  If  a :b :  :b : c : :  c : d,  show  that 

^  ^   ?6«  +  »rtc»  ""  d* 
(2)  h^c-^ad^^abd-^i^. 

12.  Sum  to  15  terms  the  series : 

(1)  -8  +  5  +  13  +  21  +  ...; 

(2)  (l+2)  +  (2  +  2*)  +  (8+2»)  +  (4  +  2^)  +  ,... 

Lower  CERTii^icATEas.    July,  1906. 

1.  Simplify 

r 

2(a-26)»-&(o  +  3ftj*  +  4&«(«  +  56)  +  56\ 

2.  Divide 

6a^+25a»a?  +  17a«a?«-28<M?'-20a?*  by  8a«-ax-2!c». 

8.  Resolve  into  factors : 
(i)  6.r«  +  7a:-5; 
(ii)  9a«-6^  +  46c-4c*. 
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4. 

Simplify : 

...      a-b          a  +  6        8a-6. 

^*^   a(a  +  b)      h{b-a)  '    a»-6«' 

y      x  +  y  ,  ar+y 

y      y  +  flp  '     X        -     ' 

a?      y-a:      a;— y 

5. 

Solve  the  equations : 

(i)2*--3_8(.-i); 

6.  Find  the  Highest  Common  Factor  of 

Aa^  +  Sa^-dx-lS  and  4«*+4a:'-5aj*-9a?-9. 

7.  A  man,  who  worked  for  16  days,  earned  JC5.  9«.  in  the  last 
5  days  and  thereby  made  the  average  of  his  daily  earnings  for  the 
whole  time  greater  bj  is.  than  the  average  for  the  first  11  days. 
Find  his  average  daily  earnings. 

8.  Solve  the  equations : 

(i)  A(2x  +  7y)=J(3aj«5y)-4; 
(ii)   (5-2ar)(a?-l)  =  a?(a?+8)-7. 

*    9.  If  the  four  quantities  a,  6,  c,  d  are  in  proportion,  prove  that 

a  +  6:a— ft:  :c  +  d:c— (f. 

If  a; :  y : :  - 1 : 2,  find  the  value  of 

2a?  +  3y:5a:  +  7y. 

10.  Find  the  sum  of  n  terms  of  an  arithmetical  progression 
whose  first  and  n^^  terms  are  a  and  b  respectively. 

The  third  and  seventh  terms  of  a  geometrical  progression 
are  ^  and  f  respectively.    Find  the  sum  of  twelve  terms. 

11.  Prove  that  loga^  »  ftloga. 

Find  approximately  the  value  of  (12-7j*-5-(.568)tc*>  . 

12.  Draw  the  graph  of  y  »}(l-a;)(2a?  +  7)  for  values  of  x 
between  —4  and  8.  Find,  from  the  graph  or  otherwise,  the 
greatest  value  of  y. 

PATCKBOH  11  R 
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Higher  Cebtificate«    July,  1906. 

Part  I. 

[This  is  given  on  page  d21,  part  I.] 

Part  II. 

7.  Solve  the  equations : 

8.  A  has  an  old  motoi^car  and  travels  16  miles  an  hoar,  stoppiif 
6  minutes  at  the  end  of  each  hour  to  overhaul  his  car.  B  os 
a  new  car  travels  continuously  at  32  miles  per  hour,  and  stazts 
1  hour  after  A,  Find,  graphically  or  otherwise,  when  B  over 
takes  A. 

9.  Prove  that  a^xa^^  a****^*',  when  m  and  n  are  positive  integen. 
How  do  you  obtain  the  identity  a"4  =  —^  ? 

Simplify  v^a-»6'cl  -r  ^aWc^K 

10.  If  d  :  &  sa  c :  (2,  show  that 

If  6  +  c  is  a  mean  proportional  between  a  +  6  and  e  +  a^  show  that 

11.  Prove  that  logio^+logiofr  »  logjood. 

Find  the  number  whose  logarithm  is  2*7049,  and  the  value 
of  ^5928, 

If  «  is  a  constant  multiple  of  t  f%  and  if  9  «  81-6  when 
t  =  2-93,  find  t  when  «  «  84. 


mmt 
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12.  Prove  the  formula  which  gives  the  sum  of  n  terms  of 
&  geometrical  progpression  whose  first  term  is  a  and  the  common 
ratio  r. 

Express  as  a  decinial  the  sum  of  8  terms  of  the  series 
Sum  the  series  -7 -3  +  1 +  5  +  ...  to  22  terms. 


Higher  Gertificatb.     July,  1906. 

DiSTINOTION   PaPEB. 

1    Ifoi.p  are  the  roots  of  aa^-^-bx  +  c  =  0,  and  (X\  ^'  the  roots  of 
a'ar^-\-  h'x  +  c'  =  0,  show  that 

(ca'-c'a)»-(a5'-a'6)(5c'-6'c)«a«a'«(0(-a')(a-P')O-0k').O-3')- 

2.  (1)  Solve  the  equation 

[6<j-a?(6  +  c)]»-46ar[6c-a?(6  +  c)](a«-6-c)  +  8a?*6V«0, 

he 
having  given  that  t—-  is  one  of  its  roots. 

(2j  Solve  the  simultaneous  equations  : 

£.  +a:y  =  9, 

y 

J^-  +  a?y  =  16. 

X 

3.  Find  the  number  of  combinations  of  n  things  taken  r  at- 
a  time. 

If  this  number  be  denoted  by  ^c,.,  show  that 

^~«'^^+~l'^"'«xT2"-'^(")  i^n 

2(n0 

(a:  +  l)(a?  +  2)  ...  (x-k-n) 

4.  If /(:r)  denote  the  infinite  series 

2]      Sl"^"" 

show  that  /  (a?)  x  f(y)  =  /  (a? + y ). 

Sum  the  series 

2»       3'       4» 

*"  1'."*"  27  "3!  ■*■•••• 

R  2 
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5.  If  X  can  be  expressed  as  a  series  of  powers  of  y,  oonTergnit 
when  y  <  1,  by  the  formula 

express  y  as  a  series  of  powers  of  x,  and  find  the  values  of  x  for 
which  the  series  is  convergent. 

6.  Explain  the  method  of  partial  fractions  and  nse  it  to  obtain 
A,  Bj  C  in  the  eqnalitj 

1  A ^^^ C 


(a?— a){af-6)(aj— «)      x  —  a      x—h      x^c 

Hence,  or  otherwise,  show  that 

1  a  +  h+e-abe 


{x-a){x-h)(x-c)      (l+o«)(l+ft')(l+r«j 

, 1+ax 

""  (1  +  o«)  (x-a)  (6-fl)  (c-a) 


+2  similar  terms. 


7.  Show  that  the  series 
all  of  whose  terms  are  positive,  is  convergent,  if 


>  I 


n  =  x> 


and  divergent ;  if  the  same  limit  is  >  1. 


If,  when  n  is  very  large, 


u 


iH-l 


veigent  series 


ii. 


can  be  expanded  in  the  con- 


n       n 


show  that  the  series  S  is  only  convergent  when  a^Kl,  or  when 
Co  «  1  and  ai>l. 

Discuss  the  convergency  of  the  series 

a6       a(a  +  l)fc(ft-H) 

^  cd^  c(c-^l)d(d  +  l)      ^  '"' 

^,  h,  c,  dy  and  x  being  real  quantities. 


J 
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8.  If  Pnl^n  ^  ^0  ^^^  convergent  to  the  continned  fraction 

i     J.     J. 

01  +  02  +  03  +  *"' 

show  that  p^  =  o^^i  +1>^.,. 

If  the  0*8  are  positive  integers,  show  that 

9.  Express  as  a  determinant  of  the  third  order  the  product  of 
two  given  determinants  each  of  the  third  order. 

S)iow  that  the  determinant 

^       a       h    c 

-a       0       d    e 

-h     -d        0   / 

-e     -e     -/    0 
is  a  perfect  square. 

10.  Show  how  to  obtain  an  algebraic  solution  of  the  cubic 

a:'  +  8flii?+6?  =  0. 

If  OL,  /3,  y  are  the  roots  of  the  cubic 

«'+|Kc'  +  gaj+r  =  0, 
find  the  equation  whose  roots  are 

a(/3+y),  3(y+a),  y(ok  +  ^). 

11.  Draw  a  rough  graph  of  the  function 

/(a?)  =  a^-3x  +  l. 

Find,  by  Homer  s  process,  the  value  of  the  negative  root  of 
/(x)  »  0  to  4  places  of  decimals. 


LEAVING  GEBTIFICATE  EXAMINATION 

(SCOTLAND). 

HiOHBB  Grade,  1906. 

1.  If  p  pounds  accumulate  for  n  years  at  r  per  cent,  compound 
interest,  find  an  expression  for  the  amount  at  the  end  of  that 

time. 
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Am  an  example,  find  to  the  nearest  hundred  pounds  tke 
amount  due  after  £5000  has  accumulated  for  25  years  at  4^  per 
cent. 

2.  Simplify  the  following  expressions : 

(1)  _4,-  '  '      ■ 


x+1      ar»  +  3    .  (05* -1)  (05* +  3) 
(2)    a:»  +  y»+«"  +  8(a?+y  +  af)(y2f+«r  +  xy)-(x+y  +  ar)». 

3.  If  any  integral  function  of  x  is  divided  hy  x  —  a,  prove  that 
the  remainder  is  the  expression  formed  by  substituting^  a  for  x  ifi 
the  function. 

If  3  is  one  root  of  the  equation    a:*— 49^+a  =  0,    find  the 
other  roots. 

4.  If  Ny  N*  are  numerical  quantities  of  the  form  a-^h^S, 
a'  +  h'^t  where  a,  h,  a,  b'  are  integers  and  N  =  N\  prove  that 

a  «  o',  &  =  b\ 

Simplify : 

(1)  v^(l  +  V^3)-v/("2-V^3}; 

(2)  2  (2  +  -v/3)  (-v/6  -  v^)  7(2 -  73). 

5.  A  boiler  consists  of  a  cylinder  with  hemispherical  ends.  If 
the  length  of  the  cylinder  be  10  feet,  and  the  diameter  of  its 
cross-section  5  feet,  find  its  volume  in  cubic  feet  to  the  neaicet 
foot,  taking  ir  as  ^. 

6.  Simplify  and  resolve  into  factors 
(8«»  +  l)(3a:«  +  3a?+l)(3a?»-3a;+l) 

-(a;»  +  3)(rc"  +  8a?+8)(ir»-3x+8), 

7.  Find  all  the  real  roots  of  the  equations  : 

(1)  12/'a:+ij*-56^a?+M+65  =  0; 

(2)  ar'-y»  =  91,    ar»(«-y)  =  36. 

8.  Three  numbers  are  in  harmonic  progression.  If  the  sum  of 
the  numbers  be  37,  and  the  sum  of  the  reciprocals  be  },  find  the 
numbers. 
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9.  Draw  in  one  figure  and  with  the  same  scale  and  Kxe«  the 

X  5 

ffraphs  of  (1)  y  «  3-  ^ ,    (2)  y  ==  -  ;  from  a:  ==  1  to  a?  «  6;  taking 

one  inch  as  the  unit. 

Either  directly  from  these  graphs,  or  by  means  of  their  tables 
of  values,  form  the  graph  of 

5  X 

(8)  y-l-8  +  f. 

and  find  its  minimum  or  turning-point  as  nearly  at  you  can  from 
your  figure. 


HoNouBS  Obade,  1907. 

1.  Prove  that  the  arithmetic  mean  of  any  number  of  positive 
quantities  is  greater  than  the  geometric  mean. 

Find  the  least  value  of 

15a?  +  10y  +  6« 

when  xyz  »  30 ;  all  the  symbols  denoting  positive  numbers. 

2.  If  ^(a?)  be  any  rational  integral  function  of  x^  prove  that  it 
is  always  possible  to  determine  A  and  B  so  that  ^(x)-\-Ax-\-B 
shall  be  divisible  by  or'  +  c'. 

Hence,  or  otherwise,  show  that 

ar*  +  l  =  ila?+B+(«*  +  l)^(a?), 

and  determine  A^  B,  and  ^{x), 

3.  Prove  that  I+0  +  5  +  7+...  is  divergent,  and  that 

-  1       Jl^       1 

-  2*  ^  3'  ^  4*  ^  "* 
is  convergent. 

Show  that  in  the  last-named  series  the  sum  of  the  odd  terms 
is  three  times  the  sum  of  the  even  terms. 

4(a).  If  P  and  Q  are  each  products  of  2»  consecutive  numbers, 
prove  that  the  difference  between  P  and  Q  is  divisible  by  the  sum 
of  the  greatest  and  the  least  of  all  the  4n  numbers. 
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4(6).  If  a  and  b  are  the  first  and  last  terms  in  a  series  of  (n-^l] 
terms  in  arithmetical  progression,  show  that  the  sum  of  tlie  eenei 
of  n  terms  obtained  by  multiplying  each  of  the  fizst  n  terms  bj 

the  next  consecative  term  is  5-{(n'-l)(a*  +  6*)+(«*  +  2)a&}. 

OH 

5(a).  Prove  the  binomial  theorem  for  a  positive  integral  index. 
Prove  that 
^    a+2")-3  +-p-^.S'    + 1.2.8.4 ^    ^•~ 


««      .t^ 


5(6).  Assuming  the  formulae 

log(l+Jc)s=    a?-y  +  Y  "■'••' 

log(l-a?)  =-a;-y-  y  -..., 
deduce  the  identity 
log(«  +  l)-log«  =  2  .^2^;-j-j  +  3^2^^^,  +  ^^2n  +  l)*  +  -"1 ' 
Prove  that 

O"*"  3.9»  **"5.9»**^*"""17      19      Svn*      19»/"*" 


CENTRAL  WELSH  BOARD. 
July,  1906.    Blue  2. 

1.  Show  thai 

{d^l)(d--c)      (d-c)(rf-a)      (d>a)(tf-b)  _ 
(a'-bJia-c)  "^  (6-c)  (&-«)       (c-a)(c-6) 

2.  Resolve  into  factors : 

(1)  a?«-17a:«  +  16; 

(2)  a*-6*+2a«6-2a6»-4c»(a*-6«). 

3.  Solve  the  equation  10a?' +  31  a: -14  =  0. 
Verify  your  solution  graphically. 
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4.  Solve  the  equations : 

x  +  b        x-^a  X 

(3)    a:»  +  a:y«12,    y»-a?y  =  8. 

5.  If  0 : 6 : :  c :  (^,  show  that  pa^  +  jft* :  |)c* +gd* ! :  o5 :  cd. 

Show  that  if  to  each  of  two  numbers  be  added  the  number 
which  is  a  mean  proportional  between  them,  two  numbers  are 
formed  the  square  of  whose  ratio  is  the  ratio  of  the  original 
number. 

6.  (1)  A  man*8  salary  starts  at  £a  per  annum  and  he  receives 
a  rise  of  £b  every  half-year  for  n  years.  How  much  will  he  have 
received  at  the  end  of  2n  years  ? 

(2)  A  geometric  series  consists  of  6  terms,  the  first  term  is 
27  and  the  last  M.    Find  its  sum. 


7.  A  man  buys  two  horses  for  £70.  By  selling  one  of  them  at 
a  profit  of  20  per  cent,  and  the  other  at  a  profit  of  10  per  cent, 
he  gains  altogether  £10.    What  did  he  pay  for  each  ? 

8.  A  man  buys  £10.  168.  worth  of  coal.  If  he  had  bought  an 
inferior  coal  costing  8«.  per  ton  less,  he  could  for  the  same  money 
have  got  one  more  ton.    How  many  tons  did  he  bi^  ? 


Senior  Certificate.     1906.     Blue  8. 

1.  The  expression  «*  +  ckB*  +  5a?'  +  6a:+6  when  divided  by  «-2 
leaves  the  remainder  16,  and  when  divided  by  a;+l  leaves  the 
remainder  10.    Find  the  values  of  a  and  h, 

2.  Resolve  into  factors: 

(1)  he{a^^hc)-'a{¥-Vi?)\ 

(2)  a:*+2aj^y+a?V-8y»(a:»  +  a?y)  +  12/. 

3.  Show  that  the  expression  4a;'-12d?+ll  is  always  positive, 
and  find  the  restrictions  on  the  value  of  x  that  4a:' -12 a? -7  may 
be  positive.    Verify  by  drawing  graphs. 
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4.  If  a  and  ^  are  the  root*  of  the  eqoation 

show  that  0»-3*  =  2(c«-3). 

5.  The  fint  term  of  an  Arithmetic  Frogreaaion    is  a  sod  tht 
common  difference  d.    Find  ita  sum  to  n  terms. 

Find  the  eum  to  2n  terms  of  the  aeries  formed  hj  wntiig 
down  the  former  series  bnt  changing  the  eigne  of  tbe  2»',  4*^,  fi'-^. 
&c.  terms. 

6.  If  P^  =  \  and  p^  =  ^,   show  that,  if  a  is  not  enni 
to  6,  x:a::b:g. 

7.  Find  the  square  root  of : 

(1)  27-7^/5. 

(2)  aHa:*+v'^M^"''?+^. 

8.  Solve  the  equations: 
(1)  xi-yi  =  7(xi~yi). 

(l!)   {y  +  *)'-a'  +  a:», 

9.  Prove  that  log  a -i- tog  6  =  logob. 

If  log,t2  =  X,  log,«3  •=  If,  find  in  terms  of  x  and  y  the 
logarithms  of  |,  75,  -0015. 


July,  1906.    Gbken  4. 

1.  If /"x(y  +  a-i),   y  =  y(*  +  i-y),    Ji-zfx  +  y-*),    show 
thatarry:2::/(j,  +  ft-/):j,{ft+/-?):*(/+S-*)- 

Eipteea  also  2gh+2hf+2_fy-/'^!f'-V  as  the  product  of 
four  IWitora  linear  in  x,  y,  and  a. 

2,  State  and  prove  the  role  for  finding  the  greatest  common 
measure  of  two  quantities. 
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3.  Solve  the  equations : 

(1)  a?  +  2y  =  3,  aj»+ar»y  +  4a?y*  +  8y' «9; 


«  mh  c-^)'-  '^ 


4.  Show  that  the  ezpresaion  a?  +  -  +  3  can  have  no  values  for 
real  values  of  x  between  1  and  5.    Verify  this  graphically. 

5.  In  how  many  ways  may  8  men  be  placed  in  a  row,  so  that 
neither  of  two  specified  men  may  be  at  either  end  of  the  row  ? 

6.  Prove  the  binomial  theorem  for  a  positive  integral  index. 

Find  the  coefficient  of  it*  in  (1  +a;+2x')'. 

p 

7.  Interpret,  giving  reasons,  a~^,  where  p  and  q  are  positive 
integers.    If  ai  +  6i  +  ci  =  0,  show  that  a'  +  &•  +  c*  =  27  abc. 

8.  Prove  that  log  a***  =  m  log  a. 

Given  that   log,o2  = -30103    and    logi^S » -47712,   find  the 
logarithms  of  •0015  and  6750. 

Find  also  the  number  of  zeros  following  the  decimal  point  in 

the  value  of  2^  -r  3^,  when  expressed  as  a  decimal. 

9.  Express  2253  in  the  scale  of  seven.  Show  that  whatever  be 
the  value  of  n,  a  number  will  be  divisible  by  (n— 1)  if  the  sum  of 
its  digits,  when  expressed  in  the  scale  of  n,  is  divisible  by  n  - 1. 


10.  Evaluate 


3-5      2 

-7      8      4 

4      2-5 


July,  1906.    Gbbkn  5. 

1.  In  how  many  ways  may  a  council  of  15  members,  representing 
three  parties,  bo  constituted  so  that  no  party  has  an  absolute 
majority  ? 

2.  Resolve  into  partial  fractions  ,^       ,  --     -  ,.  -^  -     .;  • 

*^  (l-a?)(l+ar)*(l+a?«) 

3.  Solve  the  equations : 

(1)  a:(3-4a:)»  +  a(3-4a)«  =  l; 

(2)  x{y  +  z-\-atfz)  =*  y  (ar  +  a;  +  6«p) 

,  X      j;  +  y  +  5 
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4.  State  aad  prove  the  Iaw  of  the  fomikUoii  of  the 
QOnvergenta  to  a  continued  fraction  of  the  fonn 


m  that  the  »*>■  couve^^ent  to  the  continned  fntrCtion 


is  equal  to 

5.  Show  that  the  product  of  n  pontive  quantities,  who* 
is  given,  is  greatest  when  thej  are  all  equal. 

Point  out  where  jour  proof  would  break  down  if  some 
qnantitiea  might  be  negative. 

6.  Sum  to  n  tenoB  the  series  whose  n^  temu  are 
(1)  »2-;  (2)  „■-»  +  !  ^  »(»  +  !). 

7.  Kxpond  log(l  +  ic)  in  a  series  of  ascending  poirera 
examining  the  condition  under  which  such  an  expaaai 
possible. 

By  writing(l+x)=intheforme^''*"*""  (or  otherwiae) 

the  expansion  of  (1  +x)^  in  ascending  powers  of  «  as  tax  i 
term  containing  a:*. 

8.  Show  that  the  value  of  a  determinant,  which  ban  two 
or  columns  identical,  is  lero. 

Evaluate  \(a+xf    (o+y)'    («+*)'; 

(6  +  ar)"    (6+y)»    {6  +  .)'    ■ 
\(c^xY     (c  +  y)'    (e+*)'  t 

9.  Solve  the  equation  a!«-8a!»+7a!'-8a!+6  ■=  0,  given  thai 
sum  of  two  of  its  roots  is  unity. 

10.  Show  that  between  every  successive  pair  of  real  roots  ol 

equation/(a:)  =  0,  there  is  a  real  root  otf'(x)  '^  0. 

Show  that  the  equation  x'  +  3ic— 5  e=  0  has  only  one  nai  i 
and  find  the  value  of  that  root  correct  to  two  places  of  decinia 


t 
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July,  1907,    Blue  2  a. 

1.  Find  a  value  of  a  that  will   make   ir*  +  3aj'  +  4aT*  +  aa?+l 
divisible  by  rr  + 1 . 

Show  that,  with  this  value  of  a,  it  is  divisible  by  (a;+ 1)^  and 
find  the  quotient. 

2.  Resolve  into  factors : 

(1)   a»-86»;  (2)   (ay+l)*-(T-yV. 

3.  Draw  the  gitbph  of  y«ar'  between  the  values  -1-5  and 
+  2  of  X,  taking  the  unit  of  a?  to  be  4  cm.,  and  the  unit  of  y  to 
be  2  cm. 

Solve  the  equation  2ir'-5a?  +  2  =  0,  and  verify  the  solution 
by  means  of  your  graph. 

4.  Solve  the  equations : 

(\\  a;-f  1      g+2      4a?-2 

(2)  a:«  +  3«y  =  10,   a?+y«8. 

5.  If  a:bi:c:dt  show  that 

pa  +  qb:pc-hgd::ra-¥dntr-^8d. 

If  aibiihiCf  show  that 

a^b : b :: a  —  c :  h-^-e, 

6.  Prove  the  formula  for  the  sum  of  n  terms  of  an  Arithmetic 
Progiession  of  which  the  first  term  is  a  and  the  common 
difference  d. 

If  a,  b,  Cf  d  are  four  consecutive  terms  of  an  Arithmetic 
.  Progression,  show  that  a'-S^'+Sc'-d'ssO. 

7.  With  £x  a  man  buys  equal  amounts  of  ap  per  cent,  stock  at 
a,  and  a  q  per  cent,  stock  at  b.   What  is  his  income  ? 

8.  Af  B,  C  all  travel  a  certain  distance ;  A  and  B  are  walking 
and  B  walks  a  mile  an  hour  faster  than  A ;  O  is  bicycling  and 
rides  8  miles  an  hour  faster  than  B  walks.  The  time  taken  by  A 
is  as  much  as  that  taken  by  B  and  C  together.  At  what  rate 
does  A  walk  ? 
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At>DinoHAL  Uathehaticb.    Jitly,   1907. 

1.   In  WhUaket'g  Almanack  for  1907  the  Hood's    HoriuMi) 
I^rallax  &t  Noon  ia  given  for  tlie  fint  fortnigfat  of  Joljr  by  tl* 

following  table : 


July  1    57' 32". 

Jaly    8    54' 2". 

„    2    56' 59". 

„      9    53' 57". 

„     3    5611". 

„    10    53' 57". 

„    4    55' 30". 

„    11     54' 3". 

„    5    54' 57". 

„     12    54' 14". 

„    6    54' 32". 

„    IS    54-81". 

„    7    5414". 

„     14    54' 53". 

Represent  thig  table  graphically,  and  Gnd  the  Uooq'e  Hori- 
Eontal  Parallu  at  midnight  on  July  14  and  6  p.m.  on  JdIj  12. 

3.  Show  that  if  the  roots  of  the  quadratic  tu^  +  bx+c  ^  Gate 
imaginary,  then  the  expreBsion  aa^+bx-t-e  has  for  all  valaes  otx 
the  same  sign  as  a. 

If  y  is  equal  to  x(9—x)  when  x  is  leas  than  2,  and  to 
Tx-B-x?  when  x  is  greater  than  3,  what  are  the  gieat««t  aad 
least  valueB  that  y  takes  as  x  increases  from  1  to  4  ? 

3.  Solve: 

(1)  ;ry=JL,    J?-!^  =  7i; 

(2)  ^/4^x±  '/S+x±  v^  (aT+4)  -  0. 

Determine  the  ambiguities  corresponding  to  the  two  roots. 

4.  If  o+v'*  =  e+ v'^  wherea,  6,  r,  dare  rational  and  band  if 
are  not  perfect  squares,  ehow  that  a  =  e,  6  »  d. 

Find    (1)  The  square  root  of  11  +  yT05  ; 
(2)  The  cube  root  of  5v^-7. 

5.  Draw  the  graph  of  y  =  x*. 

Employ  it  to  show  that  tiie  equation  z*-8«-t-lv  0  has  thiee 
real  roots  and  to  determine  roughly  their  values. 

6.  Prove  that  logo"  —  tnloga. 

If  the  increase  in  a  tree's  girth  in  one  year  ia  proportional  to 
its  girth  at  the  beginning  of  the  year  and  its  girth  is  doubled  in 
11  years,  in  how  many  years  will  its  girth  be  trebled  ? 
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7.  Find  by  means  of  the  Binomial  Theorem  the  value,  correct 
to  3  places  of  decimals,  of  the  fifth  root  of  1*8.  Verify  yonr  result 
by  means  of  logarithms. 

8.  Find  correct  to  3  places  of  decimals  the  tenth  root  of  the 
sum  of  the  infinite  series 

^'*"^"*^TT2  '*"T7273  **"  T72T3T4  **■•••  • 

9.  The  law  connecting  the  pressure  and  volume  of  a  given  mass 
is  p^  '=  C  where  jp  is  the  pressure,  v  the  volume  and  y  and  C  are 
constants ;  and  the  work  done  in  compressing  the  given  gas  from 

a  volume  F  to  a  volume  U  is  — =-  ]  — r \  •    If  the  gas  is 

such  that  its  pressure  is  doubled  when  its  volume  is  compressed 
from  100  C.C.  to  61  c.c,  find  as  a  numerical  multiple  of  C  the 
work  done. 


HiaHBB  Mathematics.    July,  1907.    Orben  I  a. 

1.  Resolve  into  factors : 

(1)  a(6-c)«  +  6(<:-a)'  +  c(a-6)«; 

(2)  a«  +  fe»  +  c»-(a  +  6  +  (j)(a«-6»  +  <j«). 

2.  If  X(aia:**f  2&ia;  +  C|)  +  (a,x*  +  25,a;  +  C|)  can  be  expressed  in 
the  form  /A(a?+a)'y  show  that 

(aia-6j)(6,a-f,)  -  {fl,a-6,)  (ft,a-c,). 

3.  (1)  Solve  the  equation 

(x-l)  (a:-3)  (a:  + 1)  (a?+5)  -  1680 ; 
(2)  Find  the  cube  root  of  5  V2  -  7. 

a?' +3 

4.  Draw  the  graph  of  the  function  —    ^  • 

Show  that,  if  a?  is  real,  g  >  tt^  '^  ""  6  ' 

5.  In  how  many  ways  may  seven  persons  distribute  themselves 
among  the  ten  seats  of  a  compartment  of  a  railway  carriage,  if 
three  of  them  refuse  to  ride  with  their  backs  to  the  engine  ? 
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6.  The  snm  of  n  +  1  consecutive  terms  a^,  O},  0,y...o.  of  aa 
Aritbmetical  Progression  is  ti  and  ^'oi  <^y  <?s  •-  c^  are  the  saecemsat 
coeflBcients  in  the  expansion  of  (1  +a?)" ;  show  that 

(n  +  1)  (CoaQ+Ciai+Cja,  +  ...+<^a^)  =  2"«. 

7.  Show  that  if  m  and  n  are  positive  integers  (m  >  it) 

a*  X  a"  a=  a*+"    a**T-a*  =  a**"",   (a"*)"  =  a*". 

Deduce  interpretations  of  a^  a  *. 

If  ya+  v®+  yr+  -v^  «  0,  show  that 

8.  Prove  that  log  ab  » log  a + log  5. 

Find,  from  table?,  the  value  of  (2 . 8)*     ^-0024. 

9.  Multiply  together  231  and  45  in  the  scale  of  8. 

Verify  your  result  by  transforming  factors  and  product  into 
the  scale  of  10. 

10.  Solve  by  means  of  determinants : 

2a?-5y  +  32r  =  6,    a?+y  +  af  =  8,     4«+2y-«=-8. 

HiGHSB  Mathematicb.    1907.    Qbebk  2  a. 

1.  If /(a?)  =  aoa:"  +  ajar*-*+a,a?»-*+,..  +  aii,  show  that,  when 
/  (x)  is  divided  by  ^-  tx,  the  remainder  is  f{(X)  and  that  when  /(r) 
is  divided  by  (X'-Oi)  (a;-0),  the  remainder  is 

^  {/(a)-/(/3)}  +Qf/(/3)-/3/(Q() 

2.  Solve: 

(1)  (a:-7)(a?-3)(a:+l)(a?  +  6)«  1680; 

(2)  sc^'\-2ijz  «  3a«-26«,  y»  +  20a:  =  3a'  +  6*, 

yz-^-zx  +  xy  =  3a*— fc', 

8.  Show  that  the  coefficient  of  x^^  in  the  expansion  of 
(1  -«?)"("*+'>,  where  m  is  a  positive  integer,  is 

n(n  +  l)(n  +  2)..,(n+«-l) 


m 

Determine  a,  &,  c,  ({,  so  that  the  n^**  term  in  the  expansion  of 

q  +  to-f  ca:*  +  dar* 

may  be  w'jr*^'. 
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4.  Find  the  anm  to  n  terms  of  the  series  whose  n^  terms  are 
(1)    n»,  (2) 


M^ 


n  +  r 

5.  Show  that  any  convergent  to  the  continued  fraction 

1       11 
ai+  ©3+  OjH- 

where  a^  a,  a,  are  all  positive  integers,  is  nearer  to  the  value  of 
the  fraction  than  any  fraction  which  has  a  smaller  denominator 
than  the  given  convergent. 

Convert  v^  ii^to  a  recurring  continued  fraction. 

6.  If  E{x)  denotes  the  infinite  series  l+a?+-r^  +  -ro-+..., 

(1)  Show  that  E{x)  is  convergent  for  all  values  of  x ; 

(2)  Show  by  actual  multiplication  that 

E(x)xE(y)^E(x-\-y)\ 

(3)  Deduce  that  for  all  real  values  of  x, 

E{x)  =  {^(1)}^ 


7.  Show  that 


=  2a6c(a  +  6+c)«. 


8.  Solve  the  cubic  a? -k-Zpx ^- q  ^  0  by  Cardan's  method,  and 
show  that  if  its  roots  are  all  real  j^'+ig'  is  negative. 

Find  correct  to  two  decimal  places  the  real  root  of 

x^-Zx-h  =  0. 

9.  (1)  Show  that  whatever  be  the  value  of  k  the  equation 

(a^-l)»-ika;(a;»  +  l)  =  0 

has  two  real  and  two. imaginary  roots. 

(2)  If  (X  is  a  root,  not  unity,  of  the  equation  a?'  - 1  =  0,  show 
that  a  +  a'  4-  tx*  is  a  root  of  the  equation  a:* + a? + 2  «»  0. 
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